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I'maBa 1

OcHOBHBIE IOHATUA U ornpegejieHmda

1.1 TIlomdTue MHOXKeCTBa

[TonsiTHE MHOXKECTBA PHHAJIEXKUT K YUCIY NEPBUYHBIX, HE ONPEAEIIeMbIX
yepe3 6osiee MPOCTHIE.

Moz MHOXECTBOM MTOHMMAETCS COBOKYITHOCTH 00LEKTOB OAHOM Mpupoibl. O6b-
€KTbI, KOTOPbIE COCTABJISIIOT MHOYKECTBO, HA3bIBAIOTCS IAEMEHMAMU ITMO20 MHO-
oicecmaa.

[TpumMepaMu MHOXKECTB SIBJISTIOTCS MHOXKECTBO CTYAEHTOB JAHHOI'O By3a, MHO-
JKECTBO CTOJIOB B ayIUTOPUHU, MHOXKECTBO HATYDPAJIbHBIX YHCEN U T.1. B majib-
HeifmeM Hac 6yIyT HHTEPECOBATH TONBLKO YHCIIOBbIE MHOXKECTBA.

MHuoxkecTBa NMPUHATO 0603HAYATH MPOMUCHBIMU OYKBAMH, & UX SJIEMEHTHl —
CTpOYHbIMH. ECiu a ecTb 3/eMeHT MHOXecTBa A, TO HCHONb3YeTCs 3aIluCh
a € A. Ecnu b ne aBnsiercs anemMenToM MuHokecTBa A, To numyT b ¢ A.

MHOXKeCTBO CYUTAETCS BIIOJIHE 33[AHHBIM, €CJIM OTHOCUTENLHO JIIOOOro 3Je-
MEHTa MOYKHO CKa3aTh, IPHHAJJIEXKUT OH JaHHOMY MHOXecTBY i HeT. Cyie-
CTBYET [[Ba CrI0CODa 3aaHUsi MHOXKECTB.

[TepBbiit crIOCOG COCTOUT B MIPOCTOM IEPEYHMCIEHHH BCEX JIEMEHTOB MHOXKE-
crBa. Hanpumep, sanuce X = {z,Z9,...,T,} O3HAYAET, YTO MHOXKECTBO X

COCTOUT U3 DJIEMEHTOB T, T3, .. ., Tn.

Bropoii crocob 3agaHusi MHOXECTBA 3aKJIIOYAETCsS B YKA3aHHH CBOUCTBA,

KOTOPBIM 0DOJIJAIOT BCE 3JIEMEHTBhI 3TOrO MHOXKeCTBa. Hampumep, MHOXeCTBO

{=: z? = 1} ecTb COBOKYIHOCTb YHCEN KBAJPAT KOTOPBIX paBen 1, T.e. 7, = 1,



To = —-1.

MHOXKeCTBO, He colieprKalliee HH OJHOTO JIEMEHTA, HA3bIBAETCHA MYCThIM U
obosnayaercsa cuMmBosioM &. Hanpumep, MHOXKECTBO JeHCTBUTEIbHbIX KOPHEil
ypasnenus z2 + 1 = 0, mycroe.

MHuoxecTBo B Ha3BIBAETCH NOOMMOIICECTEOM MHOXKECTBa A, ecau yoboi
3JIEMEHT MHOXKeCTBa B siByisiercs ssiemenToM A. 3amuceiBaior 310 Tak: B C A.

JBa MHOXKECTBa HA3LIBAIOTCS PAGHbBLMU, €CJIM OHM COCTOSIT M3 OJHHUX M TEX
e 3JIeMeHTOB. JIpyrdMH CJIoBaMH, MHOXKECTBO A COBIAJNAET C MHOXKECTBOM B
(A = B), ecan s1060# snement A siBisiercst aneMentoM B, u Haobopor (A C B,
B C A).

Obsedunenuenm nByx MaoxecTB A 1 B HazbiBaeTcst MHOXkKecTBO C', cocTosiiee
U3 JBYX 3JEMEHTOB, IPUHAIEXKAMIMUX XOTA Obl ONHOMY M3 JAHHBLIX MHOXECTB,
re. C=AUB.

Ilepecenenuem nByx muoxkectB A u B HasbiBaeTcst MHOXKecTBO D, cocrosi-
1LI€€ U3 BCEX DJIEMEHTOB, OJHOBPEMEHHHO MTPUHA/IJIEKAIIUX KAXKJOMY U3 JAHHBIX
mHoxkects A n B, .e. D = ANB.

Pasnocmvio muOXKecTB A u B HasbiBaeTcss MHOXKeCTBO F, cocrosiiee U3
BCEX 3JIEMEHTOB MHOXKECTBa A, KOTOPBIE HE NPUHAJIEXKAT MHOXKeCTBY B, T.e.
E=A\B.

OnpegeneHnple BbIILE ONEPalni Hal MHOXKECTBAMH, JOIYCKAIOT HAMIsHYIO

reOMETPHYECKYIO uHTEpNpeTaluio (puc. 1.1).

BCA AUB A\ B
A a
=_
a) 6) B) r)

Puc. 1.1.

U3 wkonbHOro Kypca aiaredpbl U3BECTHBI MHOXKecTBa: R — nelcTBUTeNbHBIX
uncen, Q — panuonanbubix yuced, I — uppaunonanbubix, Z — neibix, N —

Harypaibhblix ancen. Ouesuguo, 4«To NCZ CQC R, R=QUL
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Mexx iy MHO>KECTBOM JI€HCTBUTENBHBIX YHCEJ U TOUYKAMHU YHMCJIOBOH MPSAMOil
(puc. 1.2) cymecTByeT B3aUMHO OZHO3HAYHOE COOTBETCTBHE, T. €. KaXKIOMY Jeii-
CTBUTEJIbHOMY YHCJIy COOTBETCTBYET OIPEEsIeHHAs TOYKa YHUCIOBOM HMPSIMO U

Haoboport. [TosToMy 4acTo BMECTO «4YHCIJIO T» TOBOPAT «TOYKA T».

T T

0 1 T
Puc.1.2. }

MuoxecTBo X, 3JIEeMEHTBI KOTOPOTO YIOBJIETBOPSIIOT HEPABEHCTBY a < T < b,
HasblBaeTcsl ompesxom [a;b]; nepaBeHcTBy @ < = < b — unwmepeaaom (a;b);
HepaBeHCTBaM a < T < b i a < z < b; Ha3bIBAIOTCA MOJIyHHTEpBaJIaMu
coorseTcTBeHHO [a;b) u (a;b]. Hapsmy ¢ stum paccmarpusaioTcst Geckoned-
HbIM MHTEPBAJIbl U MONyHHTEPBasbl (—o0;a), (b;+00), (—o0,+00), (—o0;a]

u [b; +00).

1.2 OKpecTHOCTb TOYKU

Omnpenenenne 1.1. Abcomomnot seaununot (uau modyasem) deticmeumens-

H020 HUCAQ T HA3BLBAEMCA CamO wucao x, ecau ¢ 2 0, wucao —x, ecau z < 0:

z; eeau z 2 0,
|z| =
—z, ecau x < 0.

OueBuzHO, 10 Onpezesennio, uto |z| > 0.
OTMeTI/IM CBOﬁCTBa a6COJIIOTHb[X BEJIMYHH.
1° |z +y| < || + |yl
2. |z —yl 2 |=| = |yl
3% |zy| = |zlly].
g| _ sl
vyl |yl

Onpenenenue 1.2. Oxpecmuocmvlo MOYKU Q@ HA3BIBAEMCA 8CAKUL UHMED-

(]

6aa, codeporcawsuti mouxy a.



Onpepnenenne 1.3. Tycms € > 0. £-0Kpecmuocmsvio MowKy G HA3bLEAEMCA

unmepean (a — €,a+€) (puc. 1.3).

Puc. 1.3.

€-OKPECTHOCTH TOYKH @ COOTBETCTBYET MHOXKECTBO X :
X={za—e<z<ate}l={z: —e<z—-a<e}={z:|z—a| <e}

Onpepnenenne 1.4. e-oxpecmunocmuio +00 nadweaemca unmepean (1/e, +00)

uau muooicecmso {x € R: z > 1/e} (puc. 1.4).

Puc.1.4.

AH(L/LOZU"LHO, E-0KPECTNHOCTMDIO —OO HA3bIBATOM UHMEPBAN (—OO7 —1/5) UAU

muooicecmeo {x € R: z < —1/e} (puc. 1.5).

o
—-1/e 0 z
Puc. 1.5.
Hy>»xHbiM ObIBAET U OHSATHE OKPECTHOCTH JjIs1 BECKOHEYHOCTH 6e3 3HAKa 0.

Ona npezcrasisier coboit obbeuHEHNE E-OKPECTHOCTE £00, T. €. MHOMKECTBO
{z € R: |z| > 1/e} (puc. 1.6).

|
—_
>
™
O -
—
B
™
8

Puc. 1.6.



1.3 Ilonarue byukmun

Onpenenesue 1.5. Togopam, wmo na muooicecmee X 3adana PHynxyus
y = f(z) co snauenuamu 6o mnoorcecmse Y, ecau xaorcdomy ssemenmy x
muoorcecmea X (z € X) 6 cuay nexomopozo 3axona f cmasumca 8 coomsem-
cmeue eduncmeennnil sasemenm y muoorcecmnea Y (y € Y).

IIpu smom T Ha3veaemca He3a8ucumoti nepemennot (UAL apeymenmom),
Y — 3HaueHueM PYHKYUU.

Mnoorcecmeo X nazwvigaemces obaracmoio onpedesenus Gynkyuy, a MHodCe-

cmeo Y — obaacmovio 3naverutl Gynkyuu.

Hmeer mecTo cljienyroliasi reoMeTpuyecKas UHTEPIpeTalnusd MOHATHA d)yHK—

uun (puc. 1.7).

Pue. 1.7.

Cy1iecTByeT HECKOJIBKO CIIOCOO0OB 3aAanusi byHKIWH.
a) Anaaumuneckutl cnocob, ecnu dyHkuns 3amaHa (opMysoi Buga
y = f(z). Hanpumep, dyskuus y = sin ¢ 3amana ananuruydecku. Ogna GyHk-
U MOXKET MMETh HECKOJIbKO aHAJMTHYEeCKUX BbipakeHuil. Hampumep, dynk-
mus Jupuxie
1, ecnu & — palUOHAJIBHO;

fz) =

0, ecnu £ — WpPpAIMOHAJBHO.

6) Tabauunwili cnocob COCTOMT B TOM, YTO (GYHKIMA 3ajaercs Tabiuuei,
cofeprKallleli 3HaUeHUs apryMeHTa T ¥ COOTBETCTBYIONIME 3HAYEHUs (DyHKIUY
f(=).

B) I'paguvecxutl cnocob coctouT B u3obparkenuu rpaduka GyHKINE — MHO-
YKeCTBa TO4eK (Z,y) MIOCKOCTH, abCIUCChl KOTOPBIX €CTh 3HAYEHUS APTYMEHTa

T, a OPJAMHATH — COOTBETCTBYIOIINE UM 3HadeHns dyukuuu y = f(z).
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PaccmoTpuM ocHOBHEIE CBOMCTBa (DyHKIMM.

Onpepnenenne 1.6. Pynxyua y = f(z) nasveaemea wemnot, ecau 0is 6cex
z u3 obaacmu onpedesenus f(—z) = f(z) u nevemmnot, ecau f(—z) = —f(x).

B npomushom cayvae pynkyua f(z) nasweaemea gynxyuet obwezo suda.

Hanpuwmep, dbyukuus y = z? apnserca gernoit (f(—z) = (—-z)% = z?), a
byukuusa y = z° — nevernoit (f(—z) = (—z)% = —z°).

['pacbuk vernoit byHKLUIN CHMMETPHYEH OTHOCUTEIBHO OocH opanHar (puc. 1.8),
a HEeYeTHOH — OTHOCHTEJILHO Havasa KoopauHar (puc. 1.9).

y y
y =2’ y=2a’

Puc. 1.8. Puc. 1.9.

Onpenenenune 1.7. Tosopam, wmo f(z) ne eospacmaem (ne ybuwsaem) na
npomestcymxe X, ecau 0ax a0bux T1,T9 € X: 1 < Ty Cnpagedauso Hepa-
gencmeo f(z1) > f(z2) (f(z1) < f(z2)). Pynkyua f(z) nasvieaemca cmpozo
soapacmaroweti (cmpozo ybwearowel) na X, ecau das aobwxr 1,y € X:

T < Ty cnpasedauso nepasencmeo f(z1) < f(za) (f(z1) > f(z2)).

Bee byHKLMH, yIOBIETBOPSIONIME OAHOMY U3 IyHKTOB OnpejesieHus 1.7, Ha-
3BIBAIOTCST MOHOTMOHHHLMU.

Taxk, nanpumep, bynkuua y = z° yboiBaer Ha noayuntepsajie (—oo,0] u
BospacTaeT npu = € [0,00), T.€. HE ABJIAETCS MOHOTOHHOI Ha Bceil obsacTy
OIpeieJIeH sI.

MoHoTOHHOIi, 0ueBHAHO, OyneT GyHKIMS ¥y = o3, Tak KaK OHA BO3pacTaer

s Bcex T € R.
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Omnpeznenenne 1.8. Pyuxyusa f(z) nasweaemca oepanuvennol na npome-
orcymxe X, ecau cywecmsyem maxoe noaodicumeavnoe wucao M > 0, wmo
|f(z)] < M 0an awobozo x € X. B npomustom cayuae GynKyui na3vieaemca

HEeoZPanHUNenHHOoU.

Hanpuwmep, dyHkius y = sin z orpaHuveHa Ha BCEH YUCIOBOH OCH, Tak Kak

|sinz| < 1 gasa moboro z € R.

Omnpenenenne 1.9. Qynxyua f(z) naswsaemes nepuodureckot ¢ nepuodom

T # 0, ecau dan mobox ¢ u3 obaacmu onpedeaenua pynxyuu f(z+7T) = f(z).

Hanpumep, dyHkuus y = sin z umeer nepuog T = 27, TaK Kak JJist JIIOOBIX T

sin(z + 2m) = sinz.

1.4 ObparHasg dpyHKIULD

[Mycrs byskuus y = f(z) onpenenena u crporo Bo3pacraer (yObiBaer) Ha
npomexxytke X. [locTaBuM B COOTBETCTBHE KaxKAOMY y € Y eIMHCTBEHHOE
suadenne ¢ € X, npu koropoM f(z) = y (310 3HaueHUe OyIeT eAMHCTBEHHBIM
B CHIly CTpOroii MoHoToHHOCTH (yHKuuu). [Tosyyennas byukuus ¢ = (y)
uwmn ¢ = fl(y), onpenenennas Ha MHOXecTBe Y C obnacTbio 3HaueHHit X
Ha3bIBAETCsT 00pammot.

[TpounsoctpupyeM JeitctBue obpaTHO# dyukunn rpaduveckn (puc. 1.10).

Puc. 1.10.

IIpumep. Haittu obparayio dyuknus ans bynxmuu f(z) = z3.

12



Hannas GyHKIMA Onpeesiena ¥ CTPOro BO3pacTaeT Ha Beeil YHC/I0BOI OCH.

3

Hrobpl HalTH 0OPATHYIO K Heif ciefyeT pa3pelluTh YPABHEHHe Y = T OTHOCH-

TEJIbHO .

y=2' = z=¢y=f"(y)

1.5 Caoxuas dyHKIUS

[Tycre dbynkuus z = g¢(t) onpenenena Ha MHoxectse T ¢ 0BMACTbIO 3HA-
sennit X. Ilycrp, xpome Toro Ha MHOXKecTBe X 3azaHa dyHkima y = f(z).
- Torpa, sagannas na muoxecrse T dynkuust y = f(g(t)) = o(t) nasbiBaerca
caooicnotl pynxyued wn cynepnoduyuett GyHkuui f u g.

leomerputdeckn cioxkHast GYHKINA HILIIOCTPUPYETCsl CIIEAYIOMUM 00pasom
(puc. 1.11).

Puc.1.11.

IIpumep. Oyukuns y = sinlnt — ciaoxuas GyHKIUA, ONpeaeIeHHas 11 Bcex

t € (0,+00), Tak kax y = f(z) =sinz, z = g(t) =1Int, T = (0,+c0).

3ameuanue. s cylecTBOBAHUS CIOKHONK (DYHKUUM HEOOXOAMMO M JOCTa-
TOYHO, 4TOObI 06JsacTh 3HaueHui GyHKuun T = ¢(t) OblIa MOIMHOXKECTBOM

obnactu onpenenenus Gyakuun y = f(z).
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I'maBa 2

YHuciosBblie IHocJjie 10BaTeJIbHOCTHI

2.1 OcHOBHBIE IOHATHUHA

Omnpenenenune 2.1. I[Tycmd xaocdomy HAMYPANOHOMY HUCAY Tv MOCMABALIHO
8 COOMBEMCMBUE N0 HEKOMOPOMY 3AKOHY BEULLCTNBEHHOE “YUCAO Tn. Mrooice-
CME0 3AHYMEPOBAHHBLT YUCEA T1, L2, . .., Ly, ... HA3BBALTNCA LUCA080T NOCAE-

do6ameabHOCNDIO0 UAU npocmo NOCAEA0EAMEALHOCTNBIO.

Yucna z, 6yneM Ha3bIBATH IAEMEHMAMU WA YAEHAMU NOCAEA0BAMEADHO-
cmu. COKpallleHHO TIOCHIEN0BATENbHOCTD L1, L2, ..., Ly, ... OyIeM 0003HAYATD

cumBonoM {z,}, rae &, — n-it (0bmuit) wieH nocieoBATENHHOCTH.

HpHBe,ILeM [IPUMEPHI IIOCJIELOBATEIBHOCTEM]:
D) {zn} ={(-1)"} wm —1,1, -1, 1,...;

1 1l 1
— el = =
2) {n} 12) 3) )

sinn sin2 sin3
=sinl —
3) { } sin1, TR

BBenem nonsaTHe apudMeTHYECKMX ONepaluil HaJ YUCIOBBIMH TOCJENOBA-
TesbHOCTSAAME. [IycTh MaHBI Mpou3BosbHBIE HOCTENOBATENLHOCTH {Z,} 1 {yn}.

Cymmoti 9TUX TOCTEIOBATENBHOCTEN HA3bIBAETCS [I0C/IEJ0BATENLHOCTD T1 + U1,

To+Y2, -y TntYny - ={Tn+Yn}, pasnocmuvio — nocnENOBATENBHOCTD T1 — Y1,
T3 — Y2, -y Tn — Yny- - - ={Tn — Yn}, Npoussedenuem — MOCIEIOBATEILHOCTE
T1Y1, T2Y2, - - - 1 ZnYns- - - ={TnYn}, YACMHOLM — TIOCIIEIOBATEIHHOCTD ;ill, %, iy

14



in,. .. :{in}, Yn # 0 g moboro n.
n n

Omnpenenenne 2.2. Ilocaedosamenvnocmv {x,} nasweaemea ozpanuyennot
ceepry (cnudy), ecau cywecmeyem maxoe gewecmsennoe wucao M (wucao

™M), WINo 0Af BCET N BLNOANAECINCA HEPABEHCMBO Tn < M (z, > m).

Onpepnenenne 2.3. [Tocaedosameavnocms {z,} nasvsaemes ozpanusennot,
ecAU OHA 02PAHUYMEHA U CHUSY U CBEPTY, M. €. ECAU CYULLCMEYIOM “UCAL T U

M maxue, wvmo m < z, < M 0dasa mobozo n.

I[Mycrs A = max{|m|, |M|}. TOF,D,EL CJIOBHE OI'DaHUHYEeHHOCTH I10CJ/Ie/10Ba-
)

TEJILHOCTH MOYKHO 3alMCaTh B BUIE |T,| < A.

Onpepnenenne 2.4. ITocaedosameavnocmv {Tn,} naszweaemca meozpanuven-
1o, ecau 0as 4106020 NoAVKHCUMEALHO20 WUcAa A Hatidemea aaemenm T, Imot

nocaedogamenvrocmu, ydosaemsopaowut nepasencmey |T,| > A.

PaccMOTpEM HECKOJIBKO PUMEPOB:

1) Hocneposarenbuocts {z,} = {n} orpanndena cHusy, Tak Kak T, > 0
Jist moboro n.

2) TMocnenosatensuocTs {T,} = {—n?} orpanuyena csepxy, Tak Kak T, < 0
AJ1s1 1106010 7.

3) MocnenoBarenpuocts {sinn} orpannyena, Tak kak |sinn| < 1.

4) Mocneposatenbroctb {n*} — Heorpanudennas. B camom sese, KakoBo 6bi
HH ObLIO MOJIOXKUTENbHOE YNCiI0 A, HaliIyTCs SeMEHTbI ITOH [10C/Ie10BaATE b

HOCTH, MpeBocxoasuye A.

2.2 Ilpenen mocje/10BaTe€IbHOCTHU

O6oznauum V. (a) — e-okpecrHocTs Toukn a (a € R, a = £00, a = 00).

Omnpenenenne 2.5. Beaunwuna a (a € R, a = 400, a = o0) nasweaem-
ca npedenom nocaedosamesvnocnu {Tn}, ecau 0aa 4106020 MOAOAHCUMEALHOZ0
wucaa € natidemea nomep N, 3asucawutl om €, maxotd, wmo das ecex n > N

z, € Ve(a).
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[penen 4uCiIOBOM mOCIEHOBaTeNbHOCTH ObO3Hadaerca lim z, =a wim
n—oo
ZTn — @ TIPU N — 0O.
Mcnonb3ys JOra4ecKre CAMBOJIbI, ONPEIeeHIe IPENeTa MOXKHO 3alUCATD B

BUIE

limz,=a <= Ve>0 IN=N():z,€Vc(a) Vn>N.

n—oo

Ilycts a € R. Torna ycnosue z, € V.(a) paBHOCHILHO HEPABEHCTBY |Zp—al < €

1 OmIpejesieHue npejiena NpUMeT BH L

limz,=a€R <= Ve>0 IN=N(e): |z, —a|]<e Vn>N.

n—o0

AHaJIOrHYHBIM 06pa30M (hOPMYJIHPYIOTCS ONpeieieHus GECKOHEUHBIX MPEIEIIOB

(a = o0, a = c0):

lim z, = +00 <= Ve>0 IN=N(e): z,>1/e Vn> N,

n—oo
li_’rn T,=-00 < Ve>0 IN=N(e): z,<-1l/e VYn>N,
lim z, = 0o <= Ve>0 IN=N(e): |z, >1/e Vn>N.

IIpumep 1. Ilokazare, uro lim % = 0, UCroIb3ysl ONpeJeieH e Npesesia mo-
n—oo

CJ1e10BATEJIbHOCTH.

Bosbmem mioboe wucno € > 0. Tak xak |z, — a| = |1 — 0| = 1 10 ans
HaXOXIeHWsl 3HaYeHUH N, yI0BJIETBOPAIOIMX HEPABEHCTBY |z, — a| < &, nocra-
TOYHO PEIIUTh HEPABEHCTBO ;1; < €, OTKyHa n > % Cie10BaTENILHO, B KAYECTBE
N MOXHO B3ATb IEJIYI0 YACTh YHCJA %, Te. N = [i] Torpna HepaBeHCTBO
|% — O| < € Byner BBITOMHATLCS Tpu Beex n > V. Tem cambiM MBI HOKa3aJIH,
yro lim * = 0.

n—=oo

BoisicHAM reoMeTpUYecKdit CMBICH Mpefeia NocjeqoBaTenbHOCTH. [lycro
a € R. PacnonoxXuMm 4ieHbl NOCIENOBATENbHOCTH T1, L2, ..., Ln, ... HA THC-
nosoit npsamoit. Hepasenerso |z, — a| < £ cooTBeTCTBYeT MONALAHMIO WIEHOB

N0CJIeI0BATEILHOCTY T, B E-OKPECTHOCTh TOYKY a (puc. 2.1).
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@ — € a+e

T T T T T
) 3Ty Ty Tg9g G Tg Tg ry To9 T
Puc. 2.1.

Takum 06pa3oM, YHCIIO @ eCTh MpeJes YMCII0BOI TI0C/IeJ0BATENbHOCTH {&y },
ecnu 1uist Jioboro € > 0 Hainercss Homep N, HauuHas ¢ kotoporo (npu n > N)
BCE 4JIEHBI I0CJIEN0BATEIbHOCTH OYyT 3aKJIIOUEHbl B £-OKPECTHOCTH TOYKHU a,
KaKkoit 6bl Mayioit oHa HU Obuta. BHe 3TOi €-0KpeCTHOCTM MOXKET ObIThb JIMIlb

KOHEYHOe YHUCJIO YJIEHOB JaHHOU IMOCJIeOBATEJIbHOCTH.

IIpumep 2. dokasars, 4To nocienoBaresnbHoctb {z,} = {(—1)"} He nmeer

npezesa.

HeficTBuTesbHO, €CM MPEANonoKuThb, yto lim (—1)" = a; a # 1, To MOX-
n—0o0

HO HajiTu Takoe €9 > 0, 9TO BCe WieHbl nocnegoBarenbHoctn (21 = —1, 29 = 1,
z3 = —1,...) GyayT nexaTh BHE €)-OKPECTHOCTH TOYKH a (pHucC. 2.2).
a—¢€g a—+¢gp

T1=T3=T5=... Tg=T4=... [ \
T T T { T g) &

~3 0 SECITY VS

Veo(a)
Pue.2.2.

Ecnu ke lim (—1)" = +£1, To MOXHO yka3arh Takoe 4ucio €; > 0, 4TO
n—oo

BCE€ HEYEeTHbIE (‘{eTHbIe) YJIeHbI I10CJI€N0BATEJIbHOCTH 6y,H,yT Jie2KaTb BHE €1-

okpecTHocTH ToUKHM @ = 1 (a = —1) (puc. 2.3).
a—e€; a+e;
T T ( T )
=i 0 a=1 z
—_————
Ve, (a)
Puc. 2.3.

HOHy‘IMM [IPpOTUBOpEYHE C OIIPELIEJIEHUEM I1peJiesia [T0CJIeJ0BATEIbHOCTH. Cue-

JOBaTeJIbHO, JaHHas MOCJAeO0BATE/IbHOCTD IIpenesa He UMEeeT.

17



2.3 Cxopgimuecs ITOCJIeI0BATEIbHOCTH

Onpenesnenue 2.6. [Tocaedosameavrocms nadvsaemcea czodawetc, ecal 0K

umeem Korewnvit npedea.

JlpyruMu CJIOBaMH, TOCHENOBATENLHOCTh {T,} cxomgures <= Ve > 0
AN =N(e): |zpn—a|] <e Yn>N.

PaCCMOTpPIM OCHOBHBIE CBOUCTBA CXOIAIINXCA [1OCJIeOBATEIbHOCTEH.

Teopema 2.1. Ecau nocaedosamendbrocmsd cxodumca, mo ona umeem eout-

cmeennsiti npeden.

Moxazameavcmso. Ilycrs z, — a, z, — b. Bosemem uucio € > 0. U3 roro,
4TO T, — a CJeiyer, uTo |z, — a| < /2 mpu n > N;. U3 Toro, uro z, — b
ciempyer, 4to |z, — bl < /2 npu n > Ns.

[Iycts N = max{Ny, No}. Torga pna n > N Bbimonusiorcs oba HepaBeH-

CTBa H, CJIEJI0BATENLHO,
e €
la —b| = |(a — z4) + (zn — )| < |a — zp| + |zn — b <§+5:e.
PasHocTb MeXIy uuciaMu a u b 1o abCoOTHOM BeMYuHe MeHblie JI060ro

IOJIOXKUTENBLHOTO YHCIIa, CIIEJOBATENBHO, a = b. O
Teopema 2.2. Ecau nocaedosamesvHocmv CLooumes, mo ona 02paHUYeHa.

[Moxasameavcmeo. [lycts z, — a. [lonoxkum € = 1, Torga Halnercs HoMep
N; = Ni(1) Takoit, uto nast n > Ny |z, — a| < 1. Cnemosareinsho, |z,| =
|(zn—a)+a| < |zn—a|+a| < |1+ |a| ans Bcex n > Ni. Obosnadnm vepes A
HauboJbIee u3 yuces |z1|, |zal,. . ., [zn,|, |a|+1. Torma nns Beex n crpaseanuBo

HEPABEHCTBO |Z,| < A, 4TO U O3HAYAET OrPAHMYEHHOCTh MOC/IE0BATELHOCTH
{zn}. a

3ameuanue. OrpannyedHas MOCIEJOBATEILHOCTL MOXKET U He ObITh CXO/si-

metica. Hanpumep, nocnenosarensuocts {(—1)"} orpanntena, HO He CXOAUTCA.
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2.4 BeckoHe4YHO MaJible 1 ODeCKOHEeYHO OOJIbIIINE IIOCIe 0-

BaTeJIbHOCTN

Omnpepenenue 2.7. [ocaedosamervrocmv {T,} nasvieaemea becxonenno ma-
a0t, ecau lim z, = 0.
n—0o0
Hwoimu caosamu, nocaedosamenvrocms beckornewno maaas, ecauw Ve > 0

AN = N(e): log) <e¥n> N,

Omnpenenenue 2.8. ocaedosamervrocmy {z,} nagmeaemes beckoneuno 6oao-
wot, ecau lim z, = co.
n—0o0
Hnvimu caosamu, nocaedosamesvrocms beckoneuno boavwad, ecau Ve > 0

AN = N(g): |zp| > 1/e ¥Yn > N.

3amevanne. OueBuHO, 9T0 100asa OECKOHEYHO MaJas IOCIEIOBATE]bHOCTD
orpaHuYeHa, T. K. oHa cxomuTcs. [TokarkeM, 4To 6ecKoHe4HO 60JbLIas M0CIen0-
BATEJbHOCTh SIBJSAETCs] HeorpaHudenHoil. JeficTBurenbHo, misa awoboro € > 0
MOXKHO yKa3aTb Homep N Taxoif, 4To aas Bcex m > N cnpaBelJiMBO HepaBeH-
cTBO |Z,| > 1/e. O6osnauum A = 1/e. Torpa, ms moboro A > 0 naitaercs mo
KpailHeil Mepe OJUH TAaKOH SJEMEHT T, 4To |z,| > A. A sro u oznauaer, uTo

I0CJIEA0BATEBHOCTD {Tn} HEOrpaHHUeHa.

P&CCMOTPHM OCHOBHbBIE CBOIICTBA DECKOHEYHO MaJIbiX U OECKOHEUHO DOJIbILIIX

[10CJIeOBATEbHOCTEN.

Teopema 2.3. 1) Cymma uau pa3nocmo 08Yxr OeCKOMEUHO MAABE €cTib bec-
KOHEUHO MAAAA.

2) Ilpouseedenue Gecxoneuno Maaol HA 02ZDAHUNENHYIO €CTRD GECKOMENHO
MANCA.

3) Ipoussedenue 06YT GeCKOHEUHO MAABIT €CTND BECKOHEUHO MAAAA.

loxasameavcmeo. 1) Ilycrs lim o = 0 u lim B, = 0. [okaxeM, 410
n—00 n—oo

lim (o, £ 8,) = 0. Bosbmem npoussosbuoe 4ucio € > 0. Torma cyuiecTBy-

n—oo

er Homep NN}, Takoif, 4To npu m > N1 BBINOJHEHO |an| < €/2, u HOMep N,

TaKoi, uto |0,| < €/2 nupu n > Na.

19



Hycts N = max{Ny, No}. Torga npu n > N BeImonHAIOTCA 00a HepaBeH-
CTBa U, CJIENOBATENbHO,
€

225.

€
lan £ Ba| < lom| +|Bal < 5'*'

Tak Kak s Jioboro yucna € > 0, |a, £ 6,| < € gast Bcex n > N, 10 Jirglo(an:‘c
Bn) = 0, T.e. OCIENOBATENBHOCTD (i £ B, — BeCKOHEYHO Maas.

2) Iyctb mocienoBaTebHOCTb {Z,} — orpannyensas, {an} — 6eckoHedHo
mamnas. Jokaxem, uro lim z,a, = 0.

n—oo

3 OrpaHMYeHHOCTH MOCJIEJOBATENBHOCTH {Zn} CIEIyeT, YTO CYLIECTByeT
qncno M > 0 Takoe, 4TO NPH BCEX T BLINOJHEHO HEPABEHCTBO |T,| < M.

Bossmem noboe gucio € > 0. Torga cymecrByer Homep N Takoi, 4To AJis
Bcex n > N BbinonseHo |oy| < 4. Cnenosarensho, |0, < M - 7 = € npu
n > N, a 310 u 03Ha4aeT, 9T0 {Tpay, } — GeCKOHEUHO Madast.

3) Joka3aTesbCTBO CJIEAYeT HEMOCPEICTBEHHO U3 M. 2, €C/IM BCIOMHUTD, YTO

nobasi 6ECKOHEYHO MaJasi OTPaHUYEHA. a

Teopema 2.4. 1) Ecau nocaedosamervrocmo {T,} Oecxonewrno marasn u
zn, # 0 daa ecex n, mo nociedosamesvHoCmd {IL} — beckorewHo boavwas.
n

Haobopom, ecau {yn}, yn # 0, beckonenwno 60avwad, mo nocaedo8amesbHOCTID

{yl} — beckoHewHo MaAas.
n

2) Cymma becrorneuno boavwoll u ozpanuvennoli ecmv beckonedno 6oiv-
WaA.
3) Cymma beckoneuwno 6oavwWuUT 00H020 3HAKA eCb becKonewHo BoAbUWLaA

mo2o oHce 3HaKa.

Joxasameavcmeso. 1) Ilycts {z,} — GeckoHeuHO MaJias NOCIENOBATENbHOCTb,

T. e. gy Joboro € > 0 Haiinercs Homep N Takoit, 4To npu n > N BBINOJIHEHO

'1—>%,U,JI${BC6X'I’L>N.A3TOI/I

= Taal

|za| < e. OTciona nomy4aem, 4to |-

O3Ha4aeT, 4TO {IL} — BeckoHeuHO 6osblIas. AHAJIOTMYHO JOKa3bIBaETCA, YTO
n

{yi} — BECKOHEYHO MaJiasi.

n

2) [IycTs nocnenosarenbuocTs {T,} — 6eckonedno bonburas, {y,} — orpa-

uuyennas. Jlokaxewm, uro {z, + y,} — GeckonevdHO GoJbIIAS.
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U3 orpannyennoctu {y,} ciemyer, 4ro cyuecrsyer Takoe wucio M > 0,
g0 AnisA Beex 1 |y,| < M. Ilockonbky {z,} — Geckoneuno Gombmas, To Ans
qoboro € > 0, naiiercs Homep N Takoif, 4TO AJist BceXx m > N BBINOJHEHO
HEPaBEHCTBO || > % Bosbmewm uucio € > 0 Takum, yrobel = > M. Torpa ass

Beex 1 > N |z, 4+ yn| 2 |T0] — |yn] > %“M=§+%‘M>

™ = o =

. CiiemoBaresibHO,
{zn + yn} — Geckoneuno Gosbiuast M0CIEJ0BATENBHOCTD.
3) Mycrs lim z, = +o0o u lim y, = +o00. Bo3bMeM npousBosibHOE 4UCIIO
n—eco n—o00

e > 0. Torpa, cymecrsyer Homep Nj, Takoil, 4To mpu n > INj BbINOJHEHO

HEPABEHCTBO T, > u HOMep Ny, Takoi, 4To Y, > % asst Bcex n > No.

1
2e)
Iycrs N = max{Nj, No}. Torna npu n > N BbinosHsitorcsi 06a HEPABEHCTBO
U, CJIELOBATENILHO, Ty + Yn > 515 + % = % TakuM 06pa3oM, JOKa3aHO, YTO

lim (z,, + yn) = +o0. a
n—o0

,HOKH,)KGM TEOpEeMY, KOTOpasl YCTaHABJIMBAET CBA3b MEXXAy NpeaejaMd CXo-

JAIMAXCS IT0CJIe0BATEJNbHOCTENR U HECKOHEYHO MAaJIbIMHU.

Teopema. 2.5. Jas mozo wmobv. nocaedosamenvrocmsy {T,} czoduaacsy x wuc-
AY a, Heobzodumo U JOCMAMOUHO, WMOOBL GHMOAHANOCL —DPABEHCMEO

Tp = 0+ ap, 2de a, — 0eCKOHEUHO MAAAA.

[oxazameavcmeo. 1) Ilycrs nlgglo T, = a. Torga pus joboro € > 0 naiigercs
nomep N Taxoif, 9To ajist Beex m > N BbINOJHEHO HEPABEHCTBO |z, — a| < €.
Ob6o3nauum o, = T, — a. Takum obpa3om, jist Bcex o > N BBIIONHEHO Hepa-
BEHCTBO |a,| < €, a 970 1 03Ha4aeT, 4T0 {ay, } — GECKOHEYHO MaJiast NOCJe0-
BATEJIbHOCTb. [IpH 3TOM T, = a + ay,.

2) Yrobbl 10Ka3aTh AOCTATOYHOCTD, CIELYET HEPEHTH B 9TOM DPAaBEHCTBE K

npejieJly Ipu m — 00. a

2.5 Apudmerudeckue CBOUCTBA IpeeOB

Teopema 2.6. IIycmv {z,} u {y»} — czodawueca nocaedosameavriocmu,
m. e. cywecmsylom xoneunvie npedeav, lim x,, lim y,.
n—oo n—o0

Tozda 1) lim (z, £ yn) = lim z, = lim y,,
n—00 n—oo n—o0
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2) lim z, -y, = lim z, - lim
)n->oo n*Yn nooo " —+ooyn’

[e.0] n
. 3 - lim z,
3) ecau yp # 0 daa ecex n u lim y, # 0, mo lim *» = z2=—,
n—oco n—oo Yn Jim_yn

Joxasameavcmso. 1) [lycts lim z, = a € R, lim y, = b € R. Torzna
n—o0 n—oo
Tp = a+ Qg, yn:b+,8ny

rae {an} u {B,} — Geckoneuno massie nociemoBarenpHocTy. Clief0BaTENbHO,
T, Eyn = (a1 b)+ (an £ S3,). [To cBONCTBY GeCKOHEUHO MANBIX MOCTENOBATEN b
Hoctb {ay, & B} — Geckoneuno manas. Takum obpasom, nll)r&(zn +y,) =akd
wiu lim (z, £ yp) = lim z, £ lim y,.
n—oo n—0o0 n—oo

2) NokaxkeM Teneps, YTO nll_)rg) TnYn = ab.

JleicTBUTENBHO, Tnyn = (a + an)(b+ Bn) = ab + (afn + ban + anf,). Ha
OCHOBaHMH CBOHCTB 6ECKOHEUHO MaJbix 3aKiiodaeM, 94T0 {afy, + ban + anln} —
6eckoHeyHo Masas. Orcioma

lim z,y, =ab wmu lim z,y, = lim z, lim y,.
n—oo n—o0 n—0o0 n—reo

3) Hycrs lim z, = a, lim y, = b, yp, # 0 1y1a Bcex n u b # 0. JJoxaxem,
n—00 n—oo

i En o @
4TO hmy =%

n—oo vn
JlefCTBUTENBHO, Ty = @ + G, O — 0 1 Y = b+ By, B — 0. Torma 2= —
= b —a(b -
a _ bea—ay, _ bloton)-a(btBn) _ boy—afy O4eBHIHO, YTO MOC/IELOBATEBHOCTD
b byn byn byn
{ban—afs} — Geckoneyno manas. [TokaxkeM, 4TO OC/IEIOBATELHOCTD {ﬁ} —
n
OrpaHu4eHHasl.

U3 rtoro, uto {B,} — BeckoHedHO Masas CJemyeT, 4TO s JI060ro ducia
€ > 0 naiinerca takoi Homep N, 9TO 451 BceX n > N BBINOJIHEHO HEPABEHCTBO
|8, < €. Bosbmem uncno € = |b|/2. Torma npu n > N semonsero |8, < [b]/2

H, CJIEOBATENLHO,

o] _ 16l
|b+ Bal = 6] — |Bal = 6] — E| =7 Amscex n> N.
RN 1] 1
Ecnu 0603HaunTh yepe3 M HauboJblilee U3 YHCeIT { il Bl (B ’b2/2}7
TO l—b; ‘ < M pns Bcex m, T.e. MOCJAEA0BATENBHOCTD —b; — OrpaHuveHa.
n n
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n

Takum 06pa3oM, MOC/]EL0BATENbHOCTD {b—al;,;—“éﬂ} = {E;—} {ban — af,} —
n
6eckoneuno manas (Kak Npou3BejieHne GeCKOHeYHO MAJION HA OrPAHHYEHHYIO),

cnenoBaTenbho, lim = = ¢ ]
n—o0 Jn

2.6 PackpwiTue HeonpenesaeHHOCTel

3ameuyanue. ApudMeTHYECKHEe CBOHCTBA PEEJIOB CITPABEIJIMBbI TOIbKO IS
CXOJSIILIMXCS TT0C/IeqoBaTebHOCTEH. Keu »ke 310 TpeboBanue He BbINOJIHSETCS
XOTs1 OBl JJIs1 O/IHOM U3 NOCJEI0BATEbHOCTEN, TO IOIYYaIOTCs TaK HA3bIBAEMble
HEOIpeIeJIEeHHOCTH U KOHEUYHbIH pPe3ysIbTaT ONpeJesisieTCsl KOHKPETHBIM BHJIOM

JAHHBIX [OCAEI0BATEJILHOCTEN.

1) HyCTb hm z, = 00, lim y, = co, Torna lim % ecth HeolpeEIEHHOCTh
n—00 n—oco In

Bujla =2 oo. Hau6onee [IPOCTO OTHICKUBAETCSI MPEJIEJT, KOTIA Ty U Y, MHOIOWIEHDI
no n. B aToMm ciyuae cienyer 4ucauTesNb M 3HAMEHATENb Pa3le/HThL Ha Hau-

BBICIIYIO CTEIEeHb 0060MX MHOIOYJIEHOB.

n®+5n—3
I 3.B lim ———.
pumMep pracsmty lim B+ Tn—6

Nmeem HeoIpeJeJIe HHOCTh BAUAa % PBB,JIGIIPIM YUCJ/IMTEJIb 1 3HaMEHaTeJb Ha

n3:

2]

3 _ ol i 8
hmuw:ﬁmﬁ_%zl.

naoond +Tn—6 "_’°°1+ﬁ75—"_3

Ecin {z,} n {y,} npoussosbHble nocienoBaTesbHOCTH (He 00s3aTENBHO
MHOTOYJIEHBI), TO CJIEAYET B KaXKJO! M3 HUX BHIIENHUTb TMIABHYIO 4acThb Ha bec-

KOHEYHOCTH, T. €. IPeJCTaBUTh, Hanpumep, {Z,} B BUIE

Tp = anb,, THEe lima,=a<oo, lim b, = co.
n—o0 n—00

iy
IIpumep 4. Boiuucaurs lim -L{—M
n—o0 \/nd 4+ n —\/n

Viltntyn (\/IT \[) 1

lim = lim — =0.
n—+oo,/n3+n_\/_ n—00 3/2( /1+ 1 \/>) n—)oo\/_
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2) ycrs lim 2, = oo, lim y, = oo, Torga lim (z, — y,) ecTb Heonpene-
n—o0 n—o0 n—oo

JIEHHOCTh BUJa 00 — 00. Kak NMpaBuiio, 3TO HEONPEIENeHHOCTH, COAepKaIye

MppalUMOHaNIbHBIE BhipaykeHus. C MOMOUIBIO JOMHOKEHUS Ha CONPSIXKEHHOE Bbl-

paXeHHe OHU CBOLOATCA K HEONPENEJIEHHOCTH %

Hpumep 5. Berancaurs lim (vVn? +n+1—1/n? —n +1).
n—o0

VYMHOXKUM U pa3aesiuM Ha CONPAXKEHHOE BbIpaKeHue

Vn2+n+l+vn2—n+1.

Umeem
f (VA 1=Vl DVl I+ vVe? —n ¥ 1) _
n—400 V2 4+n4+14+vn2-n+1 B

. n’+n+l1—-(n2-n+1) . 2n
= lim = lim g
nsoy/n24+n+l4+vn2—n+1 n2oyn2+n+l+vn2—n+1

[Tony4um HeompeseIeHHOCTh BUAA 2, KOTOPYIO PACKPBIBaeM Kak B 1):

lim i =
ns0o\/n2 +n+14vn2—n+1
2n

im =
noo n(y/14 1/n+ 1/n2 + /1 - 1/n+ 1/n?)

3) Ecnu lim z, = 0, lim y, = oo, To lim z,y, ecTb HeONpeleIeHHOCTh

n—o0 n—eo n—oo
Buga 0 - co. Ecou ke 0603Ha4uTS 2, = =, T0 lim z,y, = lim Z* ecTs Heompe-
0 Yn n—oo n—oo #n
JENeHHOCTb BUJA ¢, T.K. {2,} — Beckonedno manas. Amanornyso, lim % ecrs
n—yoo “n
HEOTIPEJIeIEHHOCTb BUIA 22, T.K. 2y = zi — beckoHeyHO Gosbiasi. Takum 06-
n

pa3oM, HeonpezeneHHocTH 0 - 0o, %, % CBsA3aHbBI MEXKY CO6OM.

2.7 IlpenenbHbIll IEpEXON B HEPABEHCTBAX

Teopema 2.7. ITycmo {z,} u {y,} — dee crodawueca nocaedosameavrocmu

U T, < Yn Oaa 6cexn > N. Tozda nlgg) T & T}I—EEO Yok

Joxasameavcmso. Ilycrs lim z, = a, lim y, = b. HokaxeM, uro a < b.
n—o0 n—oo
IIpeamnosoxum (0T mpoTuBHOro), 4to a > b. Torma cymecTByer nosmoxu-

TesibHOE Yuco €9 > 0 Takoe, uro b+ €y < a — g¢ (puc. 2.4).
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b+eq a— g

4

Puc. 2.4.

[TockosbKy a — Tpejiesl NOCAeNOBATENBHOCTH {Ty}, TO IJIsl €9 MOXKHO yKa-
3ath Homep N; = Nj(gg) Takoif, 9to mpu n > Nj BBINOJHSETCS HEPABEHCTBO
|z, — a| < €y MK 3KBUBAJIEHTHOE HEPABEHCTBO @ — €9 < Tp, < a + €9. AHaJoO-
THYHO, TaK KakK b — Ipesies1 Moc/ie10BaTeNbHOCTH {Yn }, TO AU g CyLIECTBYET
Homep Ny = Nj(gg) Takoi, 4ro st Bcex n > Ny CIpaBeinBO HEPABEHCTBO
|yn — b| < €0 MK 3KBUBaAJIEHTHOE HEPABEHCTBO b — g9 < Yn < b+ €p.

[ycrs Ny = max{N, Ny, No}. Torna upu n > Ny BbIIOJIHSIOTCS BCE BbIILE-

YKa3aHHbIE HEPABEHCTBA M, CJIeJOBATENbHO,
Un<b+e<a—eg <z, npu n> N

TakuMm 0bpazom, st Becex m > Ny BbITIOJIHEHO HEPABEHCTBO Ty > Ypn, & ITO
[IPOTHBOPEYNT YCJIOBHIO TeopeMbl. [losyueHHOE MPOTHBOPEYHE JOKA3bIBAET, YTO

a<b re limz, < limy,. a

Teopema 2.8. I[Tycmv nocaedosameavrocmu {z,}, {yn} cxodamea, lim z, =
n—oo

lim y, = a € R u daa 6cex n z, < 2z, < Yn. To2da nocaedosamenvrocms {z,}

n—oo

cxodumes u lim z, = a.
n—oo

Joxazameavcmeo. dnsa moboro yucia € > 0 Haiigercs takoit Homep Ny, 410
|z, —a| < € mpu n > Ny, u Takoit Homep Nz, 4T0 |y, —a| < € mpun > Na. [Ipu
n > N, roe N naubonbiiee u3 yuces INi, Ng, BIIOJHSIOTCS 002 HEpABEHCTBA,
OTKyJia cyiefyer, uto ijisi Bcex n > N a—€ < T < zp < Yn < a + €. Cuesio-
BATEJILHO, JJIs1 BCeX 1 > [N BBIIOJHEHO HEPABEHCTBO a — € < 2z, < a + €, T. €.

|2zn — a| < &. A 9r0 u o3Hayaer, yro lim 2z, = a. O
n—o00

2.8 I'paHuIBl YNCJIOBBIX MHOXKECTB

Onpegnenenue 2.9. Mnoocecmso X C R nazweaemes ozpanuiennvim ceepry
(cnusy), ecau cywecmeyem maxas nocmoannas a(b), wmo das ecex x € X

6ydem emnoanamoca T < a (T 2> b).
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Mnooicecmso X C R nazwieaemea 02panusvennvim, €CAl OHO 02PAHUYEHO U
CBEPTY U CHU3Y, M. E. CYWECMBYIOM MaAKue Nocmosnmuve a, b, wmo das ecex
z € X swmnoaneno nepasencmeo b < z < a.

IIpu amom wucao a (b) nasweaemca eeprmets (Wuocnetd) epanuyeti. Owe-
BUOHO, MO ECAU MHOICECMBO UMEEM 00HY 6EPTHION (HUCHION) 2panuyy,
Mo 0HO UMEEM DeCKOHENHOe MHOICECE0 maKuT 2panuty. Hanpumep, mro-
JICECTNBO 6CET HAMYPANDHUT “UCEA 02DAHUMENO CHUY “uCAOM 1 uau A100biMm
Opy2uM HUCAOM MeHDUE 1, MHOJICECTNEO “UCEA, NPUHAOAEICAUUT UHMEPEALY
(0,1) oepanunero crnudy wuciom 0 (uau arobovim, menvwe, wem 0), a ceepry —

wucaom 1 (uau a0boim, Gosvwum wem 1).

Omnpenenenue 2.10. Haumenvwaa u3 scex eeprnur 2panuy, muodcecmea X
Ha3veaemca mownol eeprrel eparuyet muoorcecmea X u 0bosnavaemes sup X
(«cynpemym» ). Hauboavwas u3 ecex nuotcnuz 2panuy, muooicecmea X Haszvi-
saemca mounot nudiched 2panuyet mmoorcecmea X u oboznanaemcsa inf X

(cundumym» ).

VmeeT MecTO MPUHIIUI TOYHON BepXHeit (meHel?i) TpaHMIbI.
Ilpuaiun To4uHOit BepxHell (HwkHeil) rpaHunbl. Fcau mmnosicecmso
X C R oepanuneno ceepry (cnusy), mo ono umeem mownyw 6epruow (Hudic-
H1010) 2panuyy.

Hanpumep, Ana MHOXKeCTBa BCeX HATYPAJIbHBIX YUCEJ TOYHON HIDKHE rpa-
HULeH ABJIseTcs yucio 1; anst MHoxectsa (0, 1) TouHas HUXKHsA PPAHUIA PABHA
0, a TouHasi BepxHsisi 1. 3aMeTHM, YTO BO BTOPOM CJly4ae TOYHAs BEPXHSS U

HU2KHAA 'PAHUNBI HE IIPAHaOJIEKAT CaMOMY MHO2KECTBY.

Teopema 2.9 (KpuTepuii TO4HOI BepxHeil rpanunsl). Jucio a asasem-
ca mounoti seprrel epanuyet muoocecmea X moeda u moavko mozda, Koz0a
BUNONHENDL CAEOYIOULUE YCAOBUA:

1) Oan scex © € X sunoaneno T < a;

2) daa mobozo wucaa € > 0 natddemea maxoti sasemenm ¢ € X, 3asucauyur

ome, wmoz =z(e) >a—ce.
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Teopema 2.10 (kpuTepuii TouHOM HuKHel rpaHuLbl). Jucto b asasem-
ca mounol nusicnel epanuyeld muooicecmea X mozda u moavko mozda, Kozda

BHINOANENDL CACOYIOULUE YCAOBUA:
1) daa 6cex z € X emmnoaneno x > b;

2) dan mobozo wucaa € > 0 natidemesa maxot aaemenm ¢ € X, 3asucawutl

ome, wmoz =1z(c) <b+e.

2.9 MoHOTOHHBIE IIOCJIEJOBATEIBHOCTHI

Omnpegenenne 2.11. IHocaedosamesvrocmv {T,} na3vieaemca 6o03pacmaio-
wet, ecal Ty < Tpy1 04 6CET T; HEYOLBAIWEY, €CAU Ty K Tpt) OAL 6CET M
yowearoweli, ecau Ty > Tpyl 0L 6CET M, HEB03PACMAOUWLET, ECAU Ty 2> Tnil
daAa ecex m.

Bce maxue nocaedosamesvrocmu 006€0UHAIOMCA 00ULUM HA3BAHUEM: MO-

HOMOHKBIE NOCALI06AMEALHOCTIU.

Wmeer mecto caenyromnlad OCHOBHadA TeoOpeMa O MOHOTOHHBIX I10CJI€10BATE/1b-

HOCTSIX.

Teopema 2.11. Monomonnas mnocaedosameavrocmd 6cezda umeem npedea.
Smom npedea KoHeHeH, ECAU OHG 02DANUYEHE U BECKOHEeH 8 NPOTMUBHOM CAY-

wae.

Loxasameavcmeo. Mbl OrpaHHYUMCS CTy4aeM BO3PACTAIOLIEH U OrPAHUYeHHOM
[OCJIE0BATENILHOCTH, [TOCKOJIbKY B OCTAJIbHBIX CJIYYasdX PACCYKIEHHUs aHaJIO-
TUYHBIL.

[ycts {z,} — Bo3pacraer u orpaHuYeHa, T.e. s BCEX T BbINOJHEHO Hepa-
BEHCTBO I, < T,y U cyliecTByer uncyo M takoe, uyto =, < M. Paccmorpum
YUCJIOBOE MHOXKECTBO X, COCTOSAIIEE U3 JIEMEHTOB JAaHHOM MOC/IeI0BATENbHO-
ctu. ITo ycnoBuio 3TO MHOXKECTBO OIPaHMYEHO CBEpXy M Hemycro. Torza B cuiy
NPUHIMIA TOYHOM BepxHeil rpaHuupl cymectyeT sup X = a € R. JJokaxewm,

YTO a sIBJISAETCs MPpeliesioM N0CaeN0BaATEe/IbHOCTHA {(L‘n}
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Tak kak a = sup X — TOYHas BEPXHsis FPaHb MHOXECTBA JIEMEHTOB MO-
CJIEIOBATENLHOCTH {Zp}, TO MO KPUTEPHIO TOUHOH BEpXHEH TpaHy mist io6oro
€ > 0 nanmercst Homep Ny = Ny(e) : zn, > a—e. [Tockonsky {z,} — HeyOriBa-
foLIast TIOCJIE0BATENBHOCTD, TO Ipu n > Ny 6yzer z, > =y, > a—¢. C apyroit
CTOPOHBI, [0 ONpEJEseHHIO BepXHel IpaHu T, < a < a + £ gja Bcex n. Ta-
KuM o6pasoM, mpu n > Ny mosyuaeM HepaBeHCTBA @ — € < T, < a + €, T.e.

|zn — a|l < € npu n > N. Dro u o3navaer, yro lim z, = a. 0O
n—00

2.10 Ywucso e

n
PaccmoTpum mocnenoBaTenbHOCTb ¢ ODIIUM YJICHOM T, = (1 + %) :

1\? 1\"
1+ (1+=) ... (1+=) ...
( + )’< +2> ’ ’( +n> '

U JIOKaXXeM, YTO OHa UMEEeT KOHEeYHBIN npeneJ. I[JIH A0Ka3aTeJIbCTBa CylIECTBO-
BaHUs KOHEYHOTrO IIpefiesia 3TOH MOCJeN0BATEIbHOCTH HOCTATOYHO IIOKa3aThb,

4TO MOCJIENOBaTEJIbHOCTDb {En} — BO3pacTailasa U OrpaHUvIeHHad CBEPXY.

Loxazameavcmso. Ilonb3yscy dopmynoit bunoma HpiorTona, 3anummem:

n\" 1 nn-1)1
Ty = (l—{——) =1+n-—+———( )——2+
n n

n 1-2
nn—1n—-2)...In— (k-1
to ( )(1-2-)3..[.]{: ( )]-1’21];—*—
nn—1)(n-2)...[n—(n-1)] 1
et 1-2-3...n nn

HJIH, 9TO TO K€,

By = 1+1+%<1—%>+...+%<1—%) (1_%).”<1_k;1>+
+...+%<1—-71;)(1-%)...(1—";1). (2.1)

[TokaxkeM, 4TO IOCIENOBATENLHOCTs {Z,} — Bospacraouas. JeffcTBUTeNbHO,
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3allMIIEM BbIDAKE€HHE Tp41 U CPDABHUM €r'0 C BbIPDAaXEHUEM ITp!:

T —1+l+l 1 —1- - -}-i 1——1—- 1 =
= 2! n+1 R 1 n+1 n+1)" "
k-1 1 1 2
1= vt —11-= 1-
( n+l>+ +n!( n+1>< n+1)
n—1 1 1 n
11— 1- 1= .
( n+1>+(n+1)!< n+1) ( n—l—l)

Kamaoe cjaraeMoe B BbIDaXK€HHUH Ty 41 bosblIe COOTBETCTBYIOLIErO CJlara-

€MOr'0 B BBIDAXKEHUH Ty, U, KDOME TOrO, Y Tpy1 MOOABJISIETCS €Ile OLHO MOJIO-

XKuTenbHoe ciaraemoe. TakuM 00pa3oM, IOC/€L0BATENbHOCTD {&,} BO3pacTa-

101mas.
JlokaxxeM Tenepb, YTO Mpu JI06OM 7 e YJIeHbl He PEBOCXOAAT TPeX: T < 3.

B camom geue,

1 1 1 1
Tn < 1+1+5+§?+"'+H<1+1+§+—2—2+

1 1—2—,. 1
+...+2n_1=1+‘—_T<1+1_l=3.
2 2

1\n '
Urax, nocnenosarensrocts { (14 1)"} — MonoronHo Bospacramomas 1 orpa-

HUYEHHAs CBEpXY, CJIEJOBATEIbHO, OHA HMEET MpeJesl. DTOT Npees MPHHATO
‘ obosnayarh OYKBOii €.
: 1\"
\ lim ([14+~-] =e.
n—00 n
n
U3 HepaBencTsa (1 + %) < 3 caenyer, yto e & 3. OrbpachiBasi B paBeHCTBE

(7.3) Bce useHbl, HAYMHAS C YETBEPTOTO, HMEEM:

1\" 1 1
| (1+—-) >2+—(1——>
n 2 n
U, Nepexols K Ipejely B 3TOM HEPaBEHCTBE, MOJyYUM
|
1

6224—5:2,5.

Taxkum 06pa3oM, 4uciio e 3aKio4eHo Mex iy 2,5 u 3. O 6osiee TOYHOM BbIYHC-

JIEHHH 4YHuCiIa e OyIeT CKa3aHo JaJiblle, 1P paccMOTpeHn# dopmysibl Teisopa.
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MoxkHO I0Ka3aTh, YTO YUCJIO € — HPPAIHOHAIbHOE U 3HaYeHne e = 2,71828 . ..
3aMeTuM elle, YTO U3 TEOPEMBI O MpeJiesie MOHOTOHHOHN IOCJIE0BATENBbHOCTH
cnenyer Tak ke, yro nepasencrso (1+ 1)" < e Bunonnserca npu moGom n.

O
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I'naBa 3

IIpenen dbynkmun

3.1 IlpenmesbHas TOYKA MHOXKECTBA

Omnpegenenne 3.1. Touka a na3wvieaemca npedeavhoti mouwkot muoscecmea X
ecau 8 A1000T 0KPECTIHOCTIU TMOYKY 6 HATOOAMCA MOYKU MHodicecmea X, om-

AUYHDIE 0T Q.

[Tpu aTOM TOYKA @ MOXKET KaK MMPHHAJJIEXKATh MHOXKECTBY X, Tak U He MpH-

X 11 1
Hagiexarb emy. Hanpumep, mns muoxkectBa X = {1, 0 . - } npe-
nenbHast Touka a = 0, a € X, pna muoxkectBa X = [a, b] mobast To4Ka s1BJIsI-
ercst npenenbHoit. IlpenenbHasi Touka MoxeT ObiTh HeckoHedHoit. Hanpumep,

a = +00 — IpejesibHasl TOUKA MHOXECTBA HATypaJbHbIX uuces V.

Omnpenesienne 3.2. Ecau mouka a € X ne asasemca npedeavnoti mouxot

muooicecnea X, o ona Ha3bi6aemca U30Auposarnoti moukot muoocecmea X .
Hanpumep, muoxkecrso X = {0,1,2} cocTONT U3 U30/IMPOBAHHBIX TOYEK.

3ameuanue. Ecin a — mnpenesnbHasi TOYKa MHOXKecTBa X, TO B JiI0OOil ee

OKPECTHOCTHU COAECP2KHTCA OeCKOHEUYHOEe MHOXKECTBO TOYEK M3 MHOXKecTBa X .

3.2 Omnpegenenne npenena pyHKINN

[Iycts y = f(z) — dbyHkuua, 3ajanHas Ha MHOXKecTBe X U TOYKA a —

npejejibHasi TO4Ka 3TOI'0 MHOXKECTBA.
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Onpenenenne 3.3. Beauwuna A (A € R, A = +o00, A = 00) nasweaemca
npedesom Pynxyuu f(z) npu T — a (8 mouxe T = a), ecau das awbozo € > 0
natidemea 6 > 0, sasucawee om g, maxoe, wmo daa écez ¢ € X,  # a,
npunadaescawus §-oxpecmuocnu mowky a, 3uavenus gywwyuu f(z) 6ydym

HATOOUMDCA 8 E-0KpeECMHOCMU MOYKY A.

MCHOHhSyH JIOTUYECKHE CUMBOJIBI, OMpenesieHue 3.1 MOXKHO 3aIucaTh B BUoe

A =:15i_1)1‘11f(a:) <= Ve>0 35§=46(e) > 0: f(z) € V:(A)
Vz € Vs(a) N (X\{a}).

Sameuanue. Onpeznenenne npenesa GYHKIUE TAKOBO, YTO 3HAYEHHE QYHKIUH
B TOYKE @ He UIPAaeT HUKAKOU posd, DyHKUUsI MOXKET ObITh [[a’Ke HE OllpejieieHa

B 9TOU TOYKE.

Onpenenenue 3.1 Ha3wiBaloT onpeesenueM npeaena Gyuxuuu no Ko win
. ompejieJieHHeM Ha A3bIKE OKPECTHOCTH £—§.
Hanum enie ogHO onpezenenye npejesia GYHKIUYE, KOTOPOE HA3bIBAIOT OIpe-

JeJIEHUEM IO leitre unu Ha A3bIKe II0CJIENOBATEJIbHOCTH.

Onpenenenue 3.4. Beauwuna A nasvieaemea npedesom dynsyuu y = f(x)
npu T — a, ecau 0an w060t nocaedosameavnocmu {z,}, npunadaescawer
muoorcecmey X u cxodawetica k a, nocaedosameavrocmdv {f(z,)} cxodumes
x A.

Teopema 3.1 (Teitue). Onpedeaenusn npedeaa dynxyuu no Kowwu u no I'etine

IKBUBANEHTHDL.

Onpenenenve npegena dbyunkuun no [eitie no3BossieT yCTAHOBUTD [JIs1 HEKO-
TOpbIX (DYHKIMHA, YTO OHM HE MMEIOT NpeJesia TPU ONPEJeJEHHOM 3HAYEHUU

apryMeHTa.

Hpuwmep 1. Iycrs f(z) = sin 1. Tokaxem, uto f(z) He umeer npesena npu

z — 0. s aTOro nocraTodHo Ha#TH ABe mocnenosarensHoctd {zn} u {y,}:

, = 0,y — 0, a limsinl # limsint. Iycrs 2z, = L — 0, Torma
n—co Zn n—oo Yn i

f(zn) = sinmn — 0. BosbMem Tenepb NOCIENOBATENLHOCTD {Y,} = - 2

4n+1)
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0, npu 3ToM sin yl =sin (% + 27rn) =sin § — 1, 4TO U IOKa3bIBAET OTCYTCTBHE
n
npegena lim sin L.
z—0 &

3.3 Ilpepen dbyskmuum B TO4YKe

[IpuBeneHHbIe BhIlIE ONpE/ENIEHHs] NPEJesia He YYUTHIBAIOT HM XapakTepa
TOYKH a, HH BenuyuHbl npegena A. Pacmdpyem ompenenenue mnpeiena 1o

Komu pis cnyyas, korna a € Ru A € R.

Omnpepnenenne 3.5. Qucao A nasweaemesa npedeaom dynxyuu y = f(z) npu
T — a, ecau das amobozo € > 0 natidemca 6 > 0, 3asucawee om €, maxoe,
wmo das ecex ¢, ydosaemeoparouuz yeaosuw 0 < |z — a| < §, ewnoansemca

nepasencmeo |f(z) — A| <e.
C nmoMolI1bIo JIOrM49eCcKMX CHMBOJIOB OIPeJieJIeHHE UMEET BH/:

A=limf(z) < Ve>030=4(e)>0: |f(z)-Al<e

T—a

VeeX:0<|z—a| <4

Cwmbica onpegesiennst npejeiia GyHKiyn f(z) B TOYKE @ COCTOMT B TOM, 4TO
JJIsl BCEX 3Ha4EHWil T, JOCTATOYHO O/IM3KUX K a, 3HadeHns f(Z) Kak yromHo
MaJI0 OTiIHYaloTes OT yucia A (1o abcomoTHol Bennunne).

PaccMOTpuM reoMeTpUYecKuil CMBICT Tpeena GyHKUnK B Touke. Hepasen-
creo | f(z) — A| < € paBHOCHIIbHO [BOiiHOMY HepaBeHcTy A —e < f(z) < A+e,
a 9TO COOTBETCTBYET PACIOJIOKEHHIO YacTH rpacduka B nojoce (A — e, A +¢€).
AHasoru4HO, HEPABEHCTBO |T — a| < § COOTBETCTBYeT MOMaJaHMIO TOYeK T B
d-okpecTHOCTH TOUKH a (puc.3.1).

Yucno A ects npegpen dyukuuu f(z) npu z — a, ecau s Jioboro € > 0
HalifieTcst Takast §-OKPECTHOCTb TOYKH @, YTO JJIsl BCEX T # @ U3 3TOI OKPECTHO-
CTH COOTBETCTBYIOIUE OpAMHATH rpaduka bynkunn f(z) 6yayT 3akiiodeHs B

nosioce (A — €, A + €), Kakoit 661 y3Koii 3Ta mosoca Hu GbLia.
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¢ y = f(z)
A+e
e e 7/
A—c¢ :
a—éal.a—{—tf T

Puc. 3.1.

IIpumep 2. Joka3aTsb, 4TO :151_1)1}(31 +2)=5.

Bosbmem yncno € > 0. Haiigem Takoe MOJIOXKUTENBHOE YUCIO §, YTO AJIA
BCeX T, yOBJeTBOpsiiomux HepaseHctsy 0 < |z — 1| < &, 6yner cnpabemiuso
HepaseHcTBO |(3z + 2) — 5| < e.

[Tocnenee HepaBeHCTBO MOXKHO 3anucarhb B Buje 3|z —1| < & um |z — 1| <
. €/3. CnenoBaTenbHO, ecii B34Tb §, yaoBieTBopsiouiee ycaosuio 0 < § < /3,
TO HepaBeHCTBO |(3z + 2) — 5| < € Gyzner BbinosnHeHo npk |z — 1| < §. A sto

osnavaer, 4o lim(3z + 2) = 5.
z—1

3.4 Ilpenen pyHkIuu B 6E€CKOHETHOCTH

Pacumndpyem teneps onpenenenne npegena byukuuu f(z) npu z — co.

Omnpenenenne 3.6. Jucao A nasusaemea npedesom pynxyuu y = f(z) npu
T — 00, ecau das awbozo € > 0 natidemea § > 0, sasucawee om €, maxoe,

wmo oan ecex anavenud T, |z| > §, ewnoansemea nepasencmeo | f(z)— Al < e.

C noMoIpio IOrHYECKUX CHMBOJIOB OIpE/ie/IeHHe 3alUIIETCs B BHIE
lim=A < Ve>0 36d=46(e) >0: |f(z)—A]<e VzeX: |z]>.
T—00

Cwmbics onpefiesienus npeaena GyHKIUKE Ha 0O COCTOUT B TOM, YTO IPHU JIO-

cTaTO4HO GOMBLINX IO MOIYJIIO 3HAYEHUsIX T 3HaYeHus yHKIME f(T) Kak yroj-
HO MaJIO OTJINYAIOTCs OT 4ucia A (no abeosorHol Benuuunbl). Ecn lim f(z) =
T—00

A, o rpaduk dyukuuu f(r) acumnroruyecku npubsuxKaerca K npamoii y = A
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IIpU CTPEMJIEHHUH T K OECKOHEYHOCTH KaK 110 TMOJIOKUTEJIbHBIM, TaK WU I10 OTPpHU-

LaTeJbHbIM 3HAYEHUsIM (pHC. 2).

y
AJET™
_____ / 4l \_y=i@
’\_/ \/
A—c¢
iy S T
Puc.3.2.
5 1
IIpumep 3. Jokazars, yro lim . 2 = 5.
—00 2
Mst mo6oro € > 0 nepasencrso |f(z) — A| = [ — 5| < ¢ um I%I <e€

BBLIIOJIHSAETCS 1IpH |z| > 1 /€.
Takum obpazom, must Joboro € > 0 cywecrByer Takoe 4ucio § = 1/e > 0,

YTO JUISt BCEX T, TAKHX, 4To |x| > &, Gyuer BepHo HepaseHcTBo |2ZF — 5| < ¢
’ ) ) "

a 3TO ¥ O3HAYaer, 4To lim 5—J”f—1 =8

T—00

Anasnornuno onpenensiiorest npefenst f(z) npu £ — —co U T — +00:

A= EE’I flz) <= Ve>0 30=0() >0: |f(z)—Al<e
VeeX: z>96,
A= lim flzg) > Ye> 0 36 =d(c) >0: |flzr)— A <.

T——00
Ve e X: z< 6.

3.5 JlokajbHbIE CBOUCTBA (DyHKIMIT, *MEIOIINX KOHEYHbIT
npeaes

JlokaJibHBIE CBOMCTBA — 3TO CBOMCTBA B OKPECTHOCTH TOYKM. IIpu aTom cama

OKPECTHOCTb HE YKa3bIBa€TCA.

Teopema 3.2. ITycmv a — npedeavraa mowka X u lim f(z) = A € R.
T—a

Tozda Pynxuyua f(z) aokarvHo O2pamHuNENa 6 MOwKe a, M.e. CYWECTEYem

35



oxpecmuocmy mowxu a V(a) maxas, wmo f(z) oepanuvena Oas 6cex
z € (X\{a}) N V(a).

Hoxazameavcmeo. Iycts lim f(z) = A. Bosbmem € = 1, Torna Haifgerca yuc-
10 81 = 6(1) Takoe, yro ,zm;_i:::ex z € (X\{a})NVj;, (a) BermosHeHo HepaBeHCTBO
() - Al < 1. Tax xax |£(@)] = |(£(z) — 4) + 4] < |£(2) — A +]A], 10 gns
Beex ¢ € (X\{a}) N Vj,(a) cupasennBo HepaBeHCTBO

|f(z)] < 1+ |A| nmn mepaBencrso |f(z)] < M, rme M =1+ |A]
Cnenosatensro, dbyskuus f(z) orpannyeHa B OKPECTHOCTH TOYKH a. a

Teopema 3.3. IIycmv a — npedeavnas mowka X u lim f(z) = A € R. Tozda
z—a

cywecmeyem oxpecrnuocmes mowku a V(a) maxasn, wmo f(z) # 0 das ecex

z € (X\{a}) NV(a) (ecau A >0, mo f(z) > 0; ecau A <0, mo f(z) <0).

Hoxasameavecmso. Tlycrs il_l;l"].l f(z) = A > 0. Torma gus mo6oro € > 0 Haliger-
" ca1 Takoe (), uro ans Beex z € (X\{a}) N Vs(a) cnpaBenuso HepasencTso
|f(z) —Al<enm A—e< f(z) < A+e
Bossmem € = A/2 > 0. Torga nHaiinercs Takoe uucio § = §(A/2), uro
st Beex z € (X\{a}) N Vs(a) soimonneno nepasencrso A/2 < f(z) < 3/2A.

CnepoBarensro, f(z) > 0 B HEKOTOPO# OKPECTHOCTH TOYKH @. O

3.6 leiicrBug c npenenamu pyHKIUit

Teopema 3.4. IIycmv a — npedeavnas mowsa X u Pynkyuu f(z) u g(z)

umelom xorewnvie npedeav, npu T — a. Tozda

1) eyueemeyem lim(f(z) £ g(«)] = lim f(z) % lim g(z);

Ir—a

2) cywecmeyem ;lul—I}clz Fz)g(z) = }:I_I)ILIZ f(z) il_l;r{llg(m),

| e _ It
3) ecau :lcl_grllz g(z) # 0, mo cywecmeyem il_g; 9@) = Tm (@)

Hoxasameavcmso. 3) Ilycrs lim f(z) = A € R, lgn g(z)=B€eR, B#0. Uz
r—a r—a

toro, uro lim g(z) = B # 0 cnenyer, uto g(z) # 0 B HEKOTOPO# OKPECTHOCTH
r—a
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touku a. Ilockonbky a — mpenenbHas TO4Ka MHOXeCTBa X, TO CyIIeCTByeT
nocnesoBaTeNbHOCTb {Z,}: 1) z, € X, 2) z, # a, 3) T, — a. CienosarensHo,
B cuiy Teopemsl leitne f(x,) — A, g(zn) = B, g(za) # 0 puist Bcex n > N.

CorutacHo CBOMCTBY CXOASAILMXCS TIOCJEA0BATENbHOCTEN TI0IyYaeM

m ———- = —.
n—o0 g(:j;n) B
0 Tet lim &) — 4 — /0 O
TClOda B CHJIY TEOpEMBI LeuHe cJaenyert, 4To zgr}l g(a:) 8= llm 9(@)

Teopema 3.5. Ilycmb a — npedeavnas mowxa X u f(z) < g(z) daa scex

z € X. Ecau cywecmeyrom xonewnvie npedeawt f(z) u g(z) npu x — a, mo

lim f(z) < lim g(z).

Teopema 3.6. ITycmv a — npedeavrnasa mowka X u f(z) < g(z) < h(z)

oaa scez z € X. Ecau lim f(z) = limh(z) = A € R, mo cywecmsyem
T—a T—a

lim g(z) = A.

r—a
HokazaresnberBa TeopeM 3.5 1 3.6 MbI 3/1eCh HE NMPUBOIUM, MOCKONLKY OHM

aHaJIOTUYHbI JOKa3aTEJbCTBY TEOPEMBI 3.4.

3.7 DBeckoHeyHO MaJjbie 1 OeCKOHEeYHO DoJibine byHKINT

Onpenenenue 3.7. Oynxyua a(x) nasdwsaemea beckoneuno marol 6 movke

z =a (uau npu z — a), ecau lim a(z) = 0.
T—a

MoxxHO faTh paBHOCHJIbHOE OnpejesieHue OecKOHEYHO MaJoll bYHKIMH, HC-
OJIb3Ysl JIOTHYECKUE CHMBOJIBL:

a(z) — beckonedHo Mauast B Touke £ = a (a € R) <= Ve > 0 3§ = §(e):
|f(z)] <eVz e X:0< |z —a| <é.

Hanpumep, a(z) = 2? — 6eckonedno masas B Touke = = 0.

Ilns 6eckoneuno Masibix GyHKLHI CIIPABEJIMBbI TE e CBOICTBA, Y4TO U JiJjid

OECKOHEYHO MaJlbIX I0CJIe0BATEIbHOCTEN.

Teopema 3.7. 1) Ecau gynxyuu (z) u B(z) — beckoneuwno marve 6 mouxe

T = a, mo pynryuu a(z) + B(z), a(z)B(z) — beckonewmno marve 6 moure a.

37



2) Ecau f(z) ozpanunena 6 mouxe T = a, a(x) — beCKOHEwHO MAAGA 8 MONKE

z =a, mo f(z)a(z) — beckoneuno maras 6 mouxe a.

Jloka3aTeabCTBO TeopeMsbl 3.7 clielyeT U3 aHAJOIHYHOM TEOPEMBI Jid TOCIIe-

JIOBATEJIbHOCTEM.

Omnpenenenne 3.8. Qynxyua B(z) nasweaemca beckoneuno 6oavwold npu
T — a (8 mouke T = a), ecau il_};l;lzﬂ(fl:) = 09.

Cumsosuneckan 3anucv onpedeserus beckoneuno 60avwol GyHKYUY npu
z—a(aeR):

Ve>0 36=4(e): |f(z)]>1/e VzeX: 0<|z—a|<é.

st 6eckoneqno 60bInuX HYHKINE OMpeIe/IeHHOrO 3HAKa (ll_r’r(ll B(z) = +o0)
nepaseHcTBO |f(z)| > 1/e B onpenesiennu npesena 3aMeHsIIOT HEPABEHCTBOM
f(z) > 1/e mm f(z) < —1/e.

Beckoneuno Gosbuine hyHKIuU 061aJa10T CIELYIOUUMA CBORCTBAMH.

' Teopema 3.8. 1) Ecau dynwyuu a(z) — Oeckonewno manas npu T — a u
a(z) # 0 e nexomopotl oxpecmnocmu mowku a, mo dynryus 1/a(z) — bec-
Konewno boavwas npu ¢ — a. Haobopom, ecau az) — beckoneuno boavuan
6 mouxe T = a, mo 1/a(z) — beckonewno marasn 6 mowke T = a.

2) Ecau a(z) u B(z) — beckonewno boavwue ynkyuu 00mozo 3nara, mo
a(z) + B(z) — beckonenwno boavwas GynEyusL Mo20 dice 3HAKA.

3) Ecau a(z) u f(z) — becxoneuno Goavwue Pynkyuu 6 mowke T = a, a
f(z) oepanunena 8 nexomopot oxpecmuocmu mouxu a, mo a(zx)-B(z), a(z)+

f(z) — becroneuno boavwue Pynryuu 6 mouke = a.

Hanpuwmep, dynxmusa f(z) = 1/z? — Geckoneuno Gonbmas byHKIMA TpH
z — 0, 7. k. a(z) = 2% — Beckoneuno manas B Touke ¢ = 0. Oynxiusa f(z) =
1/z? + sinz — Geckone4no Gospwas B Touke z = 0, Kak cymMMa BECKOHEYHO
Goabmoit dynkuun 1/z? u orpannyenHoi sin z.

AnajornyHo onpefensioTcs 6eckoHedHo Gosbiine PYHKIUM NpU T —r 0O,
T — +oo u T — —oo. Tak, Hanpumep, Gynkuusa f(z) HasbiBaeTCs GECKOHEYHO
6osbmoit ipu T — 00, ecmu Ve > 0 36 = §(e): |f(z)| > 1/e Vz € X: |z| > 4.

Hanpuwmep, byuknus f(z) = e — 6eckoneyHo 60IbIIas IpH & — +00.

38



3.8 O-cumBoJInKa,

Beckoneuyno MaJible GyHKIMH 4acTO CPABHUBAIOT MeXK Iy coboif 110 BbIcTpOTE
crpemyienus K Hymo. Tak, HanpuMep, u3 asyx byukuuit a(z) = z, B(z) = z?
GeckoHeuHO Manbix npu T — 0, 22 cTpemMuTCa K Hymo «OBICTpee», YeM .

yTO‘{HI/IM, KaKOIl CMBICJI BKJI3IbIBAETCS B CJIOBO <<6bICTpe€>>.

Omnpepnenenne 3.9. Togopam, wmo f(x) becxoneuno manaa Goaee 6vicoK020
nopadka, vem g(z) npuz — a (@ € R, a = 00, a = +00), ecau lim ﬁf)l = )
Tr—ra

IIpu smom ucnoavayrom cumsosunecxoe obosnavenue f(z) = o(g(z)) (f(z)

ecmy «o manoer om g(z)).
Hanpuwmep, a(z) = 2 = o(z) npu z — 0, T. k. lin(l) z?/z = 0.
T

Omnpenenenne 3.10. Pyuxyua f(z) nasweaemces beckonenio maroti nopadka

k omnocumenvno dynkyuu g(z) npu z — a, ecau limgf,%% =A A#0. B
T—a

wacmuocmu, ecau k = 1, mo f(z) u g(z) naswearom beckomneuno marvimu

001020 nopadka.

Hanpuwmep, f(z) = 2? — 6eckoneqno Majias NOpsiaKa 2 OTHOCHTENBHO (BYHK-
s 2
man g(z) =z, Tk lim % =1 #0.
z—07%
AHajoruuHble NpaBUNa CPABHEHUS MOTYT ObITh BBEIEHBLI IJIs GECKOHEYHO

bonbinx GyHKIMIA.

Omnpegnenenne 3.11. Qyuxyua f(x) nasveaemces ozpanunennoti ommocumens-
Ho Ppynxyuy g(T) 6 oKpecmHOCTIU MOYKY @, €CAU CYWECMEYem MaKas no-

cmoannaa ¢ > 0, wmo daa ecex x € X N V(a) ewnoansemca nepasencmeo
|[f()] < clg(z)].

Ecnu f(z) orpanuyeHa OTHOCHTENBHO g(Z) B OKPECTHOCTH TOYKHM @, TO IH-
wyt f = O(g) npu ¢ — a (f ectb «O bonbimoes or g).
Hanpumep, f(z) = z + sinz = O(a:) npu T — 00, T.K. |z + sinz|

|z| + | sinz| < 2|z| gnst Beex z: |z| 2

3ameuanue. Eciu cyiecTByeT KOHEUHBIR pees lim [{—)l = k, TO 1O CBOKCTBY
T—

yHKIEH, UMEIOINX KOHEYHbIH Npefes, Halilerca Takaa mocTosiHHas ¢ > 0,
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uro Ass Beex £ € X N V(a) BBINONHEHO HEPABEHCTBO

i(@-)l <c e |f(z)| <
clg(z)|. Taxum o6pazomM, NpH BHINOJIHEHUH YCIOBHU llm i ) = k cnpaBeiJuBo
cootrowenue f(z) = O(g(z)) (obpatHoe yTBep)K,neHHe BOO6I.LL€ rOBODST HEBEP-

HO).

Omnpegnesienne 3.12. Togopam, wmo f(z) u g(z) umerom odunaroswviii nopadox

pocma npu « — a, ecau f = 0(g) u g = O(f) npu z — a.

Mo2KHO MOKa3aTh, YTO ECJIH CYUIECTBYET hm ﬁ—l =k # 0, ro byukuuu f(z)
u g(z) ByayT UMETb OAUHAKOBBIH MOPSIOK pOCTa npu z — a. Ecia xe k = 0,
t0 g(z) uMeer Gosee BBICOKUI MOPSLOK POCTa NPH T — a, 4eM f(z).
Hanpuwmep, byuxuun f(z) = 3z%+ 1 u g(z) = 222 — 1 uMeIoT OIMHAKOBHI
MOPSIIOK pOCTa NP £ — 00, T.K. lim 35:_’— = hm —ﬂ% =340, a bynkuus
r—300 2721 2-1/z 2
g(z) = 2° + = + 2 pacrer npu £ — oo 6bICTpee, yem f(z) = 22 + 1, .k

f(z) : 1/z+1/z® 0
lim £2 = lim -Z+L = lim =>=0.
soves 8B T ioyee @ik T ool M4Lfa?e2fa? T 1

3.9 Ilpenesibl MOHOTOHHBIX U CJIOXKHBIX (DYyHKITHIA

Teopema 3.9. ITycmv pynxyua y = f(z) ne yomeaem na unmepsase (a,b).
Tozda 1) ecau f(z) oepanunena ceepzy na (a,b), mo cywecmeyem xoneunwvit
ii_r)rg f(z), ecau orce f(z) neozpanuuena ceepry na (a,b), mo il_r}r}) f(z) = +oo0.

2) ecau f(z) ozpanuvena cnuay na (a,b), mo cywecmesyem xoneurnwii il_r}}l f(z),

ecau oice f(z) neozpanuvena cnusy na (a,b), mo lim f(z) = —oo.
r—a
Ananorudnasi Teopema crnpaBenuBa A (DyHKIHM, HE BO3PACTAIONMX Ha
unrepsade (a,b).
Teopema 3.10. ITycmo lim f(z) = b, lin% g(y) = c. Tozda cywecmsyem npe-
T—a y—
dea caoorcnoti pynxyuu lim g(f(z)) = limg(y) = c.
z—a y—b
3ameuanne. Teopema o mpejesie cJIOXKHOK DYHKUUH JaeT BO3MOXXHOCTb IIPO-
M3BOIUTL 3aMeHy IePEMEHHBIX MPU BLIYMCIEHUM Npefena. Ilycth Tpebyercs

HalTH ]i_r}n g(f(z)). Bepem sameny y = f(z), npu aTom ussecTHo, uto lim f(z) =
r—a T—a

: li =i .
b. Toraa lim g(f(z)) lljgrig(y)
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IIpumep 4. Haitru lim sin z2.
z—0

Pewenune. O6oznauum y = z2. Torna y — 0 mpu £ — 0 u siny — 0 npu

y — 0. Cnenosarenbro, limsinz? = limsiny = 0.
z—0 y—0

3.10 OpgHocTOopoHHUE Tpeaeibl DYHKINN

Onpepnenenue 3.13. Jlesoti e-0kpecmuocmpvio mMowky a Ha3bealom UKMEPEaL
(a —€,a), npasoti e-oxpecmmuocmvio Mowky a nazmearom unmepeaa (a,a+¢€).
Ouesudno, wmo +00 uMeem Mmoavko AEBYI0 OKPECTIHOCIY (§,+oo), —00

UMEEM MOADKO NPABYIO 0KPECTHOCTD (—oo, —%)

Onpenenenne 3.14. Touka a € R nasweaemes aesoti (npasoti) npedeavnots
mouxoll mnooicecmea X, ecau 6 w060t aesoll (npasotl) oxpecmuocmu movwku

a natdemea no xpatineld mepe odna mouxa muoocecmea X .

Omnpenenenue 3.15. Beauwuna A nasweaemea npedeom gynkyuu f(z) npu
T — a caesa (cnpasa), ecau das mobozo € > 0 natidemea wucao 6 > 0, 3a6u-
caugee om €, wmo das ecex z € X N(a—6,a) (x € X N(a,a+d)) evnoaneno

nepasencmeo |f(z) — Al < e.

IIpemen cnpasa B Touke a obo3Hadaercs depe3d f(a + 0) uin ILigiOf(x).
IIpenen cnesa B Touke a obosnauaercs f(a — 0) uin zliyf;rlof(z)' Eciu a = 0,
TO MCIOJIL3YIOT 0003HAUEHUE Il'_l'l:Itlo He)-

Hcnonb3yst JIornyeckie CUMBOJIbL, ONIPEIEsIEHRe 3.3 MOXKHO 3alIUCaTh B BUJE:

A= limof(z) <= Ve>0 36d=46(e): |f(z)— Al <e

z—a+
VeeX: 0<z—a<i,
A= Hnlof(:r) < Ve>0 36=0(e): |f(z)— 4| <e

VreX: 0<a—z<3d.

CBs3b MEX/1y OJHOCTOPOHHHMH IPEJiesIaMy U npenesioM pyHKIMA yCTaHaB-

JIMBAaET Cjenylouasi TeopeMa.

41



Teopema 3.11. Oyuxyus f(z) umeem 6 mouxe a npedea lim f(z) mozda u
T—ra
moavko mozda, xozda cywecmeyrom npedeans lim f(z), lim f(z) u
z—a—0 z—a+0

g ) = L 1) T i [ ) = g, )

Hoxasameavcmeo. Ilycts Ili)zr}rof(m) = J:HE}-O f(z) = A. Torna, cornacho onpe-
nesernio 3.3, nust oboro € > 0 cymecrBytor yucaa d; > 0 u dy > 0 Takue,
4TO IJisi BCEX T, YIOBJETBOpsIOMUX HepaBeHCTBY 0 < © — a < 01 U Hepa-
BectBy 0 < a — ¢ < §9, BeinosiHeno nHepaseHcTBO |f(z) — A| < e. Oo-
3HaunM & = min{dy, d2}. Torma must Beex T, yIOBNETBOPSAIOUMX HEPABEHCTBY
0 < |z — a| < &, umeer MecTo HepaseHnctso |f(z) — A| < . A 310, cornacuo
ONpeJeJIeHHIO MIPEeJeJia, U O3HAYAET, YTO il_l;rcll f(z) = A

O6patHo, mycTb il_r)rll1 f(z) = A. Torna, cornacHo ONpeleseHuio mpejesa Mo
Ko, mis mroboro € > 0 cymecrByer yuciyo 6 > 0 Takoe, 4To niis Bcex T € X:
0 < |z — a| < 4, Bunosnnsiercs nepasenctso |f(z) — A| < e. CnenosareinsHo,
JaHHOE HEPABEHCTBO Oy[eT BBIMOJHEHO Kak miA 0 < T —a < § Tak u 14
"0 < a—1z < 6. A 370, COrTACHO ONpPEENEHNIO OIHOCTOPOHHUX NPEIENOB, 1
ogHayaer, yro lim f(z) = lim f(z) = A. a

z—a—0 z—a+0

PaccMOTpUM HECKOJIBKO OIHOCTOPOHHUX MPEJIEJIOB 3JI€MEHTAPHBIX (DyHKIMI.

Ipumep 5. f(z) = 1. B stom cayuae zl—iglof(z) = 55 = +oo, xl—i>n—lof(x) =

Lo
—5 = —0o.

IIpumep 6. f(z) = Inz. 3necs li)n:of(x) = —00, f(—0) onpexesuTs HeNb3A,
z

Tak Kak ¢yHKuus Inz He onpenenena misa ¢ < 0.

Ipumep 7. f(z) = e:. B srom cayuae f(+0) = e = et = 400, f(=0) =
By —00

et = 2 =0

3.11 IlepBblit 3aMeyaTeIbHBIN ITpeaelt

JoxkaxeM, yro lim 82 = 1,
=0 T
PaccMOTpuM equHUYHYIO OKPYKHOCThH C IIEHTPOM B HadaJe KOOpAMHAT U

nyers 0 < < 7/2 (puc. 3.3).
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0l
Puc. 3.3.

OueBuzHO, 4TO
Sna0B < Scexr. 04B < SA0CB-
Tak xak Sps0B = %OA OB -sinz = %sinx, Scexr. OAB = (OA) T = 2m
Saocs = %OB -BC = %OB (OB -tgz) = %tgw, TO uMeeM sinz < T < tg,
0<z<m/2

Orcioga cosz < S22 < 1 yn

0<1_sin9:

< 1—cosx=2sin2g<25ing <2§:z,

Takum obpazom,

(0, g) . (3.1)

[IycTs Teneps « € (—n/2,0), rorga —z € (0, 7/2) u fyis 3TOro yria MoxKHO

BOCIOJIb30BaThCsT HepaseHcTBoM (3.1). Ilpu srom nosyunm 0 < 1— L[(;—zz < -
W )
sinz T
0<l———<—z puaBeexz € (—5,0> 3 (3.2)
z
Obbenunsst nepasencrsa (3.1) n (3.2), mosnyuum
sinz T T
0<1-— <|z| mna Beex IE(—E’E)’ z #0.

Bospmem moboe € > 0 u monmoxkum ¢ = min {e, 7/2}. Torma gns Beex z:
0 < |z| < 8 < € OyzeT BBINOJHEHO HEPABEHCTBO

sinz sinz

0<1-— <e wnmm |1-—

z

A 3TO ¥ 03HaYaeT, YTo hr% s“;z =1.
—
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PaCCMOTpI/IM pAn CTaHOAPTHBIX IPENEJIOB, KOTOPBIE SABJAIOTCA CJIEACTBUEM

IIEPBOTrO 3aMe4YaTeJIbHOI'oO Npenaesa

tgx . sinz . sinz . 1

1) lim—=— =lim ——— = lim lim =1
z—=0 T z=0 T - COST z—0 z—0 Ccos T
2) lim arcsing _ | & =siny — lim aI'CSiI.’l(Sin y) _
0z £ —0<>siny > 0mmy—0| ¥?° smny
y . 1 1
= lim = lim — = ——
y—=0siny y—0 SNy . sy
—  lim——=
) y=0 y
3) lim arctgz _ | = tgy  lim arctg(tgy) g
z—0 x

T 0<tgy >0mmy—0| v t8Y

HCI’IOHbSyﬂ HepBbII‘/'I 3aMedaTesbHbII Ipeles U ero CJIEICTBUS, MOXKHO Bbl-

YUCIATH MHOI'WE OpYrue nmpenenbl.

2
ITpumep 8. Haiitu 111’[(1) Sl 2
T
in 2 in 2 2 2 2
Pemenue. Umeem lim Smer lim Sin 2T 2 lim sin 2z _z
230 3¢ 203.2z 3250 2z 3
sin 5z
IIpumep 9. Haiitu lim
z=0sin 3z’
sin bz I sin 5
in5 _ 5,0 5
Pemenue. Umeem hm P e T L el B T
z—0sin3z z-0 351n3:r 3 im sin 3z 3
3z 70 3z

1—
IIpumep 10. Haitru lim cosm‘

z—0 @

Pewienwe. s HaxoxkaeHus npejena npeobpasyeM JaHHYIO ApoOb:

_ iyl : 2

lim 1—cosz _ ligg 2512 (z/2) — i S0 (z/2) _

z—0 x? z—0 z? =0 2(z2/4)
1. sin(z/2) .. sin(z/2) 1
= oim— ML Ty
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3.12 Bropoii 3amevaTebHbIil TpeIest

Jokaskem, uro lim (1+ L)% =e.
T—00 7

Kak ussecrro, lim (1+ 1)" = e. Ilycrs z > 1. Tonoxum n = [z], Toraa
I—00

T = n+aq, rie N — HaTypPaJbHOE YHCIIO, a & yioBJeTBopsieT yciosnio 0 < a < 1.
Takkak n <z <n+1,1/n+1<1/z<1/n, 10

1 n 1 & 1 n+1
(1+ ) <(1+—) <(1+—) ‘
n+1 T n

Kak nerpyuso Bugern,
% i 1
o2 (3 () e
n n n
1 n+1
1 N
>" . ( +n+ 1)
= lim -—-’—

e
n—00 1 i

. 1
lim {1+
n—o00 n—+1

Orcioga no reopeme 3.6 mojydaem

1 x
lim <1 + —> =e.
n—o00 T

[Tycts Teneps ¢ < —1, nonoxxum z = —y. Torma

z -y -y
pagl =03l =lakal 2
T y y—1
O 1
:<1+§—I> <1+—1)—+e-1=e npu y — 400 (z = —o0).

O6benunsist 00a ciydasi, OKOHUYATETHHO MOJIyYUM

1 z
lim (1 + —) =g,
Z—00 T

Ecnu B 3TOM pasencTse nojoxutb 1/ =y (y — 0 npu  — 00), To BTOpOi

3aMeyaTesbHbIM Npesiesn 3alluleTcs B BUIe

im(1+y)" =e.
;133( +y) e
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PaccMOTpUM HECKOJILKO CTaHAAPTHBIX MPENESIOB, KOTOPble SBISIOTCH CIEN-

CTBHEM BTOPOroO 3aMe€4YaTeJIbHOI'O IIpeaeia.

o loga(1+2) _ 15 — los i 1z
1) ;lrl_% ———z—l— ll_l;r(l) log, (1 + z)/* = log, 7151_{)1(1)(1 + z)Y* =log,e.
1
B uactnocty, lim Lt =lmpua=e.
z—0 T

3ameuyanune. [Ipy HaxoxeHUH NAHHOrO NpeJesa Mbl HCIOJIL30BAJM HEmpe-
peiBHOCTh (byHkuuu log, y B Touke y = e. Onpenenenne HenpepbIBHOH dyHK-

¥ Mbl JAJIUM B CJEAYIONIEN TJiaBe.

= a*—1=y, z=Ilog,(1+7v) ) Yy
2) lim = =5 -
z=0 t—>0 = y—0 y—0 loga(l T y)
. 1 ]
lim = = lim = Ina.
v=0  log,(14+y) v=0log,e
Yy
e —1

B uacrHocTH, lim =,
z—0

x

3 paitto L (1+z)*-1=y, alh(l+z)=mn(1+y)|

0 a t—=0 = y—0
. aln(l+ z)

= lim - lim =
y=01In(l+7y) =z-0 T

C NNOMOIIIBIO BTOPOT'O 3aMeYaTe/IbHOrO Npeaesia HaxooAT MHOI'He ApYyTUe Mpe-

JIEJTBL.

T—00

z
IIpumep 11. Haittu lim (1 -+ §> .
x

Pemenne. O6o3naunm ¢ = 3t, upu £ — oo, t — 0o0. CrenoBaTessHO,

3 T i 3¢
lim <1+-> = lim (1+—> =
T—00 fit] t—o0 t
1% g %
— ]im(l+—) lim(l—{-—) lim<l+—> =e-e-e=c¢e°.
t—o0 t t—o00 t t—ro0 t

D
IIpumep 12. Haittu zll’rg) (2:5 — 1> g
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Pemenne. Boigenum y npobu uenyio gacrs

2m—3_2:1:—1—2_1 2
2t -1 2z-—-1 2 —1

1 1
O6o3nauum y = — , Ipu £ — 00, y — 0, mpuueM £ = —— + 7" Cuaienio-
)

2z — 1
BaTEJILHO,

. (2:r s 3)4’”
lim
z—00 \ 20 — 1

; —4/y+2 _ —4/y |13 2 _
Lim(1 +y) S (1 4y il -+

-4
= [lim(l ¥ y)l/”] 1=e"
y—0

3.13 DkBuBaJieHTHbIEe (DYyHKIINNI

Onpegnenenne 3.16. Iosopam, wmo f(z) sxeusasenmua g(z) npu z — a

(f(z) ~ g(2)), ecru lim 58 = lim %5 = 1.

OksuBajenTHOCTb byHKumil f(z) 1 g(z) 1pu £ — a o3HAYAET, YTO JJIst BCEX
3HAYEHU| T, NOCTATOYHO GJM3KHX K a, 3HaveHust byukuuit f(z) u g(z) ckonp
YTOIHO MaJIO OTJIMYAIOTCS APYT OT APYTa.

Wcnonb3ys mepBbiii 3aMedaTeNbHbIH NMPEJes M CJENCTBHSl M3 HErO, JIErkKo

NIPUBECTH TIPUMEPDI SKBUBAJIEHTHBIX DYHKIM:

sinz ~ z, tgz ~ x, arctgz ~ z, arcsinz ~

z—0 z—0 z—0 z—0

Kpome toro, In(l+z)~z, e —-1~z, (1+42)*—-1~ az.
s npuiioxkeHuit 0coBEHHO BasKHO CJIEJyIollee CBOMCTBO SKBUBAJEHTHbIX

dbyukuuit.

Teopema 3.12. IIycmo f(z) sxeusarenmua fi(z), g(z) sxeusasenmna g;(z)

npu T — a. Tozda ecau cywecmeyem u xowewen xomsa Ov 0dun u3 npede-

206 lim f(z)g(z) u lim fi(z)g:1(z), mo cywecmeyem u xonenen opyzoti u onu
r—a r—a

pashve meatcdy cobot.
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[oxasameavcmeso. Ilyctsb cymecrsyer li_r)n f(z)g(z) € R. Torna
r—a

i = imfi(zzM z)g(z) = lim f(z)g(x irnM
al:gr(llfl(z)gl(z) = l—)a f((L‘) g(w) f( )g( ) i—mf( )g( )slc—m f(a:) X
<im0 = i /@0

O

Taxkum obpasom, mpu Beruucienun npefenos Bufa lim f(z)g(z) dbynkuun
z—=a

f(z) n g(z) MOXKHO 3aMEHATH SKBUBAJIEHTHBIMU HM.
., Sinz—tgzx

ITpumep 13. Haittu lim -—3i
z—0 &

Pemenne. Mmeem meonpegenennocrs Buga 0/0. [Tpeobpasyem yucaurens u

HCIOJIb3yeM 3KBUBAJIEHTHOCTb PyHKUui sinz u  upu z — 0. Tlonyuaem

. sinz —tgz . sinz(cosz — 1)
lm————— = lim——————= =
0 3 z—0 cosx - x3
i 3
. sinz . 1 ~ —2sin? % . —2’7 1
= lim - lim - lim = lim = ——,
=0 1 z=0cosz z—0 2 70 2 2
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I'naBa 4

HenpeprpiBabIe DyHKIIIN

4.1 HenpepsIBHOCTh (DYHKIINUA B TOYKE

[Iycrs byukuus y = f(z) onpenenena Ha MEoxectse X ua € X — npegeib-
Hasl TOYKa 3TOr0 MHOXECTBa. PacCMOTPUM TpH 3KBHBAJIEHTHBIX ONpENEIeHUs

HENpepbIBHOCTH byHKIUH.

Omnpegenenue 4.1. Qynxyusa y = f(z) nasmweaemes nenpepusnoti 6 mouke

T = a, ecau ll_rgf(:n) = fla}.

Onpenenenne 4.2 (mo Kowmmn). Tosopam, wmo dynxyua y = f(x) nenpe-
PYIBHA 8 MOYKe T = @, ecau daa 4106020 € > 0 natdemes maxoe 6 = §(e), wmo
duaa ecer x, ydosaemeoparowur nepasencmsy |t — al < §, 6ydem evinoaneno

nepasencmeo |f(z) — f(a)| <e.

Omnpepenenne 4.3 (mo Ieitne). Iosopam, wmo dynxyus y = f(z) nenpe-
PHIEHG 8 MouKe T = a, ecau 0aa 000U nocaedosameavrocmu {Tn}: T, € X

u T, — a, nocaedosamenvrocmy f(z,) — f(a).

BBeziem ellie 0JIHO ONpeJIeJIeHHe HENPepbIBHOCTH, HCIOJb3Yysl MOHATHE NPH-
pawenust Gyskuuu u ee apryMenta. ObosHaunm Az = z — a — mnpupalleHue
aprymenTa z B Touke a, Ay = f(z) — f(a) = f(a + Az) — f(a) — npupa-
wenue byukuun y = f(z) (puc. 4.1). Torna u3 onpenenenus 4.1 cienyer, 4o
21:1_% f(z)—f(a) = Ali:IEO Ay = 0, ecnn f(z) HenpepsiBHa B Touke T = a. Jpyru-

Mu cioBamH, dyrkuus y = f(z) HenpepbiBHA B TOYKe T = a, ec/M GECKOHEYHO
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MaJIoMy TPHPAIEHUIO APIYMEHTa B 3TOM TOYKE COOTBETCTBYET HECKOHEUHO Ma-

Jioe mpupallieHue pyHKIUH.

Yy
fla+ Azx)

Ay = f(a+ Az) - f(a)
O

a a+ Az z

Puc.4.1.

4.2 CsoiicTBa (pyHKIINII, HeIPEPBLIBHBIX B TOYKE

Teopema 4.1. Ecau gynxyuu f(z) u g(z) nenpepuens. 6 mouke z = a, mo

dynryuu f(z) £ g(z), f(z)9(z) u f(z)/g9(z) (9(a) # 0) maxoce nenpepvicrn
6 amotli mouxe.

Hoxazameavcmeo. Ilycrs f(z) u g(z) HenpepbiBHBI B TOUKE T = a, T.e.
11_1}31 fl=) = f(a), il_r*rtlzg(x) = g(a). Hokaxewm, uro f(z)/g(z) nenpepoisHa B
TOYKE @, T. €. ll_r)l’llz f(z)/9(z) = f(a)/g(a).

Corsacao Teopeme 3.4 umeem

f) Mmfl@) g

=
zag(z)  limg(z)  g(a)
OcrajbHble YTBEPXKIEHUS JTOKa3bIBAIOTCS AHAJIOTHYHO. |

Teopema 4.2. Ecau gynryua f(z) nenpepusna 6 mowxe z = a u f(a) # 0,
mo Hatidemca MaKas 0KPeCTAHOCTIL MOUKU T = @, WMo 0AA 6CET T u3 3moti

oxpecmuocmu, 3nax f(z) cosnadaem co snaxom f(a).

Hoxazameavcmeo. Ilpennonoxum mis onpegeiertocty, 4to f(a) > 0. Bosb-

mem € = f(a)/2. Cornacno onpenenennio 4.2 Haitgercsa Takoe wuciao § > 0,
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4TO JJIs1 BCeX Z: |¢ — a| < ¢ byzner Bhimonneno nepaseHcTBO |f(z) — f(a)| < €.
Ozciopa f(z) > f(a) —e wm f(z) > f(a) — f(a)/2 > 0 upu |z — a| < 4, 4ro0

i TpeboBaJIOCh JOKA3aTh. O

Teopema 4.3. IIycmv gynxyua y = f(z) onpedeaena na mmnooicecmee X u
nenpepuena 8 mowke o € X, a dynxyua g(y) nenpepviena 6 mouxe y = yo,
npuvem yo = f(zo). Toeda caoocnas dynxyua g(f(z)) nenpepusena 6 moure

T = Iyg.

Hoxazameancmeo. Ilo ycnosuio f(z) — HenpepbiBHasi GyHKIUSA B TOUKE T,
" CJIeOBATEJIBHO, zlgzl f(z) = f(zo). Pynkuus g(y) HenpepbiBHA B TOYKE Yo,
r.e. lim g(y) = 9(s0) = 9(f(z0).
IIpumensist Teopemy o mpegedie ciaoxHo# dbyukuun, nonyyum: lim g(f(z)) =
yl:r;lo g9(y) = g(f(zg)). A 310 u ectb oupeneseHne HenpeprBH;:;:I dbyuxuun

g(f(z)) B Touke zo. O

3ameduanue. VI3 reopemsr 4.3 caenyer, 4To

lim g(f(z)) = g(lim f(z)),

T—To T—To

T. €. 0[] 3HAKOM HeIPEePLIBHOH DYHKIHH MOXKHO HEPEXOAUTD K [PEIeLy.

4.3 HenpepbIBHOCTh HEKOTOPBIX 3JIEMEHTAPHBIX (hyHKITHIIA

1) Mycrs f(z) = ¢ pua seex ¢ € R. Ilokaxkewm, uto f(z) — HenpepbiBHA B
no6oit Touke a € R.

HeitcrBurenso, ansa mwoboro € > 0, Haitgercs Takoe yuciao 6 > 0, 4ro s
Bcex z: |z — a| < & BeinonHeHo HepaBeHCTBO |f(z) — f(a)|=|c—¢c|=0<e.
CunenoBaresnbHo, corviacHo onpeenennio 4.2, f(z) HenpepbiBHA B TOYKE @.

2) Pacemorpum dynkumio f(z) = z. ITokaxkem, 4TO OHa HenpepbiBHA B
moboit Touke a € R.

Bosbmem uncno € > 0. Torpa Haitzerca Takoe uucio 6(g) = &, 4T0 A4Jist Bcex
z: |z — a| < & 6yzer BomosHeHO HepaBeHCTBO |f(z) — f(a)| = |z —a| < d =e.

Cnenosarenbho, lim z = a, T.e. f(z) = = HenpepbiBHA Ha BCeil YUCIOBOI OCH.
I—a
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3) Iokaxewm, uto f(z) = cosz HenpepbIBHA Ha Bceil 4ucioBo# ocu. [eii-

CTBUTEJILHO,
. T4+a . T—a
cosT — cosa = —2sin sin 5
H, CJIEIOBATEJILHO,
” p . rTa , r—a .. T—a ., T+a
lim(cosz — cosa) = —2 limsin sin = —2lim sin =0
z—a z—a r—a 2

(kak mpou3BeleHune GeCKOHEYHO MaJoll (z — a) Ha OrpaHHyYeHHYIO (BYHKIHMIO
sin I—'%’—“) CaepnoBarenbHo, lim cos z = cosa, 94T0 u TPebOBAJIOCH JOKA3ATh.
r—a
HenpepobiBHOCTD byHKIMHU Sin 2 B /11060 TOYKE T AOKA3BIBAETCS AHAJIOTUY-

HO.

sing
coszx’

4) U3 reopemsr 4.1 cnexyer, uto dyukuusi y = tgzr = e

_ 1 _ _ 1
Y =SeCT = 7, Y = COSCT = - — HENPEePbIBHBI B KaXKIOH TOUKe 061acTH 1X

y=ctgzr =

onpeneyieHuAd.

4.4 OpHOCTOPOHHAS HEMPEPBIBHOCTH

Onpenenenue 4.4. Pynxyua y = f(z) naswseaemea nenpepushnotl caesa

(cnpasa) 8 mouxe a, ecau zli)leof(m) = f(a) (mgﬂof(x) = f(a)):

Jlerko BuzeTh, uto f(z) HenpepbiBHA cieBa (cnpaBa) B Touke a <> Ve > 0
36=46(e): |f(z)—fla)|] <eVzeX:0<a—-z<d(VzeX:0<z—a<)).
B cuity Teopemst 3.11, ecu f () HenpepbiBHA B TOUKE @, TO OHA HENPEPbIBHA

CJIeBa U CIpaBa B 3TOH TOYKe, U HAOOOPOT.

Ipumep 1. Iokaxem, uro E(z) = [z] HenpepsiBHA cnipaBa npu n € Z, HO He
AIBJISIETCS] HENPEPBIBHOH CJIEBA.

Heitcrurensho, E(z) =n—1gaseex z:n—1<z <nu E(z) =n
npu n < ¢ < n + 1. CnegosarensHo, zES}-O E(z) = lizn n=n=FEMn)u

z—n+0

lim 0(n— 1) =n—1%# E(n), r.e. E(z) — HenpepblBHA ClIpaBa, HO He SBJIACTCA
T—an—

HereprBHOﬁ CJIEBa B LEJIOYUCJIEHHBIX TOYKaX.
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4.5 Kuaccudukanna Todek pasppiBa

Omnpenenenne 4.5. [Tycmo gynxyus f(z) onpedesena 6 nexomopot oxpecm-
HOCU TROYKY a, kpome, buumb mooicem, camoti mouxu a. Touka a na3vieaemca
movwkot paspmea gynxyuu f(z), aubo ecau dynxyus f(z) ne onpedesena 6 ca-
MOT movke a, aubo ecau ona onpedeaena 6 amoti Mouke, HO He AGAAEMNCA 6

netll nenpepuenodl.

Paznuyalor Tpu Tnna Touek paspblBa: yCTPAHMMBbIM pa3pbiB, Pa3pbIB 1-ro 1

2-ro poga.

Onpenenenue 4.6. Touxa a Ha3bl6aEMCA MOKOT YCMPAHUMOZ0 PA3PHIEA PYHK-

yuu f(zx), ecau cywecmeyem xonewnnd npedea lim f(z), no f(a) # lim f(z).
r—a r—a

K Toukam ycTpaHUMOro pa3pbiBa TaKKe OTHOCAT T€ TOYKH, B KOTOPbIX (PyHK-
1Us He ONpeJieJieHa, HO KOHEYHbIH mpe/ies QOYHKIUK B 3THX TOYKAX CyLIeCTBYET.
Ecin ¢dbyukuusa f(z) umeer ycrpaHuMblil paspbiB B TOYKE a@, TO €€ JIErKO

MO2KHO CJieJjiaThb Hel'IpeprBHOﬁ (,U\OOI'Ipe,H‘eJ'II/ITb no HereprBHOCTI/I), €CJIM 110J10-

xuth f(a) = il_r}}l f(z).

IIpumep 2. Oyuxuus = $RZ phenenena BCioay, Kpome Toyku = = 0.
p P y Y = p Y, Kp
Tak kak lin?]ﬂ’zl£ =1, o x = 0 — TouKa ycTpaHuMoro paspniea. Hemnpepbis-
T

Hy10 DYHKIHIO MOXKHO IIOJIyYHTh, EC/IM PACCMOTPETh BMECTO Y(Z) CJEAYIONLyIO
dyHKIUIO

[ a0

i(z) =

1, z=0

Onpepenenue 4.7. Touxa a Hazvieaemcea mouxol pa3puea nepeozo poda Gymk-

yuu f(z), ecau cywecmeyrom Komeunvie aesbiti u npaswl npedeav, 6 Mot
movxe, vo lim f(x lim f(z).
: z—m—Of( ) ?é a:—m+0f( )

Towky a maxoice nazweaom movxol Konewnozo cxawka dymxyuu f(z), se-

aununa xomopozo pasna f(a+0) — f(a —0).
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IIpumep 3. Ilycrs

1, ecnu z >0
f(z) = signz («3nak z») = 0, eciu z =0

—1, ecsiu <0

I'paduk byukuuu f(z) nsobpaxen Ha puc.4.2.

y OuesuiHo, 4ro f(z) HenpepbiBHA BCIO-

1 ny kpome touku z = 0. B aroit Touke

- I1_i)r£0f(z;) =i Il_i)n_lof(:z:) = —1. Cure-

noBaresbHo, £ = 0 — TOYKa Pa3pbIBa

i [IEPBOTrO POJIA, CKA4OK (DYHKIUH B 3TOM
Puc. 4.2. TOYKE paBeH 2.

Onpenenenne 4.8. Touxa a Ha3vieaemca Mowkol paspviea 6mopozo poda,
ecau 6 amotl mouke Toma 6v. 00UH U3 OOHOCTNIOPOHHUL NPedesos lin:ltof(z) He
r—a

CYWECMBYEmM ULU PABEH OO.

4.6 Ilpunnun craruBaromuxcda cerMeHToB KanTopa

Onpepnenenue 4.9. ITycmv dana nocaedosamenvrocmo ompesxos [ay, b,
[ag, b2),. - -, [an, bn),. . . maxuz, wmo [a1, b1] D [az, b2] D [as, bs] D -+ D [an, bs] D
.... Taxaa cucmema ompeskos HA3BIBAEMCA CUCTNEMOT BAOICEHHVLT OTNPE3KOE
(ceemenmos) (puc. 4.3).

Fo it [ VI ]

! L L L 1 1

ay ag Qn Qn+1  bpyy b, by by

Puc. 4.3.

Teopema 4.4 (IIpunuun Kantopa). [yemo {[an, by]} — nocaedosamenn-
HOCTNb BAOIICEHNBLT CE2ZMEHTNOE MAKUT, MO OAUNG [@n, by] = by — an — 0 npu

n — 00. Toeda cywecmeyem eduncmeennas mowka ¢ € [ay, by] das ecex n.

[oxazameavcmeso. VI3 onpenenenust 4.9 cienyer, 4To JieBble KOHIbI OTPE3KOB

06pa3dyioT HeyOBIBAIOIIYIO OC/IEA0BATENBLHOCTD
a1 < <3< ... < K app1 <o ey
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a NpaBble KOHIbl — HEeBO3PACTAIOILYIO [OCJIEL0BATEILHOCTD
b1 2ba2b32>...2b, 2 b1 2> ...

IIpn sroMm nociiesoBaTenbHOCTs {an} OrpaHMYeHa CBEPXY, & MOCJEJ0BATEIb-
Hoctb {b,} orpannuena cuuzy, Tak Kax a, < by, a b, > a; mia moboro n.
CuneloBaTesIbHO, CYIECTBYIOT KOHE4YHble npeneisl lim a, = a, lim b, =
n—oo n—oo
Ilpu stoMm a, < a, a b, > b misa Bcex m, TaK KaK B CHJIYy TOil XK€ TEOPEMBI
a = sup{an}, b = inf{b,}. U3 ycaosus lim (b, — a,) = lim b, — lim a, =
n—00 n—o0 n—00
b—a = 0 caepyer, 4ro a = b, T.e. nocnenosarenbuoctu {a,} u {b,} umeror
obmuit npenen. O6o3Hauast STOT Ipees OYKBOH ¢, MoJyyaeM, 4To s Joboro
N CIpaBeiJIUBbl HEPABEHCTBA ap < € K by, T.€. TOUKa ¢ € [an, by Anis Beex n.
JlokaxkeM Temnepb, 4TO TaKas TOYKA TOJILKO OfHa. JOMmycTHM, 4YTO Cylle-
CTBYIOT JiBE TOUKHU C1, C € [an, by Anst Becex n. Toraa must i060ro n BHIIONHEHO
HepaseHcTBo 0 < |¢ — ¢1| < by — ay,. Tlepexoas K npesiesly B 3TOM HEPaBEHCTBE

npun — oo, nosydaeM 0 < e — ¢ €0, ne.c=c. O

3amedyanue. B ycioBusix TeOpeMbl TOUKA ¢, KOTOPAs NPUHAMJIEKUT BCEM OT-

pes3kaMm [an, b,], MoxkeT GbITh MOJTyYeHa TakK:

c= lim a, = lim b,.
n—o0 n—o0

3ameganue. B ycioBusix TeOpeMbl OTPE3KH HEJIb3S1 3aMEHUTh Ha UHTEPBAJIbI.
JeitcTBUTENBLHO, PaccMOTPUM T10CJIeI0BATENLHOCTh MHTEPBAJIOB
{(O,%)}, n = 1,2,.... Ouesuzno, uro (0,1) D (0,%) >--2(0,3)>...

‘n
U JJINHA (0, %) = % — 0 npu n — oo. Ecau npeanonoXurhb, 4TO CyIIeCTByeT

TOYKa C € (0, %), TO A1 Bcex n OyJeT BbINONHEHO HepaBeHCTBO 0 < ¢ < %

Otciona cnenyer, 4to ¢ = 0 & (0,%). Takum 006pa3oM, MOCJIEHIOBATELHOCTD

HHTEPBAJIOB (0, %) He umeeT 00IIelt TOUKH.

ITpumep 4. Oyukiusa y = tgT onpejesiena BCIOAY, KPOMe TOYeK T = § + mn,
n € Z. d1u touku OynyT Toukamu paspeiBa 2-ro pona mis f(z) = tgz, T.k.

lim tgz = +o0.
z—(m/24+7wn)—0
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4.7 CsoiicTBa PyHKIINI, HENPEPHIBHBIX HA OTPE3Ke

Omnpegnenenne 4.10. Oynxyua f(z) naswsaemea nenpepuienoti na ompesxe
[a,b], ecau ona nenpepwisna 6 arboti mouxe unwmepeasa (a,b) u, xpome mozo,

HEMPEPDIBHA CTIPABA 8 TMOYKE A U HENPEPDLBHA CAEBA 8 MOYKE b.

Teopema 4.5 (nmepsas Teopema Beitepmrpacca). Ecau dynxyua f(z)
onpedesena u Henpepviena na ompeske [a,b], mo ona ozpanunena wa smom

ompe3xe.
[IpenBapuTensHo cHOPMyNHUpPYEM BCIIOMOTATENbHYIO JEMMY.

Jlemma 4.1. Qynxyua f(z), nenpepwsnas 6 mouxe To, 02PaAHUNENG 6 HEKO-

mopoti ee 0OKPECMHOCTAY.

,H‘OKa.SaTeJIbCTBO JIEMMBI HETIOCPEJICTBEHHO CJIeAYET U3 OTPAHUYEHHOCTH d)yHK-

LMK, UMEIOLIeH KOHEYHBIN npenen.

Hoxasameavcmeo meopemoi. Tlpennonoxum o6paTHoe, T. €. JOMYCTHM, 4TO DYHK-
uusi f(z) He orpanndeHa Ha orpeske [a,b]. Pasmennm orpesok [a, b] nomonam,
TOrga, Mo KpaitHelt Mepe, Ha OJHOM U3 JBYX IOJYUYEHHBIX OTPE3KOB (DYHKIMA
f(z) ne orparnyena (B npoTHBHOM Ciy4ae oHa Gbula Gl OrpaHuYeHa Ha [a, b]).
O603Ha4nM 3TOT OTPE30K 4epes [ay, by]. Pasnenum [ay, by] mononam u obosua-
quM 4epes [ag, bo] ToT OTpesok, Ha koropom dbyHknusa f(z) He orpaHuYeHa H

T. I. HpO,ELOJI)Ka.S{ 9TOT IPOLECC HEOTPAHUYEHHO, IMOJYYHUM [MOCJIeJ0BATEJIbHOCTDb
[a,b] D) [al,bl] D [ag,bg] D D [an,bn] Dgss

BJIOXKEHHBIX OTDE3KOB, Ha KaXKJOM U3 KOTODbIX f(Z) He orpaHudeHa, npudem
b, —ap, = (b—a)/2" = 0 mpu n — co.

CornacHo NPHHIMIY CTATHBAIOIUXCS OTPe3KoB KaHTopa cymectByer Touka
¢, npuHajexauas scem orpeskam. Oyukuus f(z) HenpepbiBHA B TOUKE C, CJle-
JIOBATEJILHO, COTIACHO JIEMME B HEKOTOPO# OKPECTHOCTH TOYKH C OHA OrPAHUYe-
Ha. B 9Ty OKpECTHOCTD, IPH JOCTATOYHO GOTBIIOM 1, ONALAET OTPE3OK [ap, by,
Ha koTopoM ¢yHkuus f(z) Takxke orpaHndeHa. IlocieHee IPOTUBOPEYHT BbI-
Gopy MOCJIENOBATENLHOCTH OTPE3KOB. [losiyueHHOe POTHBOPEYHE JOKA3bIBAET

TeopeMy. O
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3ameyanue. Teopema HeBepHa, ecin 0TPe3oK [a, b] 3aMennTs nHTEpBasIOM (a, b).
Tax, nanpumep, dynkunus f(z) = 1/z nenpepsisaa Ha (0, 1), HO He orpanude-
Ha, T.K. lim 1/ = +oo0.
=40

Orpannuennocts Gbyukuun f(z) Ha orpeske [a, b] 03HauaeT, 4TO CyIECTBYIOT
rakue uncia A, B € R, uyto i Bcex z € [a, b] Buimosneno nepasencrso A <
f(z) < B. Torga, B cusly NPMHLMIIOB TOYHOH BEPXHEil M HU>KHEH TPaHUIIbI,
MHO>KECTBO 3HaueHuit dbyHKIMM Ha oTpe3ke [a,b] MMeeT TOUYHbIE BEPXHIOO H

HKHIO rpanuuel: sup f(z) = M € R, inf f(z) =m € R.

Omnpenenenne 4.11. Togopam, wmo gynryusa f(z) docmuzaem mounot éepz-
neti epanuys. na ompesxe [a,b], ecau cywecmeyem mowka zo € [a,b] ma-

xaa, wmo sup f(z) = f(zo). Tosopam, wmo f(z) docmuzaem mounot nuoic-
[a,b
net epanuybe na [a,b], ecau cywecmeyem mouwxa z; € [a,b] maxas, wmo

inf £(z) = f(z2).

PaccmoTpum npumMep, KOTOpBIi OKa3bIBAET, YTO TOYHbIE IPAHHULb (DYHKIUH

He BCEeraa JOCTHIaloTCs.

r, z€(0,1)
ITpumep 5. Ilycts f(z) = ’ .
/(@) 142 g =07,
I'padux dbyukuuu f(z) usobpaxked Ha puc. 4.4.
Y
1.
1/2 0
1 z
Puc. 4.4.

Ouesnyno, uro sup f(z) = 1, [10nlf] f(z) = 0. IIpu atom f(z) # 0,1 nas scex
[071] !
z € [0, 1], T. e. ne mocruraer Ha orpe3ke [0, 1] cBOMX TOUHBIX BepXHeil U HUXKHEl

rpaHuUIl.

Teopema 4.6 (Bropas Teopema Beitepmirpacca). Ecau f(z) nenpepoie-

na na ompesxe [a,b], mo ona docmuzaem na 3mom ompesxe CEOUT MOUNBLT
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eepTHel] U HudiCHel 2panuy, M. e. CYWECTMEYOM MoKy T1, T2 € [a, b] maxue,

umo

f(z1) = M =sup f(z), f(z—2)=m=inf f(z).
[a,b] [a,b]

Joxaszameavcmeo. Tlokaxewm, uto dynkuus f(z) mocTuraer TOYHOK BepxHeit
rpanuusl M, T.e. cyliecTByeT Takas Touka z; € [a,b], uro f(z1) = M. Bynem
paccyaath or nporusHoro. [lycts dyHkuus f(z) He MPUHUMAET HU B OHOM
touke [a,b] 3navenus, pasuoro M. Torma mns Beex z € [a,b] cupasennso
HepaBeHCTBO f(z) < M.

Paccemorpum Ha [a, b] BcnoMoraTenbHyI0, BCIOAY MOJOKHUTENbHYIO DYHKIHMIO
1
- M- f(z)

ITo Teopeme 4.1 dynkuusi F(z) HenpepbiBHA KAK YaCTHOE OBYX HENPEPHIBHBIX

F(z)

¢dyukuuit. B atom ciyuae corvtaco Teopeme 4.4 dynkuust F'(z) orpanndena,
T.€. HAlJEeTCs MOJIOXKUTENBHOE YHCIIO (4 TAKOe, YTO [UIsl BCeX & € [a, b]
= S - <pu, orkyma f(z) < M — l

M — f(z) = p

TakuM obpazoM, uncno M — 1/u, menbumee M, sBnsercs BepxHell rpaHunei

F(z)

f(z) na orpe3ke [a,b]. Ho 310 nporuBopedut TOoMy, 4T0 yncio M sBisercs
TOYHOM BepXHel, T.e. HauMeHblIel Bepxueil rpanuneit f(z) na orpeske [a, b].
DTO NPOTUBOPEYHNE U JOKA3BIBAET, YTO CYIIECTBYET TOYKa T1 € [a, b, B KoTOpOHX

AnanornyHo Joka3biBaercs, yro yukuus f(z) gocruraer Ha [a,b] cBoeit

TOYHOM HUXKHEN IPaHULBI M. d

3ameuanue. ToYHYIO BEpXHIOIO IpaHuly M Ha3bIBAIOT MAaKCUMAJbHBIM 3Ha-
yenneM byHkuuu f(z) Ha oTpeske [a,b], a TOUHYIO HUXKHIOIO TPAHUILYy M — ee

MUWHHUMAJIbHBIM 3HaYEHHUEM.

Teopema 4.7 (Treopema Komu o npomexxyTodHom 3Hadennn). ITycmo
dynxyua f(z) nenpepviena na ompesxe [a,b] u f(a) # f(b). Toeda das moboti
mowku C, aesrcauseti meosrcdy f(a) u f(b), natidemesa maxas mouxa v € (a,b),

wmo f(y) = C.
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Hoxaszameavcmeso. Iycts ana onpepenernoctd f(a) < f(b) u f(a) < C <
f(b). Paznesnum orpesok [a, b] Toukoit o nononam. Ecnu f(a) = C, To Teopema
Jokazasa. B nporusHOM ciryuae BeiGEpEM TOT U3 ABYX HOJIYYEHHBIX OTPE3KOB (1
obo3Ha4uM ero [ay, by]), aasa xoropoit f(a;) < C < f(by). OueBugno, uto orpe-
30K [a1, b1] coBnanaer ¢ orpeskom [a, ], ecin C < f(a) 1 ¢ orpeskom [a, b], ec-
i C > f(c). Paznenum orpesok [ay, by] Toukoit a; nononam. Ecin f(a;) = C,
TO 3a/la4a pelieHa. B nporusHom ciyvae u3 orpe3kos [ay, a;] u [, by] BosbMem
tot (1 0o6o3HaHM €ro [ag, bo]), wuist koToporo f(ag) < C' < f(bg). [locrynas Tak
¥ JaJjblue, Mbl Ju00 Ha KAKOM-TO 3rane HaiijeM Touky ok: f(ag) = C u npe-
' KpPaTHM NPOLECC, 160 NOCTPONM BECKOHEUHYIO MOC/AE0BATeNLHOCTh OTPE3KOB

{[an, bn]}, yooBieTBOpSIIONLYIO CEAYIOMIMM YCIOBUAM:

1) Joch] 2 [mi ] 3 [og, 8] 5 o ox D [lgelin] 2 vo»
B
2) bn——anzz—na——)Oann—)oo

3) flan) < C < f(by) nnst Beex n.

13 ycuoosuit 1) u 2) B cuny npunuuna Kantopa cienyer, 4to cyiiectsyer

T09Ka Y € [an,by] oyis Becex n. Ipu stom lim a, = lim b, = 7. Tak kak
n—o0

f(z) uempepsiBHA B TOUYKE 7, TO coriacHo ompegenennio 4.3 f(an) — f(7),

f(br) = f(v). epexons k npeneny B Hepasencrse 3), noaydaem f(y) =C. O

3ameuanue. [JokazanHas TeopeMa rapaHTUPYyeT, YTO HenpepbiBHas (hyHKLHS
IpH MEPEXOAe OT OJHOrO 3HAYEHUA K JPYIrOMY INDUHUMAET U BCE IIPOMEXKYTOU-

HbI€ 3HAYEHH .

CuencrBue. [Tycmo dynxyua f(z) nenpepviena na ompesxe [a, b] u na xonyaz

ompe3xa NPUHUMAGEM 3HAYEHUA PA3ZHLIT 3HAKOE. Toz0a CYWECTBYEM TMOoKa

7 € (a,): f(7) =0.

JlaHHOe cJieICTBHE MMEET NPOCTONH MeOMETPHYECKHH CMBICI: HermpepbiBHAsS
KpUBasl [IPU Iepexojie U3 OJHON MOJYIJIOCKOCTH, TPAHULE! KOTOPOil sBJseTCsa

ock abcuuce, B ApYryio NepeceKaeT 3Ty och (puc. 4.5).
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a i
|

Puc. 4.5.

Teopema 4.8 (o HenpepsiBHOCTYN 06paTHOi dyHKIMN). Tyems y = f(z)
CTP020 MOHOMOWKG U Henpepwena na ompeske [a,b] u a = f(a), B = f(b).
Toz0a na ompesxe [a, B] (uau [B, ], ecau B < a) onpedeaena cmpozo mono-

monnaa u nenpepuenas obpammnas dynxyua z = f1(y).

IIpumep 6. Oyukuus y = sin  Ha OTpe3Ke [—%, g] BO3pAaCTaEeT, HelpEPhIBHA
¥ MHOKECTBOM €€ 3HaueHui siBnsiercs orpes3ok [—1,1]. ITo reopeme 4.8 Ha oT-
‘peske [—1,1] cymecTByer HempepbiBHAs BO3pacTaiolas obpaTHas MyHKIHUS C
T m —— 2
MHOKECTBOM 3Ha4YeHHUH [—5, 5]. Oty dyukuuo obo3HavalT T = arcsiny Wiu
y = arcsinz. ['paduk dbyHnkuuu y = arcsin z npuBenen Ha puc. 4.6.
)

/2

—m/2]

Puc. 4.6.
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I'maBa 5

IIpousBomnas

5.1 Omnpeznenenne TpoOU3BOIHOIM

Pacemorpum dyuxnuio y = f(z). Ilycts X — obnacts onpepesnenust sToit
dbyukmpu 1 z € X. BagamguM npoussosbHoe Az Tak, uTobnl T + Az € X.
Boruncanm nosnoe npupaiienue hyHKIMH, COOTBETCTBYIOIIEE 33, JaHHOMY IIPH-
pamennio Az, Ay = f(z + Az) — f(z) u cocraBum apobs Ay/Az. Ouesuano,
410 npu HUKCUPOBAHHOM T 3Ta Apobb sBJisiercs: PyHKIUeH npupamedus Az,
onpenenennoit mist Az # 0. Tak kak Az = 0 saBisiercst npeaeabHoi TOYKo# 06-
JacTy onpegesenus apodu Ay/Az, To MOXKHO FOBOPUTH O IpefeJe 3Toi Jpobu

upu Az — 0.

Onpenenenne 5.1. Alim0 Ay/Az, ecau on cywecmeyem, Ha3véar0m NPoOU3-
T=¥

8odnot pynxyuu y = f(z) 6 mouke T u obosnanarom y'(z) (f'(z)).

UTrak, no onpeneneHuio
fie) = Alirilo LA&_];
BeisicHuM reomerpuyueckuit cMbics mpoudsonHoil. Kak Buano us puc. 5.1 or-
Howenue Ay/Az ects orHOLIEHNe AynHbl oTpe3ka M N k pyune orpeska MyN,
a ornomenue |MN|/|MyN| ectb Tanrenc yrna nakiona cexyweit MoM k no-

JIO2KUTEJIbHOMY HallpaBJEHUIO OCH a6CLLI/ICC.
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Puc.5.1.

I[IpenensHoe mosoxerue xopabt MoM npu Az — 0 (npu stom Touka M, me-
peMenasich 1o KpuBoi, Oyer crpeMuThes K Touke My) HA30BEM KacameavHol
Kk epaguxy dynxyuu y = f(z) 6 mouxe My. Ilpu sTom yron HaxioHa XOp-
Jibl ByieT CTPEMUTLCS K YIUIy (v HAKJIOHA KacaTelbHOH K KpUBO# B Touke M.
CinienoBaTeNbHO,

Fz)= lim = tga.
Az—0 Az

[TpousBonHas dbyrkiuu y = f(z) B TOUYKe «T» paBHA TAHTEHCY YIJla HAKJIO-
Ha K I[OJIOXKUTEJbHOMY HAIPABJIEHUIO OCH abCUUCC KACATENBHOMN, IPOBEJEHHOI
k rpacduky byskuuu f(z) B Touke ¢ abenuccoi .

OcraHoBUMCS €lle HA MEXaHHWYECKOM CMbIC/IE Mpou3BoaHOH. [lycts dynk-
us s(t) OIIpeliesIAeT My Th, IPOKIEHHbIH YacTulle#t 3a Bpems t. Torna cpenusisa
CKODPOCTb JBHXKEHUsI 4aCTHIbI 3a BpeMsi At 6yner paBHa

_ s+ At) —s(t) As

"= At T At

a npenen orHomenus As/At npu At — 0 onpefessieT MIHOBEHHYIO CKOPOCTh
TOYKH B MOMEHT BPEMEHH t (Upry). UTaxk,

i .

(1) = fimy Ay = Ve
Teopema 5.1 (CBf3b MeXK/y HENPEPHIBHOCTHIO M CyIIECTBOBAHMEM
npousBoaHoit). Ecau y = f(z) umeem npouseodnyro 6 mouxe T = g, mo

OHA U HENMPEPHIBHA 8 amol mouxe.

Hoxasameavcmso. Hano, 4to

) . flzo+ Az) — f(mo)
Fe) =™ a

)
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TOr/1A,

f(CE +A.’L‘)—f(.’12) /
e~ [} = e,

rae a(Az) — 0 npu Az — 0. Orciona ciemyer, 4yTo

f(zo + Az) = f(zo) + Az(f'(z0) + a(Az)).

CJIGLLOBE’LTGJI}: HO,
.I[l ’ To + AIE = ’ Tg).
Ali—m ( ¢ ) ( O)

HOCJ]G,H,HGG PaBEHCTBO K O3HA4YaE€T HEIIPEPbIBHOCTDL (,byHKU,I/II«I B TOYKe Zg. O

- Bameyanne. ObpaTHOe yTBEPKACHKE, BOODIIE TOBOPST HE HMEET MECTA, TO €CTh
13 HENPEPBIBHOCTH (DYHKIMU B HEKOTOPO TOYKE CYILECTBOBAHUE IPOU3BOLHOM
B 3TOIf TOYKE CJIEAYeT HE BCEra.

Pacemorpum, Hanpumep, dyHkumio y = |z|, n3obpaxennyio Ha puc. 5.2.

Y

— Qe T

Puc.5.2.

OueBuaHO, 4TO NaHHAs QYHKUMS ABJSETCS HENPEPBIBHOU B TOYke zo = 0.

Ilokazkem, 4TO B 3TOil TOUKE NPOU3BOLHOM He cyuiecTByeT. Vmeem

. |0+ Az| —|0] A +1, Az -0, Az >0
lim ¥————— = lim — =

Az—0 Az Az=0 Az ~1, Az =0, Az < 0.

Urax, oyeBunHO, 4TO mpefeie B Todke £g = 0 (a ¢ HUM M NPOW3BOAHASA) He
CYyLIECTBYET.
()TMG}TI/IM7 49TO B 3TOM H HOLIO6HI:IX cjydadax MOXHO I'OBODUTH 00 OIHOCTO-
POHHUX IIPOU3BOAHBIX
Ay _ o

lim — = f\ (z) — npasasi npousBogHa,

Az—0 Az
Az>0
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g Ay /
}}’1_1'10 e fL(z) — neBas npousBogHAsI.

Az<0
Ecnu dyskuus f(z) B Todke T MMeeT NPOM3BOLHYIO, TO OHA MUMEET B 3TOIH
TOYKE NPaByIO U JIEBYIO POM3BOJHYIO, COBIAJAIOMINE MeX Yy coboit. B mpuse-
nennowm Beimre npumepe fi(0) = +1; f£(0) = -1, a NPOM3BOIHOM B 3TOH TOUKe
He cyumecrByeT. ['eomerpudeckn 310 03Hauaet, 4To rpaduk GyHKuuU y = |z| B

rouke (0,0) He UMeeT KacaTeabHOM.

5.2 OcHOBHBIE MPaBUJa HAXO0XKIEHUS ITPOU3BOIHOMN

[ycrs dynxuun u(z) u v(z) uMEIOT NPOU3BOHBIE B HEKOTOPOH TOYKE I.
Torna
1) [ulz)£e(2)] =+(x) £ e(z).
2) [u(z)-v(z)] = v'(z)v(z) + u(z)v'(z).

3) [u(z)]':u’(x)v(:z:)—u(m)v’(x) (@) £0.

v(e) v?(z) ’

Hoxkaxewm 2-e npasuiio. [lo onpeneneHnio npousBOIHON HAXOAUM
y = u(z) - v(z),

tim 2 _ u(z + Az)v(z + Az) — u(z)v(z) _

Az—0 Az Az—0 Az

— lim u(z+Az)v(z+Az) — u(z)v(z) — u(z+Az)v(z) + u(z+Az)v(z) _
Az—0 Az

— lim u(z + Az)[v(z + Az) — v(z)] + v(z)[u(z + Az) — u(z)] :
Az—0 Az

= lim e ke Sl = lim |u(z+ Az)& + v(m)% =

T Az0 Az Az—0 Az
= u(z)v'(z) + v(z)v'(z).

(3mecy MBI uCIIONB30BANH, 4TO u(Z) 110 Teopeme 5.1 HeNpepbIBHA B TOYKE T ).
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5.3 OcnoBuble (pOpMyJIbI BBIYUCICHNS IPOU3BOJHBIX

D1u GOPMYJIBI JIETKO BBHIBOAATCSA U3 ONPEeeH s IPOU3BOAHOMN ¢ HCIOIB30-
BaHUEM CJIeAYIOUIMX PaBHUII

1)y =6
/— i S =
y Aiglo Az g
2) y=ah
Az \H
I ("L‘+A$)u_$#_ u—17q: (1+T) —1_ p—1
VERST ar T Ay & o # pef
3) y = a”;
az+A:r a® Az
I 1 At I — T
Y *AI;TO Az a4 Alir—lalo Az ik
4) y = log, z;
A
i s log,(z + Az) — log, = T log, (1 + —f) I
Az0 Az Az—0 Az
. log, (1 =+ %)
—Aliglo—:r?—glogae, a>0, a#l

e By sin(z + Az) —sinz _ e 2sin &2 cos (z + 5F) _
Az—0 Az Az—0 Az
9« 8 pog (g 4 £Z A
= lim 2 ( 2)= lim cos a:+—z = CcoS .
AzH0 Az Az—0 2
6) y = cosz;
y = —sinz.
7 y=tgz;
, _(sinz\' cos’z+sin’z 1 2 X im
y. " \cosz/) cos?x " cos?z’ 2 '
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8) y = ctgz;
1
'= ———, z#mn.
sin’z

Teopema 5.2 (npousBomHas o6parHoii dyuxknym). Tycmoy gynxyus y =
f(z) onpedeaena, cmpozo moromonna u HeNPEPLIBHA 8 HEKOMOPOL OKPECTIHO-
cmu moyku T = zg. Hycmo, xpome moezo, cyuwecmeyem npoussoonas f'(zg) 6
amoti mouxe, npuvem f'(zo) # 0. Toeda obpamnasn ynxyua T = ©(y) umeem

npouaeodnyro 8 mouxe Yo = f(xg), NPuUYEM BBNOAHACTNCA PABENCTNEO

Joxazameavcmeo. Ilycts (g — 8,29 + §) — Ta OKPECTHOCTL TOYKHU Zp, B KO-
TOPOY BBIMOJIHSIIOTCS BCE YCJIOBUsSI NaHHOH Teopembl. CyliecTBOBaHUE U HEIpe-
PBIBHOCThL 00paTHOM (DYHKIMU B HEKOTOPOH OKPECTHOCTH TOYKH Yo CJEHYET U3
JOKa3aHHOH paHee TeopeMs! 4.6. Sagamum aprymenty «y» dyuxuuu ¢(y) Hexo-
topoe npupamenne Ay # 0, npu atoM cama GyHKIEA T = ©(y) NOJYIUT NpU-
pamenue Az # 0 (B cuity cTporo#f MOHOTOHHOCTH OGpaTHO (hbyHKIHH), TpUYEM
yreepxaenusi Az — 0, Ay — 0 3KBUBAJIEHTHBI, YTO CJELYET U3 HENPEPbIBHO-
cTH maHHOU u obparHoi dyHkuuii. [TosTomy

(vo) = lim 2% = fim & = 1 -
¥} = Ay—0 Ay - Az—0 %z - y/(il,‘o) f’(.’l,‘(]).

Teopema nokasaHa. O

Bocnonb30BaBUINCE 3TOM IPOCTON TEOPEMOM, MbI POJOJIZKUM TAOJHUILY MPO-
U3BOJHBIX
™ T
9) y=arcsinz, z€[-1;1], ye€ [—5; 5]’ T =siny
1 _ 1 _ 1
(siny) /1 —sin?y V1-z2

(arcsinz) =

10) y = arccos z;
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11) y = arctgz, z € (—o0,+0); Y€ [—g; g] T =tgy,

(arctgz) =

12) y = arcctg z;

; 1;

B e g B € (=00, 400); y € [0;7].

Teopema 5.3 (o auddepenumpyemoctu cioxHoi dynknun). Tycmy
dynryua T = @(t) umeem npoussodnyro 8 mouke ty, a dynxyua y = f(z)
- umeem npousgodnylo 6 mouke Tg, 20e Tg = @(tg). Toeda caooicnas Pynryus
flp(t)] = ®(t) maxorce umeem npouzeodnyro 6 mouxe ty, npuvem vnoaniem-

CA PaBeEHCME0
' (to) = f'(wo) - & (to)-

Aoxazameavcmeo. 3aganum HekoTopoe npupamenne At B Touke tg. Emy 6yner
* cooTBeTcTBOBATH Hpupatlenue Az: Az = @(tg+ At) — p(to) = p(to+ At) — zo.
Orciopa ¢(tg + At) = zo + Az. Beranciium npoussoanyo dbyukuuu (t) B
Touke tg. Vimeem
) = T, eI - ®(to) _ . flelte+ Ab)] = flp(to)]
At=0 At At—0 At

— Iim f(zo + Az) — f(0)

At—0 Az
Az—0

' % = f'(z0) - ¢'(to).

Teopema moka3aHa. O

5.4 unddepenuuan

Onpegnenenne 5.2. Qynxyua y = f(z) nasmeaemca duggepenyupyemoti 6
MOMKE To, ECAU €€ NOAHOE npupauwenue 6 Imotl mouke Moocem Obvmv npeo-
cmasaeno 8 sude

Ay = AAz + a(Az) - Az, (5.1)
2de A — nexomopas nocmoannan, ne 3asucawan om Az, a(Az) — beckonewno

Mmanas pynryus npu Az — 0.
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IIpumep 7. ycts y = 2, o = —1. Torma

Ay = (-1+Az)}—(-1¥=-14+3-1-Az-3Az2 - Az + 1=
= 3Az — 3Az? — Az = 3Az + Az(-3Az — Az?)

= A=3; oa(Az)=-3Az— Az’

Urak, bynkuus y = 3 quddepennupyema B Touke zg = —1. 3amerum, 4ro
a(Az)-Az = o(Az) mpu Az — 0, Tak Kak Alim0 Q(A—AII'& = 0, u, cie0BaTeb-
T —

HO, PaBeHCTBO (7.3) MOXKHO 3aIMCaTh TaK
Ay = A- Az + o(Azx). (5.2)

Omnpenenenne 5.3. Pyuxyua y = f(z) nasweaemea dubdepenyupyemots 6

movKe T, ECAU ee MOAHOe NPUPAULEHUE MOJICHO 3anucamy 8 eude (7.4).

Yeanosue (7.4) moxHo 3anucars, kak Ay = AAz+o0(AAz), orkyna crenyer,
410 GeckoneyHo Manast (AAz) ecTb riaBHas 4aCTh GECKOHEYHO MAJIOro Ay npu
Az — 0. Kpome Toro, 3aMeTuM, 4To 3Ta [JIaBHAS YaCTh JIMHEHHA OTHOCHTEIILHO
Az.

Onpexnenenne 5.4. Izagnas wacms noanozo npupawenui Ay dynxyuu y =
f(z), runetinas omuocumesvno Az, nazweaemes dugdgpepenyuarom Gynxyuu

u oboanavaemca dy.

Wrak, no onpenenenuito dy = AAz.
YcraHOBUM CBA3b Mexxay IuddepeHInpyeMOCThIO U CYIIECTBOBAHUEM TIPO-

H3BOJIHON B 3TOU TOYKeE.

Teopema 5.4. Jaa mozo, wmobw gynryusy = f(z) bwaa duddepenyupyema
6 mouke Ty HeobToduMmo u Jocmamouro, wmobvl. OHA 6 MOl Mmouxe uMmesa

npou3sooHyIo.

[Moxazameavcmeo. Heobxomumocts. Hano: dynkuusa auddepennupyema,

TO ecTh UMeeT MecTo paBeHCTBO (7.3). Orciona

. Ay . AAz+ a(Az)Az
lim — = lim
Az—0 Az Az—0 Az

= A,
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YTO O3HAYAET CyllecTBOBaHue npoussonoit f'(zg) = A.

HocrarodnoctTs. [JaHo: CylECTByeT NPOM3BOJHAS, TO €CTh CYUIECTBYET

Alimg%% = f'(z¢). Orciona Ay/Az — f'(z¢) = a(Az), rae a(Az) — 0 npu
T
Az — 0. Cnenosarensuo Ay = f'(zo) - Az + a(Az)Az, a 310 ectb yenoue

muddepennpyemocru (7.3), 4T0 1 TpebOBAIOCH. O

C wucnosnb3oBanueM 310 Teopembl yciaosue auddepenunpyemoctu (7.3)-

(7.4) sanumem Tax:

Ay = f'(zg) - Az + a(Az) - Az, (5.3)
Ay = f'(z0) - Az + o(Az), (5.4)

a quddepeHna Tax:
dy = fl(l‘O) dz, (55)

rae de = Az. Urak, quddepennuan byHKUMN 3T0 IPOU3BEAECHAE €€ TPOU3BOJI-
HO#t Ha Az.

T'eomerpuueckuii cMbica auddepeHnyana BUAEH U3 CIeLYIOEro pucyHKa

Y

Ay — npupalieHue OpIHHAThI
KPHUBOIi;

Yol — — = dy — mpupalleHue OpIUHATbI
KaCaTeJbHOH.

Puc. 5.3.

U3 Teopemsl 5.1, 5.4 ciemyer, uro ecaun dyHkuus quddepeHnupyeMa, To oHa,

HeIpepbIBHA.

5.5 VuBapmanTHOCTH bopmbl quddepeHIinaia

Urak, nns dynkupn y = f(z), rue £ — He3aBUCHMasl [IEPEMEHHAs, BBEJEHO

nouaTue auddepeniuana ¢ nomompio paseHcrsa (7.5). Paccmorpum Teneps
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cay4aii, korna y = f(z), a £ = p(t) — Taxxe bynknua. CocTaBUM CIOXKHYIO
dynkuuo y = flp(t)]. Tax xak ¢ — He3aBUCHMAsI IEPEMEHHAsI, TO COTVIACHO

pasencTBy (7.5) ¢ yuerom TeopeMsl 5.3 uMeeMm
dy = {flpt)]}idt = f'(z) - ¢ (t) - dt = f'(z) du.

[Tocnennee roBoput 0 TOM, 9TO paBeHCTBO (7.5) UMEET MECTO Kak B CIy4ae,
KOrJa T — HE3aBHCHMas IIEPEMEHHAsI, TAK U B CiIydyae, Korga & (hyHKIHUS HO-
BOrO aprymeHnTta. 910 CBOHCTBO Auddeperinaia Ha3bIBAETCA UHEAPUAHMHO-
cmo1o dopmsi, HO B MEPBOM cllydyae (KOrja & — HeE3aBHCHMAs [EPEMEHHasl)
dz — sT0 4ncso, paBHoe Az; Bo-BTOpOM ciydae (korma T — (ByHKIUSA HOBOrO
aprymenTa) dz — Takxke QyHKIuA Toro xe aprymenta. OTciofa nojyyaem, 94Tto
y' = f'(z) = dy/dz moxuO paccMaTpUBATDL HE TOJBKO KAK €UHbI# CHMBOJI, HO
U KaK [pobb — OTHOIIEHHE AuddepeHualos.

[Moustie auddepenirana HAXOMUT MIKPOKOE TPUMEHEHUE B TPUOIUZKEHHBIX

BbrYUCIeHUX (cM. [6])

Ay = f(zo+ Az) — f(z0) ® f'(z0) - Az =
f(zo+ Az) = f(zo) + f'(z0) - Az.

HﬁnMep 8.1) f(z) =sinz, zp=0.
sinAz ~ Az, Az — 0,
sin Az = Az + o(Az).
2) flz)=In(l14+2), zo=0 =
In(1+ Az) = Az, Az — 0.
3) flz)=01+2)*, =0 =
1+2z)*=~1+alAz, Az —0.

OcHoBHbie GHOpMYJIBI U TIPABUJIA HAXOXIEHUA U DEPEeHIINalIOB BLITEKAIOT
u3 paBeHcTBa dy = y'dz, CBOHCTBA MHBAPMAHTHOCTH (OPMBI, (POPMYJT ¥ IIPaBHII

HaXO0XIEHUs NPOU3BOAHBIX.
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OcHOBHBIE IIpaBuJia 3allMCbIBAIlOTCA TaK:

d(u £ v) = du £ dv,

d(u - v) = vdu + udv,
d <U) vdu — udv

=22 v

v v

ITpusenem nokazarenscTBo dopmyisl d(u £ v) = du + dv. Vmeem

d(u+v) = (uxv)de = (u' £v')dz = v'dz £ v'dz = du £ dv.

5.6 IIpou3sBoaHasg BBICHINX IOPSIIKOB

Pacemorpum dbynkuuio y = f(z) u ee npoussopuyo f'(z). Ouesuamo, 4ro
NPOU3BOHAS TAKKe ABJIAeTCA QYyHKIMeH nepemeHHoro . [Ipeanonokum, 4To
OHa B CBOIO 04epe/ib HMeeT IPOU3BOAHYIO0, To ecThb cymectsyer [f'(z)]'. Onpene-

JIUM Tenepb IPOU3BOJHYIO BTOPOrO MOPsAKA OT UCXOAHOU dyHKuun y = f(z)

 caexyioupm obpasom: y” = [f'(z)]. Amanornuno y” = [f"] = [y"] u Tak
nagee.
WUrak,
y™ = [y ).

Paccmorpum mpocreiiiiie npuMepsl, CTPOruil BbIBOA KOTOPLIX OCHOBAH Ha

3HAHUHM TabJIUIbI TPOMBBOAHBIX 1 METOE MATEMATHYECKON MHJLYKIUH.
i Y -1 v/ A -2
1. glel=u" y=0a®", "=ola=1g"% ...

y™ =ala—1)-...- (@ —n+1)z*™

2. y(z) =a*, ¥ =d®lna, ¥y’ =a*ln’a, ...,

y™ = @*[lna)".
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4, ylz) =sinz, P =cosz=3sin (x—i-l-g),

y”=—sinm=sin(m+2-g), ciey

y™ = sin (:1: + n_2_7r) :

5. y(z) = cosz,

y™ = cos (m + _7r2_n) :

5.7 ®opmyna Jleiitbauia

OueBugHO, 4TO
[u(z) £ v(z)]™ = u™(z) £ o™ (2).
[Ipenmnonoxum Tenepb, 4To TpebyeTcss HAUTH MPOM3BOJHYIO TMOPAAKA 7 OT
npoussenenus byukuuit u(z) - v(z). Cnpasegnusa ciegyomas dopmyna
[u(z) - v(z)]™ = ™ (z)v(z) + CluPD(z)'(z) + ... +
+ C™ W (2)v™ Y (z) + u(z)v™ (z), (5.6)

k n!
rae C, = —k'(n ATy

Sry dbopMysy NPUHATO Has3bIBaTh popmyoi Jlebuuna. OHa u3BECTHA HAM,
ectun = 1:
[u(z) - v(2)] = v (z)v(z) + u(z)v(z).
Loxazameavcmeo. BocrosbayeMcsi METOOOM IIOJTHOW MaTEMATUIECKOR MHIYK-
uun. Qopmyna Jlenbuuia BepHa npu n = 1. Ilpeamnosnoxum, 4To OHa BepHa
IUIsl YMCJIa M U TIOKAXKeM, 4TO OTCIoAa OyIeT CJeLoBaTh CIPABEIJIUBOCTDL STOM

dopmyabl qust yucaa n + 1. Torpa
[u(a:)v(x)]("+l) = [(u(z )v(m))(")]' =y 4 o™y 4 C’1 W'+
Cl (n— 1 CZ (n— l)v// i 02 (n-2) 2" SRR S C;L—l (n—l)u s
+C W™ 4 op™ gD = Dy (1 4 CHu™y' 4
H(CL + CByul—Dy" 4 +(C* 1+ 1)u’v(") + up®t) =
= ul™D(z)v() + CiHU‘")( )U'(év) + G V(2" () +... +
+Cpqe (2)0™ (z) + u(@p ™+ (z),
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4YTO U TPeHOBAJIOCH. O

(Bnech 6b110 UcnoNB30BaKO pasencTso CF 4 CF+1 = C,’fﬂ Jokaxkure ero ca-

MOCTOSITEJIBHO).

5.8 IlpousBoanbie pyHKINM, 3aJaHHON TapaMETPUYECKN

ITycts

z=p(t), y="u(t (5.7)
ompejie/ieHbl ¥ HEIPePbIBHbI Ha MHOX«ecTBe 1" U MycTb, KpoMe Toro, ¢(t) crporo
MOHOTOHH& Ha 9TOM MHOXecTBe. Torna obparnas dyukius t = ®~1(z) Takxe
HEIPEPLIBHA U CTPOrO MOHOTOHHA. B 3TOM cilydae roBopsT, 4TO Y €CTh (PyHK-
1ysl, 3aBUCAILAA OT T MOCPEACTBOM MEPEMEHHOM f, HA3BIBAEMON NaPaMEmMpPom:
y = Y[®7Y(z)] u ary dbynkumio HasBIBaIOT dDyHKIMEH, 3a1aHHOK NapaMeTpu-
YecKH C HOMOLbIO ypaBHeHuit (7.7). Boruncnum npoussogyio a1o#t GyHKIMH,
IS 9ero MpenonoxkuM, 410 ¢(t), ¥(t) nuddepenuupyemsr u ¢’ (t) # 0 na T
Vmeem
_Y@) _ v

, _dy _Y(E)dt )
dz — @/(t)dt — @(t)  o'(t)’
¢ !

Yz =

o @g)iﬂmﬁ_wwm—www.

7 da dz  Q(t)dt [ ()]

Wrak, 4Tobbl HaliTH BTOPYIO NPOU3BOLHYIO HYXKHO MNEPBYIO MPOU3BOAHYIO

Yy, npomuddepeHIpoBaTh elle pa3 1o ¢ u nojeants Ha z'(t) (B sTOM ciyuae

npejnosaraeM, 4To npou3ssogusie ¢, " cymecrsyior).

5.9 Iuddepesnuasbl BHICHINX TOPSIIKOB

Wcnons3ys pasencrso (7.3) nmeem dy = y'dz. [Ipeanonoxum, 4ro dy B cBOIO
ouepenb €CTb HeKoTopasi Auddepennypyemas QyHKIMS IEPEMEHHOIO T; TOra
MOXKHO HaiTn muddepeHuyan BTOPOro Mopsiika 0T UCXOLHOK DyHKUMHU ¥:

d?y = d[dy] amanormuno
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d*y = d[d*y] u Tak nmanee

dry = d[d" 1y

Hanomuum, 4to st iudbdepeniualia nepBoro nopsijika KMo CBORCTBO HH-
BAPUAHTHOCTH €ro POPMBI, KOTOPOE COCTOAJIO B TOM, YTO paBeHCTBO (7.5) ocra-
eTCs CIpaBelJIMBbIM KaK B TOM CJly4ae, KOTJa T — HE3aBUCHMAsl NepeMeHHasl,
TaK U B TOM CJIy4ae, KOrJla £ — HeKoTopas (MYHKIUS IPYTOro apryMeHTa.

[TokaxxeM, 4TO CBOMCTBO HHBAPHUAHTHOCTU HapyluaeTcs st guddepenua-

JIOB BBICIIHX [OPSIIKOB.
1. MycTs  — He3aBHCHMAs NEpeMEHHAs, HAlIEM
d*y = d(dy) = d(y - dz) = de - d(y) = da(y')'dz = y"da?,
TaK Kak dT — 9HCJIO;
dy = d(d*y) = d(y"dz?) = dz?d(y") = dz*y""dzx = y"dz, ...
dy = y™ dz".

2. PaccMoTpuM ciyyait, korma £ — HeKOTOpast GYHKIUS PYTOro apryMeHTa..

Haiinem

d*y = d(dy) = d(y'dz) = d(y') dz + y'd(dz) = y"dz* + y'd*z;

d*y = d(d%) = d(y"dz® + y'd*x) = d(y") dz® + y"d(dz?) + y'd(d*z) +
+d(y') d’z = y"d23 + y"2dzd’z + y"dzd’z + y d3z.

VTak, MHBAPMAHTHOCTb HAPYIIAETCS.

5.10 OcHoBHbIe TeopeMmbl 0 nuddepeHnupyeMbrx byHK-

111462 0.6

[Tycre dyukuusa y = f(r) onpeneneHa B HEKOTOPOH OKPECTHOCTH TOYKH

T = Iyp.

Omnpepnenenue 5.5. [ogopam, wmo gynryua f(z) eospacmaem (y6veaem) 6

movwke T = Ty, €ECAU natidemea maxas OKpeECMHOCTD amot movxu, 8 npedeﬂar

74



womopot f(z) > f(zo) npu z > zo u f(z) < f(z0) npu z < z¢ (f(z) < f(z0)
npux > zo v f(z) > f(zo) npu z < zo).

Jlemma 5.1. Ecau dynxyua f(z) umeem roneunylo npouseodnylo 6 movxe
=z u f'(x9) >0 (f'(z0) < 0), mo ama Pynxyus eospacmaem (ybweaem)

8 Imot mouke.

ﬂonaaamem)cmeo. ITo OllpeJleJIeHNIO TPOU3BOAHON MMeeM

f’(-TO) = lim f(:L‘) _ f("rO)

T—rIg & — .’EO
[ycrs f'(zg) > 0. Buibepem € < f'(zg), Toraa Haiinerca Takoe § > 0, 4TO

z)— f(z
M>f’(wo)—s>0 mpu 0 < |z — zg| < 6.
r — X
Otciona cienyer, 4To BCIOAY B 0-OKPECTHOCTH TOYKH & = zo  f(z) > f(zo)
npu £ > zo 1 f(z) < f(zo) upu T < zp, 4TO ¥ O3HAYAET BO3pacTaHHEe DYHKIUK

B TOYKE T = . O

3ameuanue. Jlemma HOCHT JlocTaTOUHbIH Xapakrep. Hanpumep, Gyukuus y =

z® Bospacraer B Touke = = 0, B To Bpems kak y'(0) = 0.

Teopema 5.5 (Teopema @epma). [Tycmo @ynxyua f(z) onpedeaena na un-
mepaase (a,b) u 6 nexomopoti mowke T = Ty IMO20 UNMEPEALL UMEEM HAU-
boavwee (naumenvwee) snavenue. Tozda, ecau 6 amoti movxe cyuecmeyem

Koneunas npoussodnas, mo umeem mecmo pasencmeo f'(zg) = 0.

Hoxazameavcmeo. Ilycth B Touke T = xg HyHKLMA OpPUHUMAET HauboJbluee
suadenue u nycrb f'(zg) # 0. Torma no nemme, ecnu f'(zg) > 0, To f(z) >
f(zo) mpn = > =mp u mocrarouno Gmu3ko K T = g, ecin f'(zg) < 0, 1O
f(z) > f(zo) mpu = < z¢ 1 gocTaTOYHO GJM3KO K T = Zop U B TOM M JpY-
rom cayvae f(zg) He MOXKeT GbITH HAMOOJIBIIMM 3HAYEHUEM (DYHKIHH B TOYKE
To, YTO IPOTHBOPEYHUT YCJIOBHIO TeopeMbl. Yciosue f'(zg) = 0 o3nauaer, uTo
B Touke (Zo, f(zo)) Kacarenbnas K rpacduxy bynkunu y = f(z) napamnensha
ocu Oz. O
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Bameyanue. Teopema He BepHa, ecu f(z) paccmarpusaercs Ha [a, b]. [Tycrs
f(z) = z 3anana ua [0, 1]. Hanmenbiuee 3Hauenne OHa IPHHAMAET B TOUKE T =
0, naubouibliee — B TOYKe T = 1; TeM He MeHEe B 0OEMX TOYKAX MPOU3BOAHAS

OTJINYHa OT HYJIA.

Teopema 5.6 (treopema Poss). [Tycmoy dynxyusa y = f(z) nenpepuena na
ceemenme [a, b], duddepenyupyema na unmepsaae (a,b) u nyems f(a) = f(b).

Tozda natidemea maxas mowsa vy € (a,b), wmo f'(y) = 0.

Hoxasameavcmeo. Tak kak y = f(z) — HenpepbiBHA Ha cerMeHTe [a, b], To B
cuity BTOpoit TeopeMbl BeltepmTpacca oHa JOCTUraeT Ha 3TOM CEIMEHTE CBOUX

TOYHBbIX rpanul: M, m.

Moxer cayuntses, yro: 1) M = m, cue-
nosaresbHo, f(z) = const, 3na4ut, ¥y’ = 0 ms
aoboro z € [a,b]. 2) M # m; tak kak f(a) =

* f(b), To no kpaiiHeit Mepe ofjHa U3 IPAHAL| J0- [

o4
8

CTUraeTcsi BO BHYTpPeHHe# Touke v € (a, b), Ho ol a v

torga B cuiry Teopemsl Depma f/(y) = 0. P, B

Kax u B Teopeme ®epma f'(y) = 0 osnauaer, aro B Touke (v, f(7y)) kacarenbnas

K rpaduky dynkuuu y = f(z) napamiensaa ocu Oz. 0O

Teopema 5.7 (Teopema Jlarpanxxka). [Tycmos gynxyua y = f(z) nenpepuis-
na na cezmenme [a,b], dugdpeperyupyema na unwmepsase (a,b). Toeda Iy €

(a,b), wmo bydem evinoanamoca

f®) = f(a) = f'(1)(b - a).

Joxasameavcmeo. Beenem Becnomorarensuyio dyukuuo F(z) = f(z) + Az.
Yucno A noxbepeM TakuM 06pa3oM, 4ToObI BBINONHAIOCH paBeHcTso F(a) =
F(b); f(a) + Aa = f(b) + Ab, orciona A = m)a—"_—f@

Brisicium cBoiicrBa pynkuun F(z):
1. oHa, OYEBUAHO, HENpPEPLIBHA Ha cermeHTe [a,b] (Kak cymMMa HempepbIBHBIX

bynkunit);
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2. ona auddepennupyema Ha untepsaie (a,b) (moromy xe);
3. F(a) = F(b) no nocTpoeHuIo.
TakuM o6pasoMm, dyukuus F(z) ymoBierBopsieT BceM YCIOBHIM TEODEMBI

Ponnst u cieosaTesibHO, B CHJIY 3TOH TEOpPeMbl HaJeTcss Takas TOUKa Y €
(a,0): F'(v) = 0;
Flz)=f(z)+ X F)=f(+Ar=0 =
B Tl fltv) = f(0)—f(a)=f(7)(b-a),

4ro ¥ TpebOBaJIOCh [0Ka3aTh. [loc/ieiHee PABEHCTBO HA3LIBAIOT Hopmyaot ko-

Hewnvir npupewenut Jlazpanorca. ]

@opmyna JlarpaHka MMEET MpO-
croit reomerpuyeckuii cmpicat: Haiinercs
Takast T09ka ¥ € (a,b), 4TO KacaTesb-

Hast K rpaduky GyHKIUY B COOTBETCTBY-

I01Ieil TOUKe napaJiyiesibHa, cexyei AB.

Puc. 5.5.

[pupagum dopmyse Jlarpanxka unyo dopmy. Bribepem zo € (a,b) u 3a-
JamuM npupaienue Az, tak 4tobel zg + Az € [a,b]. Torna Ha cermente
[z0, Zo+Az] BblONIHEHBI BCE yCIIOBUSI IPEABILYILIEH TEOPEMbI 1, CIIeJOBATE/BHO,

HMEEeT MECTO PaBEHCTBO:

fzo+ Az) — f(zo) = f'(7)Az.
Tax xak v € (zg, o+ Az), 7030 (0 < 0 < 1): vy =20+ 0(z — z¢) = 2o+ 0Az

u Torga dopmysa JlarpaHxKa 3anuieTcs Ty zo+ Az
a b =«
Puc. 5.6.
flzo+ Az) — f(z0) = f'(z0 + 0AZ)Az
Ay = f'(zg + 0Az)Az.

B BUIE

PaccmoTpum npusnoxenus dopmyisl Jlarpanxa.
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A) Teopema 5.8 (o mocrosiHHOI (YHKIMM, UMEOIIEH HA WHTEpBaJje
PaBHYIO HYJIIO IPON3BOAHYI0). Fcau y = f(z) dufpepenyupyema na un-
mepsaae (a,b) u ecrody na amom unmepsare f'(z) = 0, mo dynxyua f(z)
asasemca nocmoannot na unmepsane (a, b).

Joxazameavcmeo. Ilycts zo — HekoTopas (DUKCHPOBAHHASA TOYKA HHTEPBAJIA
(a,b), z — mobast Touka sroro unrepsasa. Cermenr [zg, z] C (a, b). Onpenenum
ceoitcTBa ynkuun f(z) Ha cermente [z, z]: manHas dynkuus guddepeniu-
pyeMa M HelpepbIBHA BCIOLY HA CErMEHTE [Ty, Z], CJIeJI0BATENLHO IPUMEHUM K
byukuun y = f(z) reopemy Jlarpan:ka Ha cermenre [zg, z]. [To qanHoi Teopeme
BHYTDH [Zg, ] Halinercs Touka € Takas, uro: f(z)—f(zo) = f'(€)(z—zp). Homo
yeaosuio Teopemsl f/(z) = 0 Bciomy Ha (a, b), cnenosatensuo f'(€) = 0, 3uayur,
f(z) = f(zo). Monyyennoe paBeHCTBO yTBEPXKAAET, YTO 3HAYEHHE DYHKIUHU
y = f(z) B moboit Touke = uHTepBasa (a,b) paBHO ee 3HAYEHHIO B DUKCHPO-
BAHHOI TOYKE Zo. DTO W 03HAYaeT, 4T0 f(&) MOCTOSHHO BCIOALY HA MHTEPBAJE

(a,b). Teopema nokasaHa. O

leoMeTpHyuecKuit CMBICI TEOPEMBI: eCJIM KaCcaTelbHAS B KaXKI0# TOUKE HEKO-
TOpPOr'0 y4acTKa KPUBOH Yy = f(m) napaJsuiesiba ocu O, TO yKa3aHHbBIA yda-
CTOK KpuBo#t y = f (z) HpPEeJCTABIsAET COOON OTPE30K MPSIMOM, MapaJljiesbHbIN

ocu Oz.

B) VYcimoBust MOHOTOHHOCTH (DYHKINN HA MHTEPBAJIE.

B kauectBe BTOpOro cienctBust GopMyibl JIarpaHka paccMOTpPUM BOIIPOC 00
ycnoBusix, obecneynBaionux HeyObiBaHue (HeBo3pacTanne) QpyHKUMK HA [aH-
HOM HHTEpBAJIE.

Teopema 5.9. [as mozo, wmobw gynxyua y = f(z), dupdepenyupyemasn na
unmepsase (a,b), ne yousasa (ne so3pacmana) na nem, neobrodumo u docma-
mouno wmobvl Npoussodnas amot Pynryuu bvaa neompuyameavnold (neno-

aooicumenvnoti) 6100y na Imom unmepeaie.

Joxasameavcmeo. Joctatognocts. [Iycts f'(z) > 0 (< 0) Bciogy Ha uH-
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tepsaJe (a,b). Tpebyercsa mokasaTs, uto f(z) He ybObiBaer (He Bo3pacraer) Ha
(a,b). Iycrs 1, To — mobble aBe ToukK MHTEepBasa (a,b), yroBierBopsiolye
yciouio T; < z9. Oynkuus y = f(z) nuddepeHuupyeMa 1 HerpepbIBHA BCIOLY
Ha cerMeHTe (Z1,T2). Ilpumenum k byskunn y = f(z) Ha cermenre [z, To)
teopemy Jlarpamka, nonyuum f(z2) — f(z1) = f'(7)(za— 1), 21 < v < z2. ITo
yenosuio f'(y) 2 0(< 0), za—z1 > 0. ITosromy npaBasi 4acTh HEOTPULATENbHA
(HernosIoXKUTeNbHA), YTO U JIOKa3biBaeT HeyObiBaHne (HeBo3pacranue) f(z) Ha
unrepsase (a,b).

Heob6xogumocts. [lycrs dyukuus y = f(z) audbdepenunpyema Ha nu-
~ tepsasie (a,b) u He ybuiBaer (He Bo3pacTaeT) Ha STOM MHTepBaje. Tpebyercs
nokasarh, yto f'(z) > 0 (< 0) Bciofy Ha 9TOM HHTepBaJe.

Tak kak y = f(z) He yObiBaer (He Bo3pacraer) Ha nnrepsaje (a,b), To sta
byHKUuA He MOxKeT yObBaTh (BO3pACTaTh) HU B OAHOI Touke MHTepBasa. Cile-
JIOBATEJIBLHO, B CHIIY JIEMMBbI O Bo3pacTaHuy (yObiBanun) byHKIHH, IPOM3BOLHAS
byukiuu f(z) HA B OfHOM TOYKE MHTEPBaJa HEe MOXKeT ObITb OTPULATEJBHOM

(I10JI0XKUTEIIBLHOI). O

Teopema 5.10. Jas mozo, wmobwv gynxyua y = f(z) so3pacmaaa (ybueara)
na unmepeaae (a,b) docmamouro, wmobs npoussodnas f'(r) bvuia nososrcu-

meavrotl (ompuyameavrotd) 6c100y Ha IMOM UHMEPEALE.

Joxazameavcmeo. AHATOrMYHO JOKA3aTENbCTBY T€OpEMBl 5.9 MycTb Zp,To €
(a,b), mpuvem z; < zo. [Ipumennm aus Gyukuun y = f(z) Ha cermenre [z, T2)
dopmyny Jlarpanxka , nonyaum f(z2) — f(z1) = f'(7)(z2 — 21), 71 <7 < 22.
Tak kak no ycnosuio f'(y) > 0 (< 0), To jeBast 4acTh JAHHOIO PABEHCTBA
NOJIOKATEbHA (OTpULATENbHA), YTO M J0Ka3blBaeT Bo3pacranue (yObiBamue)

byukuuu y = f(z) Ha unrepsaie (a,b). O

3ameyanue. OTMETHM, YTO MOJIOKHUTEIBHOCTD (OTPHLATENLHOCTD) IPOU3BOA-
Hoit f'(z) ua unTepBase (a,b) He sBNSETCA HEOOXOLMMBIM YCIOBHEM BO3DACTa-
nus (y6biBanus) byukuuu Ha unrepsane (a,b). Hanpumep, Gyuxkupns y = z°
BospactaeT Ha (—1,1), o f'(x) =0 npu z = 0.

Jlerko mokasaTb, uTo dyukuus f(z) Bo3pacraer (yObiBaeT) Ha HHTEpBAJE

79



(a,b), ecnu nponssonHas sroit byukiuu f'(z) monoxurensHa (oTpUIATENbHA)
BCIOLy Ha MHTEPBAaJe, 33 UCKJIIOYEHNEM KOHEYHOrO YHCJIa TOYEK, B KOTOPBIX 3Ta

NPOU3BOJHAS PaBHA HYJIIO.

Teopema 5.11 (Komm). ITycmy pynxyuu f(z) u g(z) nenpepwisns na [a, b],
Jugpepernyupyemu. na (a,b) u nyems g'(z) # 0 das Vz € (a,b). Toz2da nati-

demca vy € (a,b) maxoe, wmo

(6e3 moxaszaresbcTBa).

3ameTuM, uTo opMyna JlarpaHka ecThb 4aCTHBIH Cydail 3TOH TEOPEMBDI.
HeitcrBurensro, nycts g(z) = , Torma g'(z) = 1 # 0 u crenoBarenbHo

£O) = £@) _
b—a ’

Teopema 5.12 (npaBuito Jlonurasus). [Tyemo gynxyuu f(z) u g(z) onpe-
© deaennt u dudepernyupyemo, 8 HEKOMOPOL OKPECTAHOCTAY MONKYU T = Tg, KPO-
me Grmo moorcem camoli mouku, npuvem g'(z) # 0 das wobozo T u3 smot
oxpecmmocmu. ITycmo, xpome mozo,

lim f(z) = lim g(z) = 0. (5.8)

T—Tg T—To

Tozda, ecau cywecmsyem hm £z K, mo cywecmsyem maxoice u lim L@,
0 9'(@) sz 9(T)

npuNMeM BbLINOAHAETNCA paeeucmao

i 2y £10)

T—To g(l‘) I—Zo g (I)
Hoxasameavcmeo. Ecin dyukuun f(z) n g(z) He onpenesiensl B TOYKe Ty, TO
JIOOTIpEIENIIM MX B 3TOH . Touke, nosnoxus f(zg) = g(zg) = 0, Torma B cuiy
pasescTBa (8.17) orciona Gyzer cienosars, yro dynkuun f(z) n g(z) nenpe-
PBIBHBI B TOUKE Tp. PaccMOTpuM Mpou3BOJIbHYIO MOCIIEN0BATENbHOCT {Zy} —
T(, HAYMHAA C KAKOIO-TO HOMEpa 4JIeHBI 3TOH MOC/IEJ0BATENLHOCTH MONAJAI0T
B OKPECTHOCTb, (PUTYPUDYIOIIYIO B YCIOBUM TEOPEMbl. PaccMOTpUM CerMeHT
[0, zp), TE T — OOMH M3 TakuX YNEHOB nocnenoBaTeabHOCTH. U npuMenHuM K

sToMy cerMeHTy TeopeMy Komu. Bee yciioBusi BbINOJIHAIOTCS:
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1) f(z), g(z) uenpepsiBHbL Ha [Zg, Z,] (HempepbiBHOCTD Ha (T, T,] Creayer
u3 quddepeHnupyeMoCcTH; HEIPEPHIBHOCTh B TOYKE T CJIELYET U3 Crocoba,

onpeiesienusi 3TUX QYHKUUHE B TOYKE Tg);
2) dyukuun f(z) n g(z) puddepentupyemsr Ha (2o, T );
3) ¢'(z) # 0 aust 0Boro T U3 ITOM OKPECTHOCTH.

Urak, nonn3dyemcs: Teopemoit Kouu

fan = fl) _ flw) L,
g(xn) - g(CE()) - g/(f}/n)’ Tn € ( 0y n)-

[TosTomy

g(z'n) g/(’)’n). (5:9)

Yerpemum tenepb {T,} — o, TorAa u nomaBHoO {7y} — T, TaK Kak [0 yCJIO-
Buto Teopembl dyukuus f'(z)/¢'(z) umeer npenen npu T — g, TO B CHIY
onpezenenns no efiHe mMoc/ies0BaTebHOCTD {-g%%:l)} TaK>Ke HMEET Npejie [pH
n — oo pasubiit K. Ho Torga B cuiy pasencrsa (8.18) mociieoBaTenbHOCTD

g(zn)
miasaca K g, TO OTCIOlla B CHJIY ONpeaesieHusd IIpeesia (byHKU,I/IH no Teitne 6}’,&8’[‘

{ﬂx—"l} — K, a Tak Kak {Z,} — NPOM3BOJbHAS [OCJIENOBATEIBHOCTD, CXO/lsl-

cienoBath, uto bynxuus f(z)/g(z) — K npu z — . O

3ameuyanune. OueBuaHo, 4T0 TeopeMa 5.12 naeT BO3MOXKHOCTb PACKPbLIBATb

(=)

g'(z)
0 ' !

BHIA § U dbyukuun f'(z) u ¢'(z) yHOBIETBOPSIOT BCEM YCJIOBHSIM TEOPEMBbI, TO

HEONnpeaeJIEeHHOCTh BH O Q. Ecau 0 MpEeXHEMY €CTb HeOIlIpeaeJIEeHHOCThb
0

IIpaBHJIOM JlonuTaaa MOXKHO BOCHOJIb30BATHCS [IOBTOPHO.

Teopema 5.13. Ona dopmyaupyemcsa max osice xax meopema 5.12 moavko

yeaosue (8.17) sanuwemea lim f(z) = lim g(z) = oo.
T T—Tg
Sra Teopema NO3BOJIAET PACKPBIBATH HEONPEIENEHHOCTD BUJA o .

3ameuanune. [ns packpbiTUsi JPyruX HEOIPEJENIeHHOCTe! C MOMOIIBIO Mpa-
B JIomuTas UX Hy2KHO IpeIBapuTesbHO MPeobpa3oBaTh K OJHOMY M3 JBYX

PaCCMOTPEHHbIX BUIOB.
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ITpumep. 1) 0-co. 1131;10 f(z)-g(z) = limg_,q, —ﬁ—Ll/g:(‘z), f(z) =0, g(z)— oo
npu T — T9 => 5.
2) 1%°. lim [f(2)}?® = lim 9@ /(@) —
T—To T—Tg

00 TP T —+ Zo.

lim g(z)In f(z)
ez

®opmyna Teitnopa. U3secrHo, uro ecau dyuxuus y = f(z) nudbdepen-

LUpyeMa B TOUKE T = Zg, TOTJA UMEET MECTO PABEHCTBO:
Ay = f'(zg)Az + o(Az).
Otcioma f(z) = f(zo) + f'(z0) (z — o) + o[ (z — 20)], T = zo + Az. O603HAUNM
Py(z) = f(zo) + f'(z0) (z — zo)- (5.10)

Muorounen Py(z) obnanaer ceoitictamu: 1. Py(zo) = f(z0); 2. P{(z0) = f'(z0).
[Ipennonoxum teneps, 4yro dyukuns y = f(z) B Touke z = z7 uMeer
- npousBoaHble nopsiaka n (rae n € N) u nonsitaemcs npeAcTaBUThL BGYHKIMIO B

BUJIe CyMMBI IBYX CIaraeMbIX TOTO e kJacca, 4to u B (7.9)

f(z) = Pu(2) + o[(z — 0)"),

rae P,(z) — MHOrounem cremeHu n, DACIONOKEH MO CTENEHAM DPa3HOCTH
(z — 20), To ectb Py(z) = ag + a1(z — 7o) + az2(z — z0)2 + ... + an(z — 20)" u

obsaaeT CIeNyIOIUMA CBOACTBAMH:
1) Pa(wo) = f(zo);  2) Po(zo) = f'(zo); -..; n+1) P{(zo) = f™(xo).
Wcnonb3ys pasenctso P,(zg) = f(zg), 1erko onpenesum KOHCTAHTY ag:

ag = f(zo),

tak kak P,(z0) = f'(z0) n P.(z) = a1 + 2as(z — 7o) + 3as(z — z¢)* +..., T0
a1 = f'(zo).

Ananoruano P (zo) = f"(zo) u

Pl(z) = 2a3 + 3 - 2a3(x — ) + 4 - 3as(z — 20)2 + .. .,
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T0 203 = f"(zy) =

f"(z0)
e T
Ananorugno
_ f"(=0) _ f™(z0)
az = 31 y ey Qp = al g
Takum obpaszom, MosyIuM
f/ z f// Ty (n) Ty
P.(z) = f(zo) + ~—(1'—0)(z — zg) + %(z —zo)? 4.+ ! n(' )(:1: — zo)".
Ocranocs nokasats, uro f(z) — P,(z) = o[(z — z9)"], To ecrn
- P
lim fiz) — Fuls) =0.
I—Zg (1} - 1,‘0)"
Bocnonsayemcs npasusiom Jlonuralis
-P ' —_p " _pr
i LD =BE) _  F@-RE) @R
z-z (& — To)" g—zo n(x — 20)""! 2=z n(n — 1)(z — )"~
- i R =RYE)
T =T n'
(B cuuty pasencts 1, 2, ..., (n+1) 31ech Mbl BCSIKMH pa3 uMeeM HeOIpejiesieH-
nocts Braa §). OKOHYATeNbHO Mbl 10Ka3a/H, 9TO
f'(zo [ (o
f(z) = f(zo) + —(1'—)(:3 —z9) + ;! )(w —~2g)? 4.
™) (g
+-————f n(' 0) (& = mp)™ +of(z — 20]"].
Ionyyennan cdopmyna nasbiBaercs dbopmynoit Teitnopa, of(z — zo)"] — Ha-

3bIBAETCS OCTATOYHBLIM 4iieHoM (opmysisl Teitsiopa B dbopme [Teano. Popmyina

Teiinopa umeer u apyrue $hb