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Inmaa 1. InddepernmaiibHoe UCHUNCIeHUE (DYHKIINN

MHOI'uX nepemMeHHbIX

§ 1.1. BcnomorarennbHbie CBEIeHNsI U OIpeaeeHust

1. M3BecTHO, YTO Kax/1ad TOYKA NPAMON XapaKTepusyeTcss OMHUM YUCIIOM:
My (z1), Ma(zs). Paccrosnne mexcay Toukamn My u My Haxoaurea no dbopmydie

p(My, M) = |3 — 21| = /(22 — 1)

B aTom citydae 6y1em rOBOPUTD, YTO MMeeM ORHOMEPHOE €BKIIH0BO MPOCTPaH-
creo R

£-OKPECTHOCTBIO TOYKH A(a) B 3TOM IIPOCTpaHCTBE HA3BIBACTCS MHTEPBAJ
(@ —¢€, a+€) wim MEOXKecTBO TodeK M (), HONYHHSAIOLINXCS YCIOBUIO

p(M, A) <e.

2. Kask1a4 To9Ka MJI0CKOCTH XapaKTepu3yeTcsl YIOpsiIoYeHHOMH napoi qucet
M (z,y). Paccrosnue mexy asyms todxami My (2q, y1) 1 Ma(z2, ya) Haxomur
ca o dopmyJie

p(My, M) = /(2 — 21)% + (y2 — y1)2.

B sToM cayuae 6yemM TOBOPUTD, YTO MMEEM JByMEDHOE eBKJIULOBO IPOCTPaH-
crBo R2,

£-OKPEeCTHOCTBIO TOYKH Mo(Zp,Yo) HA30BEM MHOXKECTBO TOYEK [LIOCKOCTH
M(z,y), yAOBIETBOPSIIOMUX YCIOBHIO

p(Mo, M) <€ wmma +/(z—20)2+ (y —10)% <&

) _( 1 2 (2 2
[To aHayTOrny paccMOTPUM TOYKH Ml(ac(l ) zg ), §573 xsn)) u Mg(zg ), a:(z - mﬁn)),
DACCTOSIHUE MEXK/Iy STHMU TOYKAMH BBELEM 110 hopmyJie

oM, M3) = /(e — a2 + ) — a2 4+ @) - 2P (1)

Onpepenenne 1.1. Ipocmpancmeo, 6 xomopom xascdas movuka onpedens-
emes Ynopadouernbim nabopom «ms 0etiCmEUMEeAbIbIT WUCEN, G PACCTNOAHUE
MeotcOy 0syma mowkamy onpedessemca popmyaot (1.1), noa3veaemes «ms-
MEPHBIM e8KAUDOBHIM TPOCTAPAHCTEOM U 0bosnavaemesn R™.



0 0
Onpepenenne 1.2. e-oxpecmnocmvlo mouky Mo(ac(l ), - .,;cﬁ,)) € R™ nasoi-
saemca muootcecmso movex M(zy, ..., Tm), Y00BAEMBOPAOUUT YCAOEUIO
p(MO, M) <€
U

\/(:cl —xﬁo))2+.. A+ (zm —~x$2))2 <E
uAU
(z1 — :13(10))2 I (a:m = :c(mo))2 <g
amo «m»-mepnbiti wap ¢ yenmpom 6 (-) My paduyca €.
Onpenenenne 1.3. Touxa My Hasvisaemca enympenneld mouxot mHogice-

cmea D C R™, ecau cyuecmeyem maxas €-0Kpecmuocmd 3motl mouky, Ko-
TMOPAs UEAUKOM NPUHAOAEHCUT, JaHHOMY MHOsceceYy (cm. puc. 1 das R?).

Ornpenenenue 1.4. Muooicecmeo D C R™ nazvigaemca omepuimoLm sMHONMCE-

CMeoM, eCAlY 210005 €20 MOYKA ABAAETNCA 6Hympeuweﬁ,.

Puc. 1

Onpepenenuve 1.5. Toyka P Hasvisaemes epanudHoll movkot MHOMCECMBa
D, ecau mobas oxpecmmocms 3mot MoKy Co0epHCUmM Kak MOKY, NPUHAOAL-
orcaugue mroscecmsy D, max u mowxu, ne npunadaedcawsue emy (em. puc. 1).

Onpenenenune 1.6. Ecau & omxpuimomy muoxcecmay dobasums ece €20 2pa-
HUYHDLE TNOYKU, MO NOAYYEHHOE MHOICECTNBO HA3BIBAELTNCA 3AMKHYMDIM.

a<z<b

— 3aMKHYTO€ MHOXKECTBO HucC. 2 2
c<y<d (. 2)

IIpumep 1.1. D:

Ipamep 1.2. D: (z — 1)? + (y — 2)2 > 1 — oTkpwIToe MHOXeCTBO (puC. 3).
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A A2

Puc. 2 Puc. 3

Onpepnenenue 1.7. Mroocecmseo D C R™ Hasvieaemea 02panusenmnvLm, eCal

8CE €20 TOWKU NENHCAM BHYMPU HENOTOPO20 T-MEPHO20 Wapa (PUC. 4).

Puc. 4

Onpepenenne 1.8. Henpepuishot kpusoli L 6 R™ nagvisaemes mHoHcecmeso
MoYex 9Mo20 NPOCTMPAHCTNEA, KOOPOUHATDL KOMOPYL X1, - . ., Tm NPEOCTABAA-
10m co6oti nenpepvienvie Pyrryuu napamempa t, t € (o, f):

71 = p1(t)
Ty = pot) | (1.2)
Tm = @m(t)
Onpegenenne 1.9. Bydem zosopums, wmo mowku Mi(zh, ..., zh) u
May(z2, ..., 22) mooicno coedunumv nenpepwienot xpusot L, ecau
= pi(@); Zm=p(a); ... zL =), a
= o) =B - Th=ealB).

Ounpegenenue 1.10. Mroorcecrnso D na3weaemes c8A3HbIM, ECAU, A0ObLE €20
d6€ MOUKU MOHCHO COLQUHUMD HENPEPuIsHOT Kpusot, 6ce mowky Komopot npu-
HAOAEHCATN, ITMOMY MHOHCECTNBY.



CBABHOE He CBSI3HOE
Puc.5

§ 1.2. ITocnemoBaTenbHOCTH U ee npegea B R™

Pacemorpum B R™ mocnenoBaTenbHoCTh Touek M (n) (x&n),zgn),...,a:g')),
n=1,23,...u obosuauum ee {M™}
Onpenenenne 1.11. Touxa A(ay,as,...,an) He3BBaAEMCA Npedesom NOCAE-

dosamesvrocmu {M™}, ecau dan awbozo € > 0 natidemea maxoti Homep
N = N(g), wmo paccmoanue meocdy M™ u A mooicem 6oimv cdeaarno mernn-
we €, kax moavko n > N, mo ecms

p(M™ A) <e, n>N.

Obosnanams smo 6ydem max lim M™ = A. INocaedosamenvrocmv, umero-
n—oo

wyro npedes, Ha308em crodauetica.

Jlemma 1.1 (o nokoopaunaTHON cxomumoctn). s mozo, wmobw nocae-
dosamenvrocmy {M™}, MM (a:&"’), . 1:5,?) crodunact & mowke A(ay, . . ., 0m)
HEOOTO0UMO U JOCTMAMONHO, MOObL COOMEEMCMBYIOULUE NOCAEA0BAMEADHO-
cMu K00pOUHAT, NEPEMEHHOT TMOYKY CTOOUAUCH K KOOpouHamam mouku A,
(n) (m)

1

mo ecmov lim 27" = ay, ..., im zm’ = ap.
n—oo 5 n—00

Jloxasamesvemeo. Heobrodumocms. [ycrs im M™ = A, 1o ectb
Ve>0 IN=N(): Vn>N = pM™ A)<e wm
\/(xﬁ") - al)2 + (mg") = a2)2 e (ms,'{) - am)2 <e =

@™ —a)?+ (2P — @)’ +.. 4+ (@ —an) < mm n>SN =
(n)
1

lzi’ —ail<e, n>N = Iingn):al



2" —ag) <6, n>N = limz{’ =g,
Nn—00

20 —anl<e, n>N == limz{® = apn.

Lloemamonnoems. Tyers lim :cgcn) = ag, k= 1,2,...,m. Torga mo Jwo-
n—o0
Gomy € > 0 AN, = Ny(e): Vn > Ny = |x§") - <e
3N2=N2(E)I Vn> Ny = lzgn)——a2|<5, s

I N = Ng£) : Vo> Ny = |2l ] <&

Obosnaaum uepes N = naub(Ny, Ny, ..., Ny), Toraa anst n > N umeem
p(M™, A) = \/(xgn) = a1)2 Eoueid (I(TZZ) = am)2 <
< Vel+er+ ... +et=eym,
TO €CTh 7}1_1)1010 M® = A. Jlemma joka3aHa. O

OTMeTHM, 4TO BCE CBOMCTBA CXOJSIIIUXCS [OC/EI0BATEIbHOCTEH ONHOM Ie-

PEMEHHOH UMEIOT MECTO U [JIsl «1M»-MEPHOI CXOIAIeHCs NOCae0BATE/IBHOCTH.

§1.3. ®yukuus «m» MepeMeHHbIX U ee Ipenei

Onpenenenue 1.12. Togopam, wmo na muosxcecmee D C R™ 3adana gyrx-
yu, ecau Kaocdot mowxe M(zy,...,Zm) € D no onpedeaennomy saxony cma-
BUMCA 8 COOMBENCMBUE HEKOMOPoe “ucao u. Muooicecmeo D nagwsarom 06-
Aacmvio onpedesenun GyHKYUY.

370 HaKT KOPOTKO 3AMUCHIBAETCH TaK
u=f(M), Me€D wmu u=f(z1,22,...,Zm)

Yueno u, cooTBercTByolee (bUKCUPOBaHEOH Touke M € D, Ha3bIBAIOT Yact-
HbIM 3HaYenueM GbyHKIME. MHOXKECTBO BCEX YACTHBIX 3HAYCHHMM, KOTIA TOYKA
M «1poberaer» BCio obyacTs D, Ha3bIBAIOT MHOMKECTBOM YACTHBIX 3HAYEHWH
dyuxumm. o

Ecnu m = 2, To numyt v = f(z,y); ecna m = 3, To u = f(z,y, 2).
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IIpumep 1.3. u = /1 — 22 — 3. Haityiem obnacts onpejenenus QyHKIUH.
Ouesngro 1 —z2 —y% > 0 = 22 +y% < 1 — xpyr ¢ nenrpom 8 0(0,0), R =1

(puc. 6).

Ipumep 1.4. u = (/sin(z? + y?). O6nacTs ONpee/ennst 381a€TCs yCIIOBHEM
sin(z? + y?) > 0. Bnaunr 7k < P +y? <+ 21k, k=0,1,2,...
Ilpu k = 0 umeem 0 < 22 + 9 < m;
k=1 umeem 21 < 22 +3y? < 3w u 1. 4. (puc. 7).

2
2

2/

Puc. 6 Puc. 7

Kax usBecTno, byHKIUS OJHON IEpEeMEHHON U300PaXkaeTcsl Ha MIOCKOCTH B
BUJIE JIMHUM, onpee/enHol ypapHenueM y = f(z). PacemorpuM dbyHKImo 2-x
nepeMeHHBIX 2 = f(z,V), onpeleeHHyI0 HA HEKOTOpOM MHOXecTBe L. Bribe-
pem npowusBoJbHYI0 TouKy Mo(To, yo) € D u Boruncamm 2o = f(Zo, yo). Torma
nonyanM Touky Fo(Zo, Yo, 20), PACTONOKEHHYIO B 3-X-MEPHOM IPOCTPAHCTBE.
[locrynmas Tax co Bcemu Touxkamm M panHOoro MHoxectsa D), Mbl MONyuuM
HEKOTOPYIO MOBEPXHOCTh, ypaBHeHMe KoTopo# z = f(z,y). [Ipn sToM mpoex-
IS TOM TOBEPXHOCTH HA, TIIOCKOCTh £(JY eCcTb MHOXKECTBO [J. DTy NOBEPXHOCTD

z=flxy)

i
i ¥

¥ GyJIeM CHUTATb FEeOMETPHIECKAM &
u3obparkenneM GyHKUMN JABYX IIe-
pemenHbix (puc. 8).

OueBngno, uto ecim m > 3,

TO HMKAKO{ IeOMeTpHYecKol uH-

I
]
4
1
|
¢

TEepIIpeTalMy He CYUIECTBYET.

Puc.8
Brenem reneps noratre npepena hyHKINH.
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Onpepenenue 1.13. Touxa My nasweaemces npedessnoti moukot mHoowce-
emea D, ecau 6 aoboti okpecmmuocmu mouky My ecmv mouxa A € D, om-
aunnas om mouku My. Towka My moocem npunadsesncamd muoxcecmsy D,

a MOHCEM U HE npuHathemcamb emy.

Hycrs dynkuua u = f(M) 3agana Ha mMHOXecTBe D, u My — npegenbuas
TOYKA ITOI0 MHOXKECTBA.

Oupegenenne 1.14 (no Teiine). Queao a Hasveaemes npedesom GyHEuUL
u = f(M) npu cmpemaenuu mowku M x mouxe My, ecau ecaxoli nocaedo-
sameavnocmu {M™Y} uz obracmu onpedeaenus D, maxot vmo M™ £ M
u {M (n) } cxodawetica ¥ My, cOOMBEMCMBYIOWARL YUCLOBAR NOCALO08ATNEND-
noemd {ulM} = {f(M™)} cxodumea x wucay a.

ITpumep 1.5. Haiitu npegen dbyskuun v = = — y + 1 1npu ycioBum, yTO
M(z,y) — My(1,0).
Pewenue. O6nacTpb onpefienenust JaHHON pyHKUnKU D — Best MAOCKOCT. Bribe-

2
peM IPOM3BOJILHYIO NOCHENOBATENbHOCTH M 0 E’r_l—l, E’%) — My(1,0).
Torpa
M = ) = 2n _
u\ = f(M\W) = - 1=
it ) n—1 mn?+5 *

n+on—2n+2n+nd—n?+51 -5
(rn—1)(n2+5)

3 12 5
2n3_3n2+12’n—5__2—;+;§—?_+2, " — co.

TN S T T .
n ne+on 5 1n+? w3

Ii

OaHaKo, MbI He MOXKeT TIOKa yTBEPKIATh, YTO a = 2, TaK KaK B OIpe/e/IeHIH
Tpe6yercs, 4Tobb @ = 2 A5t MoBOR UKCIOBOY nocsienopaTensroctu { MM} —
MO(L 0)

Mycrs M™(z,,y,) — My(1,0), 0 ecb 2, — 1, yo — 0. Torga

= fMN) =g, —y+1 > 1-041=2
SBuaunr ¢ =2u lim (z+y—1)=2.
M—My

Onpegenenune 1.15 (no Kowmn). Yucao a nazesaemes npedesom @ynryuu
u = f(M) npu cmpemaernuu mowcu M x mouxe My, ecau daa mobozo cxonw
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Y200HO MANO020 TOACIICUTEADHOZ0 YUCAL € HATOEMCA MOAOHCUTMEADHOE YUCAO
§(€), maxoe wmo dan ecaxux mouex M, maxux wmo p(My, M) < € evnoana-

emcs nepasencmeo | f(M) — a| <e.

3anumeM CUMBOJIMUECKH ONpelesenus npejena gyHkuuu no lefine u no

Komn:
no Tetre: V {M™} € D, M™ # M,

(MO} — My = {u) = {f(M)} - a
no Komm: Ve > 036 = d(e) > 0
VMeD, 0<p(MM)<dé = |f(M)—qa|<e.
Oba ompeneneHns KOPOTKO 3alMIIeM TaK

lim f(M)=a.

M—"Mo
leomerpuyecku Mhnlll/[ f(M) = a o3uadaet, 4TO KaK TOJbKO Touka M nona-
— M,

naeT B §-0KpecTHOCTh ToUKM My, Tax snauenus dyukimn u = f(M) nonagaor
B £-OKPECTHOCTH YHCJHA @, TO €CTh B HHTEpBa (a — €,a + €).

PaccmoTrpum wacTHbe ciyyau:
1. My = 00; a # 00. 3anumiem CHMBOJIMYECKH.

Onpenenenne 1.16. A}im (M) =a <> Ve >03A =A() > 0 cxoav

y200no Goavwoe, maxoe wmo |f(M) —a| <e, VM € D u p(M,0) > A.

I EOMETPUMIECKasT UHTepIpeTalusd.
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2. My A e, i = 60,
My +# ; a m,TeA}gljlvjof(M) 00

Onpepnenenune 1.17. Tosopam, wmo ¢ynryus u = f(M) cmpemumca % bec-
Komeunocmu (beckonewno oavwan) npu cmpemaenuy mowku M x mowxe Mo,
ecau 0an m06020 ckoab y200m0 boavwozo E wnaiidemea § = 6(E), maxoe wmo

[f(M)]>E, YMeD u 0<p(M,M) <.

[CeoMeTpuyecKast HHTEPIIPETALHST.

3. My=o00;a=o00,1e lim f(M)=o0.
M—-o0
CdopMynupoBaTh U AaTh '€OMETPHIECKY0 HHTEPIPETALNIO CAMOCTOATeNb-
no. Ilonesno TakxKke JaTh ONpeAeseHue Mpejeia (yHriunn 6 [eflde BO BLEX
3TMX YACTHBIX caydaax (caenaiite sTo!).
Hns dyHKoudt MHOTHX TepeMeHHBIX, Kak u it hbyHKUMH OgHON nepeMeH-
HOH, HMeeT MecTO

Teopema 1.1. Ecau Mh_r’%[of(M) =@y N}L%UQ(M) =b, mo

Jim (M) £ g(M)) = Jim f(M)& lim g(M)=a+b

s (f(M)-g(M)) = lim f(M)- lim g(M)=a-b
lim f(M)

u-iy g(M) Moo o(M) b

(b #0).

([lokazaTenbeTBO NOJHOCTBIO TIOBTOPSAET Caydail (hyHKIMM OJHON NepeMeH-
HOM).

CripaBeLTUBBI TAKKE H JPYTHE Te0peMbl 1Jisi hyHKLUH MHOIHX [[€PEMEHHbIX,
HMELUX npeze B Touke My, KOTopble paHbile JOKA3bIBAJINCH 1t Dy HKIIHH
OJIHOM TIepeMeHHO, uMellell npened.
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§ 1.4. HenpepbiBHOCTD (DYHKLIMN MHBOTHX II€PEMEHHBIX

[Iycte dbyskuns u = f(M) onpenenena na Muoxkecrse D, My € D u spns-
eTcs IpefieIbHOM TouKoi# MHOXecTBa, D.

Onpenenenne 1.18. Oynxyusau = f(M) nasvisaemes HenpepusHot 8 movke
My, ecau cywecmeyem

Jim (M) = £(My). (13)

Oupenenenne 1.19 (o Teitne). Qynxyus u = f(M) naszwsaemcsa nenpe-
pwieroti 8 mowke My, ecau das moboti nocaedosamenvrocmy {M™} € D,
{M (")} — My, coomeemcemeyiowas HUCA08aA NOCAETIOBAMEABHOCTIY

{f(M™)} — f(Mo).
Onpenenenne 1.20 (no Kommu). Pynuxyus u = f(M) nasweaemca nenpe-

pusnoli 8 mouxe My, ecau 0as awbozo cxoab y2o00Ho manozo € > 0 3§ =
§(e) > 0, maxoe wmo '

|f(M) — f(Mo)| <&, p(M, M) < 6.
Jlanum onpenesnenne HEMPEPHIBHON B TouKe (DYHKUMH Ha «sA3bIKe» lpHpa-
uenuii. PaBercrio (1.3) MoXKHO nepenucaThb

lim f(M) = f(Mo).

11—z

zg—v:cg

Sl

O6osnaunm T; — 2§ = ATy Ty — 19 = Ay ... T — 20 = ATy —
MPUPAIEHNs] APTYMEHTOB.
Obo3nauum

Bu = f(M)— f(My) =

= fla) + A, ) 4 Ada, oo o oDty — Flad 6l .., 22)

— TOJIHOe Ipupalesne GYHKUMY B ToYKe My, COOTBETCTBYIONIEE TPUPAIEHISM
aprymeHToB Azy, . .., ATy,.
W3 pasencrsa (1.3) creflyerT paBeHCTBO

lim Au=0. (1.4)

Azy—0
Azm—0

Taxum obpazom Jaaum
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Onpenenenne 1.21. Qynxyua u = f(M) Hasweaemesa nenpepvierol 6 moy-
xe My, ecau 6eckonenno MasoMY NPUPGUWEHUN APZYMEHMOB COOMBEMCMEYEM
beckonernno Maroe NPupaueHue GyHKyUL.

Beeaennsie Boie onpeenctns (1.18-1.21) HenpepbiBHOCTH DYHKIMYU B TOU-
Ke Oy/J1eM Ha3BIBATD HENPEPHIBHOCTHLIO (DYHKLIUY [10 COBOKYITHOCTY IEPEMEHHbIX.

MoxHO Takz<e BBECTH MNOHATHE HermpephiBHON B Touke My dyHkuuu no of-
HOM U3 nepemeHHbIX. [IycTs, HanpuMep,

Az, #0, Azy=Az3=...=Az,=0.

Torma Agu = f(zd + Azy,123,...,2%) — f(z2,23,...,2%) — dacrroe npupa-
wenve byuxkuun u = f(M) no nepemeHno# 1 B Touxe M.
®ynkumst v = f(M) Ha3biBaeTCs HEIPEPEIBHON B To4YKe My IO IepeMeHHO
Z1, €CJTH BBIMONHAETCS PABEHCTBO 1;1120 Agu=0.
1

AHaJIOrHYHO MOYKHO BBECTU TOHSITHE HENpephIBHON B Touke My dyHKuuu
1o Jixobolt NepeMeHHON Ty

0,0 0 0,0 0
B Flol o, . ool 4 Bl vy o s B — B0 80 vy By - o B)

Onpenenenue 1.22. Qynryusu = f(M) nasweaemea nenpepuenot 6 movke
My no nepemennott Ty, €CAU BBNOAHACTNCA PABEHCMB0

AlxlgOAzku =1, (1.5)

3ameruM, 9To U3 HenpepsiBHoCcTH dyHKuuu u = f(M) B Touxke My no co-
BOKYIIHOCTH IIEPEMEHHBIX CJIe/lyeT HEeMpPepbIBHOCTb 3TOH yHKIMA B Touke M
o Kaxjoi nepemenHoit xx. Obparnoe, BoobIIE roBOpsi, HE BEPHO. DTO yTBep-
JKIEHNE OYEBHIHO CJIe/yeT M3 [eoMeTpHYecKuX coobparkeHuid. [lecTBHTEND-
HO, HEMPEePBIBHOCTb B TOYKe My 0 COBOKYIIHOCTH [EPEMEHHBIX O3HAYAET, YTO
Au — 0, Korga nepemetnas rouka M crpeMuTcs K dhukcHpoBaHHOM ToukKe My
no wobomy nymu (puc. 9). HenpepbIBHOCTD XKe N0 KaxJ10# NepeMeHHol B ToY-
ke My (Haupumep, Mo EpeMEHHOR T1) O3Hadaer, 4ro mpupaienue Ay — 0,
Korjia nepeMeHHas Touka M crpemuTes K Touke My, ocTasasicb Ha npamod, na-
panseNbHOM COOTBETCTBYIONEN ocu (B HalueM ciydae napajieisHo ocu Ozp)
(puc. 10).
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XA XA
0 } M(x A x,,x3)
1= L= SR
l |
+ B o —p
0 %, X 0 X X
Puc.9 Pue. 10

ITpuBenem 6e3 J0Ka3aTEILCTBA OCHOBHBIE CBONCTBA HEIPEPBLIBHBIX B TOYKE
My dynxuuli MHOrMX TEepEMEHHBIX, TIOCKONBKY OHM B OCHOBHOM aHAJNOIUYHbI

JIOKA3aTeNbCTBAM COOTBETCTBYIONMM CBOUCTBAM (DYHKLMY OLHON NepeMeHHON.

Teopema 1.2. Ecau f(M) u g(M) nenpepwsns, 6 mouxe My, mo f(M) +
g(M); f(M) - g(M); f(M)/g(M), (9(Mo) # 0) nenpepmeno 6 moke My.

Teopema 1.3 (0 coxpaHeHM¥ 3HaKa HenpepbiBHOW GbyHKumn). Ecau
f(M) nenpepwena 6 My, f(My) # 0, mo cywecmsyem okpecmuocms moy-
xu My, maxas wmo das 6cex movex M ua 3moti oxpecmHOCTIY, BHNOAHAECA
ycaosue

sgn f(M) = sgn f(Mo).
Teopema 1.4 (0 HenpepbIBHOCTH CJIOXKHON dyskuuu). [Tycms 3adamns.
Pyrryuy

= Prlbiglay- s tn)y B=1,2 ..M, (1.6)

onpedesenmvie Ha muoocecmse D C R™ u npunumerowsue snavenus Ha J.
" nycmo

U= f@B1; Tgy on 5T )- (1.7)
onpedesenv, Ha mmosicecmee J. Toeda 6ydem zosopumnv, wmo na D 3adana
CAODICHAA PYNKUUA

U = f((p] (tl, o .7tn),(P2(t1, vy .,tn), o .me(tl, vaey fn)) (18)

Eeau dynxyuu (1.6) nenpepwiense 6 nexomopoti mouxe No(th, ..., t0) € D,
a dynryus (1.7) nenpepwena 6 mouxe My(z%, 29, .. .,2%), 2de
29 = (83,83, .. ., t0), k= 1,2,...,m, mo caoorcnan dymxyua (1.8) nenpepvic-
Ha 8 mouxe Ny.
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By,u,e'r MOJIE3HO MPOBECTH A0KA3aTEJIbCTBO 3TUX TeopeM CaMOCTOATEIbHO.

Ounpenenenne 1.23. Qyuxyuau = f(M) nasweaemcs HenpepusHot Ha MHO-
oicecmee D, ecau ona HENPEPBIBHA 8 KANCOOT MOYKE IMO20 MHOIHCECTNEA.

3aMKHYTOe OrpaHUYEeHHOE MHOXKECTBO, B KOTOPOM onpeJeiieHa QyHKIus m
NIePEMEHHBIX, SIBJISIETCS AHAJIOIOM CEerMeHTa sl DYHKIUN OJHON NiepeMeHHON.
Bee TeopeMbl, JoOKa3aHHbIE B CBOE BPEMS JIJIA HENIPEPLIBHOM Ha cerMeHTe PyHK-
UM OZLHOTO NEPEMEHHOT0, OCTAIOTCS CIIPABEIIMBLIMA U 11 PYHKIMKE MHOTHX
[IEPEMEHHBIX, HEIIPEPLIBHON HA 3AMKHYTOM OrpaHuveHHOM MHOXecTBe. Hampu-

Mep, CIIPABEJIUBbI

Teopema 1.5 (1-a Teopema Beitepuirpacca). Ecau gynxyua u = f(M)
HENPEPLIEHE HA 3AMKNYMOM 02PAHUNEHHOM MmHodcecmee D, mo ona oepanu-

YEeHA HA ITNOM MHONHCECTNEE.

Teopema 1.6 (2-a Teopema Beifepmrrpacca). Eeau dynxyua u = f(M)
HENDPEPHIBHA HA 3AMEHYTNOM 02paHUYeHHOM MmHodcecnee D, mo ona docmuza-
EM MG HEM CEOUT TNOYHLLET 2PAHUY, MO ecmb cywecmsyrom mowku My € D,
My € D maxue, wmo

f(My) = inf f(M); f(Ma) :;g%f(M)-

MeD

Teopema 1.7 (teopema Kanropa). Ecau dynryus u = f(M) nenpepviena
HA 3AMKHYMOM 02DAHUNEHHOM MHodcecmee D, mo ona pasHOMEDHO HENpepbis-
Ha WA IMOM MHOYICECTEE, MO ecmb 0ai awbozo € > 0 cywecmsyem () > 0
maxoe, wmo oan sobux deyr movex M', M" € D u ydosaemeoparowuz ycao-
suto p(M',M") < § ewnoansemes nepasencmeo | f(M") — f(M")] < e.

§ 1.5. Yacrabie npousBonbie 1 auddepeHnupyemMocTs (QyHKIUN
MHOTHMX NE€PEMEeHHbIX

Pacemorpum dyukuuio u = f(M), dukcuposantyio Touky My U nepemen-
0 0 0
nyio Touky M(z{,...,2%_,, 2] + Az, 20.,,.. .22).
PaccmoTpum vacTHOe npupamienne dbyskipu o nepeMerHol o (Agu). Co-

z; U

AIk '

CTaBUM JpoOb
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Onpepnenenue 1.24. Ecau cywecmayem xonewnvitl npeden 0mnouwenua 4acm-
HO20 NPUPGUEHUA GYHKYUL N0 nepemertot Ty 6 movxe My x npupawenuro ap-
eymenma Az npu yeaosuu Az, — 0, mo amom npedes nazvigarom wacmmuot
npouasodnoti gynxyuu v = f(M) 6 mouke My no nepemennoti Ty u 0603Ha-

U !
Yaom — ul (Mp):
oxy Mo’ x’°( 0)

Ou| _ . Az u
62?]5 Mo Aze—0 A.’Ek

(19)

3aMeTuM, YTO HaxoLs MpupalleHue QYHKIMH M0 NMepeMeHHON Tp MBI BCE

apryMenThbl BYHKIHN CYUTAEM QUKCUPOBAHHBIMHA, KPOME Tk, TO €CTb Mbl pabo-
ou

TaeM ¢ hyHKIHeR OHOr0 IIePEMEHHOTO Zk. [109TOMy HacTHas IPOU3BOHAS o~
Tk

9TO BCE PABHO, 4TO 0OBIYHASA HpousBoanas dhyukuyu u = f(M) no nepemenHoR
Tk, KOTJA BCE OCTANIbHBIE ITepeMeHHbIe 3a(UKCHPOBAHBI.

Ipumep 1.6. u = e~ @*~¥") 4 sin(zy?). Haltnem yacTable MpOM3BOIHBIE.

0
—aﬁ = e @ ¥)(—2z) + coszy? - 3 = —2ze @) L ¢ cos(ay?),
i

6’114 __(1.2__ 3) 2 2

— = e V). 3y* + cos(zy?) - 2zy.

oy
Ou

Duzruecknil CMBICI YACTHOH NPOU3BOLHOM Sg. — CKOPOCTb UsMenetis:

Tk

dbyskumu B Hanpasaeruu ocu Oxy.
A renepy mamum nousitue muddepenuupyemoctn ynxkuun v = f(M).
Mycts Mo(29,29,...,2%), M(z9 + Az, ..., 20 + Az,,). Paccmorpam nomsoe

npupanienve GyHKIuA B Touke My:
Au = f(M) — f(My).
Onpepenenne 1.25. Oynxyusa u = f(M) nasweaemca dudpdeperyupyemor

8 mouke My, ecau ee noanoe npupawenue 8 3moti mowke modicem 6oims nped-

cmasumo 6 eude
Au = A1Azy + AsAzg + . ..+ AT + 1Az + ..+ e ALy, (110)

20e A1, A, ..., Ay — HEKOMOPBIE NOCTMOAHNBE, He3asucAuue om ATy, Az,
35wy N« 08 OV 50
Al'g, ceey ACL'm.

Q — beckonewHo maavie GyHKUuY apeymenmos Az,

%2
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Obosnatium uepes p = /(Az1)? + ... + (Azp)?; reoMeTpryecKy p sBIAET-
csl paccTosHueM Mesky Toukolt Mo u Toukoit M. OgeBuano, yro p — 0 Torna
1 TOJNBKO Torua, koraa Az, — 0,..., Az, — 0.

[MokaxkeM, 4To

Az + aAze + ... + Az, = 0(p), p—0.
alAa:l T amAzm

JlJ1s1 3TOro JOCTATOYHO [IOKA3ATH, UTO - — 0 npu p — 0:
a1 Az + asAzxg + ...+ anAz, . Az
= |aq Ao s HF
p V(A2 + ..+ (Azpy)?
+ lem < log) + |ao) + ... + |am| = 0 mpup— 0,
\/(Azl)l +... 4 (Azpy)?
Al‘k

T. K. - <1
V(AZ)2 + ...+ (Azp)?
Taknm obpasom, yenosue anddepenmupyemocTu (1.10) MOXHO mepenucarh

TaK:
Au = A Az + AsAzs + . . . + ApAzy, + 0(p). (1.11)

Teopema 1.8. Ecau pynxuua v = f(M) duddepenyupyema 6 mouke My, mo
OHA U HENPEPHEHA 68 IMOT MOoKe.

oxasameavcmeo. Bocnonsayemes yenosuem auddepernupyemocty (1.10) u
Hailgem

3311110 Au = Alzllrgo (A1A-’El + .+ ApAzy, + Az + ..+ anAzy,) = 0.

RBE Bam—+0

0
Ou

Samevanue. M3 cywecmsosarus 110601 wacmnot npoudeoonot B—J:k 8 MmoKe
My caedyem nenpepvierocms MoALKe N0 NEPEMEHHOY Ty, 6 IMOTU TOYKE.
Teopema 1.9 (meobxomumoe ycinoue pudpdepenuupyemoctn). Ecau
pynxyua v = f(M) Jugdepenyupyema 6 mouxe My, mo ona umeem 6 smot
TOYKE 8CE “HACTIHBIE NPOUIBOOHDLE.
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Joxasamenvcmeo. U3 ycnosus  auddepenmupyemoct  (1.10), nonoxus

Az, # 0, Azy = Azz = ... = Az, = 0, nosyuum Aa:lua: Ai1Azy + on Az
Torna Alzl‘n_{ Azlu = Alxm (A1+a) = Ay, 3rauuT, A = —a—;; - Axranoruuso
u

nonyuum Ay = k=2,3,...,m. YTBep)K/ieHUE JOKA3ZAHO. O
Yy

azk Mo,
Cnencreue. Yenosue dugdeperyupyemocmy (1.10), (1.11) moorcro nepenu-
cambv meneps 6 CAeoyIoUeM 8Ude

Au = @-Am,_ Bs —@L—Azg + ...+ 2u—A:z:m + o1 ATy + .. A e ATy(1.12)
611 81:2 8mm .
ou ou ou
= — it — ; el
Au e Az + B —Azy+ ...+ 6ImAzm + o(p) (1.13)

OTmeTuM, 9TO yTBepXKaeHus, obpaTHbie Teopemam 1.8 u 1.9, HeBepHbI, TO
eCThL U3 HEeNPEPLIBHOCTH WJIY CYNIECTBOBAHUS YACTHBIX MPOU3BOAHBIX B TOYKE
My me cnenyer auddepeniupyemocts GyHKIHU B Todke M.

Mpumep 1.7. Jana byexkuus u = f(z,y) = +/|z| - |y| 1 Touka My(0,0).
Tloxkaxkem, uTo 3Ta DYHKIIUS HENpPepbIBHA B TouKe My, MMeeT JacTHbie NPOH3-
BOZIHBIE B 9TOI TOYKe, HO He sABjsercs AuddepeHimpyeMoit B Touke M.

1) nenpepwiBHOCTE B Touke Mp(0,0). [Tokaxem, uro Iinoi flz,y) = f(0,0).

y—0

Y nac f(0,0) =0, hm \/ lz[ly] = 0 = f(0,0) — BbImO/NHEHO;

2) uacrHble pou3BoAHBIE B Touke Mo(0,0

§El = lim 10+ 4s,0) - f(0,0) = lim ¥ogu-0 =0,
0z 1(0,0) Az—0 Az Az—0 Az

Ou £(0,0+ Ay) — £(0,0) . 0-Ay—0

— =5 - ke s el . ]
Ay ' (0,0) Ayr—r»lo Ay Al;rgo Ay 4

3) e siBsiercs quddepennupyemoit B Touke My(0, 0). Ipexnonoxum mpo-
TuBHOe, nycrb f(z,y) nuddepenmpyema s Touxe My(0,0). Torma

A= /[AallBg] = 2 o

— A A A
leoo) $+8y‘(o,0) Er Sy
o /|Az||Ay| = a1 Az + asAy.

ou

U TaK KaxK
Bzi((m) By‘ 0,0)
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Paccmorpum
AT + agA
alAa: + a2Ay — p91_—+_l__y_ —

sl 2 Az Ay —
1\/(A:c)2+... \/ Az) (Ay)? ’
a1 Az + agAy

V(AZ)? + ...+ (Ay)?
C apyroit CTOpOHB!,

— Az + agAy _ iAxHAyl _ . )
| B VB2, + (BAy)? (D) + (Ay)? Az = Ay|
(Az)? 1

T V2B V2

CreoaTelbHO, TIOJY YUY IPOTUBOPEYHe, 3HAYNT, QyHKUMs U = /|z||y]
re quddepenuupyema B Touke (0, 0).

IpHYeM 7 = — 0npn p = /(Az)? + (Ay)* — 0.

Teopema 1.10 (mocTarodnoe yciiosue ;md)(bepeﬂunpyeMOCTn) ITyems

dynryua u = f(M) umeem sce wacmmsie npoussodvle — e k= 1.2

).’
6 nexomopot oxpecmuocmu mowku My u nycms amu npoussoonvie Henpepbie-
now 8 camoti mowke My. Toeda gynxuusu = f(M) duddepenyupyema 8 mouke

M,.

Hoxazameavcmeo. Pacemorpum ciydaii m = 2, T.e. u = f(z,y) u nokaxem,
aro B To49Ke My(zg, yo) BeImoNHEHO yenosue auddepenuupyemoctn (1.12) s
u = f(z,y). Bamamum Az, Ay tak, uTobbl nepementas Touxka M (zo+ Az, yo+
Ay) He BBIXOJUNA 32 TPENESbl OKPECTHOCTH TOYKH My, 0 KOTOPO# roBOpUTCS
B Teopeme. [Ipuparnenne dbyHkiuu B Touke My uMeeT B

Au = f(zo + Az, yo + Ay) — f(z0, %) =
= [f(zo + Az,50 + Dy) — flzo, %0 + AY)] + [f(m0, 0 + Ay) — f(zo,¥0)]-

Bripaxkerue B nepBbIx CKOOKAX MOXKHO PACCMATPUBATDL KaK Mpupatierne QyHK-
uun f(z,yo + Ay) onHOK nepemeHHON T Ha cermenTe [Zo,Zo + Az). Tak xax
dbyukuusa u = f(zr,y) uMeer YacTHbIE NPOU3BOAHbIE, TO dbyaKuus f(T, Yo+ Ay)
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nuddepenuupyeMasi U ee MPOM3BOJHAS MO T MpEACTaBisAeT coboli 4acTHYIO
npoussoanyo f. ucxonuoit dyrkuun. [To Teopeme Jlarpamka ana dyHkuuun
f(z,yo + Ay) na npoMexyTke [Tg, Zg + Az] nMeem

f(zo+ Az,yo + Ay) — f(z0, %0 + Ay) = fo(zo + 014z, 30 + Ay) - Az,

roe 0 < 6; < 1.
Ananoruuro, f(zo,yo + Ay) — f(zo,v0) = f(Zo, Yo + 62Ay) - Ay, rne
0<by<1. |
BOCHOJH)3yeMCﬂ Telepb HENPEPbIBHOCTBIO YaCTHBIX TPOU3BOAHBIX B TOYKe :
My. Vimeem V
lim fz (20 + 1Az, y0 + Ay) = fr(z0, %0)- i

Ay—0
Crenosatenbro, fi(zo + 61Az,y0 + Ay) = fi(2o, %) + o, rae « — 0 npu
Az, Ay — 0.
AHaoru4Ho,
lim £y (20,30 + 020y) = f; (%0, 0),

Ay—0
cIIeioBaTensbHo, f, (o, Yo+028y) = f, (o, %0)+05, rae B — 0 npu Az, Ay — 0.
Taxum obpazom

Il

Au [f:;(x()a yO) + CI]AE + [fg:(z(h yO) + ﬁ]Ay =

ou ou

Bl " By

- Ay + aAz + fAy,

4yTo W o3Ha4aer muddepenuupyeMocts byrkuun u = f(z,y) B Touke M.
TeopeMma qoxa3aHa. O

BoisicHuM reoMeTpuyecKuit cMbIca yeaoBus qaddepernupyemocti. Ouenus-
HO 3TO BO3MOYKHO TOJILKO B ciIy4yae hyHKOUE ABYX NepeMEHHbIX. Mbl 3HaeM, 4To
9TO reOMETPHYECKON nETeprpeTaimed Gyukupmu u = f(,y) sBIsIETCs HEKOTO-
pasi IOBEPXHOCTH, ypaBHEHUEe KOTopo# u = f(z,y).

Iycrs bynxuus v = f(z,y) auddepenmupyema B Touke My(zo,yo). Ha
noBepxHocty u = f(z,y) Touke My coorBerctByeT Touka No(To, Yo, Uo), Uy =

f(l'(),y())
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5 Beibepem npousBoJIbHYIO TOYKY NOBEPXHOCTH
N(z,y,u), nycte M (z,y) — npoexuua Tou-
kn N Ha mwiockocth zQOy. Yepes p obosma-

YUM pacCTOAHIE MeX Iy TouKamu My u M, To

iy }; ectb p = p(My, M). Toraa B cuny mnucdepes-
0 e B
{) M(x;y) nupyemoctit v = f(z,y) B rouke My(zo, Yo)
% My uMeeM

u—ug = Az — z0) + Bly — 30) +0(p), p=Az2+ Ay

Onpenenenne 1.26. Kacameavrotl naocxocmuvio x noseprnocnu u = f(z,vy)
8 mouxe Ny HA306eM NAOCKOCTD, NPOTOOAULYIO “ePe3 IMY MOYKY U MaKyw,
Ymo Yy2on meoicdy amotl naockocmovio u cexyuwed NgN, 20e N — npoussons-
HOA TNOYKA NOBEPTHOCTU, CTNPEMUMCA K HYAt0, Kozda mowka N cmpemumcs
x mouxe Ny.

Tlokaxem, 9To 13 yenoeus auddepennupyemoctd dbyukuun v = f(z,y)
B Touke My clieflyeT CyniecTBOBAHHE KACATEJBHON TJIOCKOCTH K MOBEPXHOCTH
u= f(z,y) B rouxe Ny(zo, yo, f (20, %))

Pacemorpum mockoets u—ug = A(z—zg)+ B(y—1yo) U IOKa¥KEM, YTO 3TO 1
€CTb KacaTesbHasd MII0CKOCTh K noBepxHocTd 2 = f(z,y) B Touke Ny(Zo, Yo, Uo)-
[t 9TOr0 Hy»KHO NOKA3aTh, 4TO &) OHa IPOXOIUT yYepes Touky Np; 6) yros
Mexy cexyuieit NgN 1 HOpMAJIbIO T K 9TOM IUTOCKOCTH B TOYKe Ny CTPEMUTCS
K /2 (Bce paBHO, 4TO yros y Mexy cexymedt No/N U KacaTelbHOR ILI0CKOCTbIO
crpemuTes K 0). ‘

YrBepxenne a) ogeBuHo. Jokaxkem 6). O603HaUMM Yepes  yrosl MLy
71 NoN u Bbruncanm cos @:

NoN = {z—z0,y—yo,u—uo}; 7= {A;B;—1} (43 ypaBHeHus miockocTH),

NoN -7 _ Az — ) + By — o) — (u — up)

INoN|- 7| VA2 + B?+1\/(z — 20)2 + (y — v0)” + (u — ug)?
o{p) _

VAT + B2 +1-/Az? + Ay? + A2

cosp =
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Boibepem npon3BOSIbHYI0 TOUKY [OBEPXHOCTH
N(z,y,u), nycts M (z,y) — npoeKkius To4-
kn N Ha miockocts xOy. Yepes p obosHa-
YHM paccTosgHne Mexxay Toukamu My u M, to

ectb p = p(My, M). Torna B cuny mucddepen-

nupyemoctd v = f(z,y) B Touke Moy(zo, ¥o)

uMeeMm

u—1up= Az —zo) + Bly — ) + o(p), p=+Az?+ Ay

Oupenenenne 1.26. Kacameavroti naockocmvio x noseprnocmu u = f(z,y)
8 mouxe Ny HA308eM NAOCKOCTND, NPOTOOAULYIO “EPe3 IMY MOYUKY U MAKY,
wmo yaon medxcdy amot naockocmvilo u cexywed NgN, 2de N — npouseonn-
HAA TMOYKE NOBEPTHOCTU, CIMPEMUMCA K HYyAt0, Kozda mowka N cmpemumcs
x mouke Ny.

[Mokaxkem, 9To n3 yenoeusi auchdepenmmpyemocty byvaxkuun v = f(z,vy)
B TOUuKe My crefyer cyiecTBOBAHHE KACATENBHOH IJIOCKOCTH K MOBEPXHOCTR
u= f(z,y) b TouKe No(z0, 0, £ (20, 0).

Pacemorpim niiockoets u—uy = Az —z0) + B(y—yo) U IOKazKeM, 4TO 9T0 U
€CThb KacaTesibHas MII0CKOCTD K noBepxHocTH z = f(x,y) B Touke Ny(zo, Yo, Up)-
JJist 9TOrO Hy2KHO 10Ka3aTh, YTO &) OHA NPOXOAUT Yeped Touky Ny; 6) yron
MexJy cekyuieit No/N 1 HOpManbIo T K 9TOM I10CKOCTH B TouKe Ny CTpeMUTCst
K 7/2 (Bce paBHO, 4TO yros v Mexxay cexymeit NgN U KacaTelbHOM IIOCKOCTbIO
crpeMuTes K 0). ‘

YrBepxJenne a) oueBuano. Joxaxkem 0). O603HaYMM Yepes ¢ yrosl Mexy
7 u NoN u Bbrancium cos @:

NoN = {z—zo,y—y,u—uo}; 7 ={A;B;~1} (u3 ypasHenus miockoctu),

NN -7 _ A(z — o) + By — o) — (v — w)

INoN|- ] VAZ+ B2+ 1\/(z ~ 20) + (y — %0)? + (u — wo)?
o(p) _

VAT + B2 +1-/Az? + Ay? + Au?

Cosy =
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ha L — 0

VETEFT 14+ (&)

p

o(p) 1
I

1 1
\/A2+BQ+1.\/;+ (%)2
P)

Taxum obpasom, u—ug = A(x—g)+ B(y—1yop) ecTb KacaTenpHas MIOCKOCTh

npn p — 0 (B cHay OrpaHHYEHHOCTH < 1). Bua-

aut, ¢ — 7/2 npu N — Ny.

Hian

ou ou
e i s e — il — ). 1.14
U — U 57 Mo(fl? o) + By Mo(y %) ( )
BexTop HOpMaJin Ti MMeeT TOr/ia KOOPAUHATHI
_ du Ou 4 }
M=9=—| 3 = 3 —1l¢p.
Oxim’ Oyl

§ 1.6. Ilponssoauas caoxKHOK QyHKINHN

Teopema 1.11. [Tyecmv gynsuyua u = f(z,y) Judpepenyupyema 8 moike
My(zo,%0), a dyrxyuu z = p(t,v), y = ¥(t,v) duddepernyupyemv. 6 mowxe
No(to,vo), npunem zo = @(to,v0), Yo = Y(to,v0). Tozda caoorcnas dynryua
u = f(p(t,v),Y(t,v)) asasemea Juddepenyupyemoti 8 mouxe Ny, npuuem

YACTHBLE TPOUIBOOHDIE CAOHCHOU PYHKUUY SBDNUCAAIOMCS N0 POPMYAGM

o
3—? = Fo(Mo) - @1(No) + f(My) - i(No),
%%zﬂwvwwwm»ww, (1.15)

Zoxasameasvcmeo. Wz yenosus nuddepennmpyemMocT dyHknui f, ¢, ¥ B co-
OTBETCTBYIOUIUX TOYKax My, Ny BeITEKAET:

Au = f(Mo)Az + f,(Mo)Ay + a(Az, Ay)Az + f(Az, Ay)Ay,
Az = @(No)At + ¢, (Ny)Av + o(p),
Ay = Y(No)At+ ¢y (No)Av +0(p), o= v/(AL)? + (Av)™.
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Torna
Au = fo(Mo)[py(No)At + ¢, (No) Av + op)] +
+ [y (Mo) [ (No) At + 9, (No)Av + 0(p)] + alz + Ay =
[f2(Mo)(No) + f,(Mo)ybs(No)| At +
+ [f2(Mo),(No) + f(Mo)dh,(No)JAv + 1,

rae v = fo(Mo) - o(p) + [, (Mo) - o(p) + aAz + BAy.
[Tokazkem, uto v = o(p). HelicTeurensHo,

i

A A
lim 1 = 1 o{f;(Mo)o—(p"—Hf;(Mo)i/fhi“__“ﬂ vl -

—() -
p—0 p P p
—0 —0
A A
= lim [a—x+,6’——q] =,
=0 p p
A A
TR = PR ) = P
P

Taxum 06pa3oM, MbI OJYHUIIN BbIPAXKEHUE

Au = AAt + BAv + o(p),

rye
! / / / au
A = f(Mo)p(No) + f,(Mo)y(No) = % e
No
ou
B = fi(Mo)g,(No) + f,(Mo),(No) = Bals
v N,
CrienoBatesibHO, TEOpeMa JA0KA3aHA. O
Cnencrsue. Ecau u = f(z,y) Oudipepenyupyema e mouke Mo(zg, o)

z = p(t); y = Y(t) duddepenyupyemu 8 mouke ty, npudem o = @(to),
Yo = Y(to), mo caoorcnan gymryua u = f(p(t),(t)) asasemea dubbepen-

yupyemotl 8 moyke ty u cnpasedausa Hopmyaa
du
| P fo(Mg) - ' (to) + £, (M) - ' (o). (1.16)
0

A Tenepb paceMoTpuM 6e3 JioKa3aTes berBa o0LIni caydail.
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Teopema 1.12. [Tycms dynsyua u = f(x1,Ta, ..., Tn) Juddepenyupyema e
mouxe My(2$,23,...,20), @ dymeyuu zp = @i(ty,ta, .. 1), K = 1,2,...,m

dudeperyupyemv. 6 mouxe No(t3,19, ..., 80), npuuem 29 = (83,13, ..,1%),
k=1,...,m. Tozda croocran Gyrryus

u= f((pl(tl,tz, B -,tn),(PZ(tl;t2, 5 3 .,tn), T ,(pm(tl,tQ, s .,tn))

dudpeperuupyema 6 movke Ny U ee wacmubie npoussoduvie 8 IMot movke
HATOOAMCA NO POPMYAGM:

By 0% o, On By, o % B
Btl a 611’)1 (')t1 6ac2 8t1 813,” Btl
0 8 B O i (1.17)
Oty Ozy Oty Oy Oty 0z, Ots
O 50 0 0 T et
ot, Ox; Ot, Ozry Ot, Oz, Ot,’
2de sce npoussodtmie gg k=1,...,m ewuucaenn ¢ mouxe My, a npoussod-

Tk

01 Oz 0T, 011 Oz 0x; OZm o & mou
g ey TR Ry ey gy Ty e e e O NEHDL -

8ty bty Oty Oty Oty Oty Oty

ITpumep 1.8. u = f(z,y), z = tsinv, y = v cost. HallTu 4acTHBIE TPOU3BOL-
Hble QYHKIMK [1€PBOTO TOPSIKA.

Pewenuve. Ouengpno, urto uw = f(z(¢,v),y(t,v)) — cnoxknas PpyHKLUHs nepe-
MeHHBIX t ¥ v 1 ycoBus TeopeMs! 1.11 Bemosmensr. Torga cornacuo (1.15)

du _Of 0z Of oy of af

Al a—y-a_az-(tsmv)ﬂ-@-(vcost)t:
_of . ;
= am-smv~8—y-vsmt,
@_g ox Of 0y Of . Of r
Be =B Do By B Br Ponvlt g lmwmad),=

= of -tcos'u+a—f - cost.
dy

oz
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§ 1.7. Juddepennuan GyHKIMHA MHOTUX MEPEMEHHbBIX.
Nusapnanraocts ¢popmer auddepenumania

Pacemorpum dyuxiuo u = f(21,Z2, .. ., Tm) AnbDEPEHIUPYEMYIO B HEKO-
Topoft Touxke Mo(zd, .. .,2% ). Torna B cuny (1.11)

Au = AiAxy + AgAxo + ... + AnAz,y, + O(p),

p=(Az:))2+ ...+ (Azp)?

o4eBuano, uro AjAzy + ... + ApnAx, ecTh riaBHas, JUHENHAS OTHOCUTENbHO
Nzy, Axy, . .., Nty HacTE A2,

Onpegenenne 1.27. /Jugdepenyuarom du Judgeperyupyemod dyrkyuu
u = f(Z1,...,Tm) 6 mouke My HA3BIEAEMCA 2AABHAA HACTVL NOANO20 NPU-
pawerua GynEyLY 6 Mol moyke, AUHETHAA OMHOCUMEABHO TPUPAUEHUA aD-
eymenmos Az, ..., Azpy:

du = A1Azy + AsAzy + ...+ AL Az,

uay ywumugas (1.13)

ou ou ou
du= —Az1 +=—Azo + ... + =—Az,,.
89:1 8172 azm
Ecnu o, k = 1, ..., n He3aBUCHMbIE NEPEMEHHbBIE, TO, KaK U B c1ydae dyHK-

UK OJHOrO [ePeMEeHHOro, dxy = Az, k = 1,2,...,n. [Tosromy

Ou Ou Ou
du = —dz; + 7—dza + ... + 7—dzp,. (1.18)
0z, 019 0T m
ou
Eciu —| = 0Vk, 1o B 3TOM citydae du = 0.
axk Mo
BeisicuuM, Kak M3MeHUTCs (1.18), €CJIM Ty, Ty, ..., L; B CBOIO O4Yepe/ib 3aBU-
CAT OT KAKMX-TO HOBBIX NepeMentbix. [Ipeanonoxnm, uro z1 = p1{t1,ta, . ., tn),
B = Gl Ty o s By oo Tin = Prlbis By o » 4 O TODHR 0 = g (B, T
ooy Pty oy ty)) ABASIETCA CIOXKHONH YHKLMEH HE3ABHCHMBIX MEPEMEHHbBIX
t1,19, ..., ty ¥, 3HAYUT MOXKHO BOCTIONIB30BAThCA paBeHcTBoM (1.18) u 3anucars
ou du ou

By = il b e« e b i
o Tt gttt G
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ou ou
YacTHble IPOU3BOAHbBIE —— ..., — HailtgeMm, ucnonnays pasencrsa (1.17).
81 Oty Otn
Torna du MpUMeT CNEAYIONIUHA BUL;
Ou Ory Ou Oz ou Bzm
dtp e [ 0y Sl ey e dty +
v <8x1 5t T 9w o T Bmm o) T
ou Ory Ou Oz Ou Oz
o B W ol I [ SV
+ (81'1 atg + 8.’112 6t2 + + 3rm 8t2 2
u 0 ou 0 ou O
A i STl ST i i 3
Oz; Ot, Ozy Oty O, dt
ou Ozy 6231 6331
= dt dt —=dt,
31'1 (6751 1t 5, Oty 2+ E)tn
Ou (Oz, Oz, 5552
- —— | —=dt dt —=dt,, .+
B2 <<9t1 1t g, T g,
ou 8a:m aﬂcm amm
dt dt e ——dt, | =
¥ P <6t1 1t g, 2T T g,
Ou ou ou
= —dz —d —dTm,.
e T + B To A4 .. 4+ . s
Wrax, B cydae, KOTAR Ty, T2, . . ., Ty — 3aBUCHMBIE TlepeMeHHble, dhopMa aud-

hepeHUMANa HE U3MEHNUJIACH, TO eCTh UMeeT MeCTO CBOMCTBO WHBApHAHTHOCTH
dbopmel guddepennuana. OaHako, Kak 1 B clydyae (QYHKIMH OAHOIO Iepe-
MEHHOT0, COXPAHHJIACh TOJIBKO (hOpMa, CMBICI CTaJl [PYI'UM, & UMEHHO, eCJH

T1,%9, .. ., T — HE3aBHCHMbIE IEPEMEHHbIE, TO dTy, dZs, . . ., Ty, — YUCHA, PaB-
HBIe COOTBETCTBEHHO NpupameduaM Azy, Ao, ..., ATy, ecliu &y, Lo, .. ., Tm —
bYHKUMH HOBBIX APTYMEHTOB, TO dZy,dTs, . . ., AT, — TakiKe QYHKIHHM TeX XKe
APryMEHTOB, 4TO U T1,Z9, .- -, T
drp =gy g o P k19 ..m
Bty Oty Otn

§ 1.8. IIponzBoaHas mo HAIPABJIEHHUIO

[ycTs 3ana8a GynKuus ABYX OepeMeRHbIX 2 = f(z,Yy), ONpeielieHHas B He-
kotopoit obsactu D. Ilyers Mo(zo, %) € D. PaccMOTpUM HEKOTOpPOEe HANDAB-
JIeHye, ONpesieNsieMoe eJMHNIHBIM BekTopoM £ = {cos @, cos 3}, ncxonsaumm n3
toukn M. Hanpagienne £ o6pasyer yros o ¢ MONOXKATETLHBIM HAIPABAEHAEM

ocr Oz m yron § — ¢ NONOXUTEABHLIM HanpasaeHuem ocu Oy.
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Paccvorpum Ha  Hanpapiiendu ¢ mepe-
Merdylo Touky M(zg + Az,yo + Ay) €
D. ObGosnauum uepes AL = p(My, M) =

(B2 + (D)

Beenem crnenywoiee onpeJieneHue:

Onpepnenenue 1.28. [Tpoussodnoti gymxyuu u = f(M) 6 mouxe My no na-

npasaenuto ¢ nazvisaemca

fM) — f(My) _ Bu

= —. 1.19
p(M,}l]/rIr:)—»O p(M, A/[o) oL ( )

u
—— TOKA3bIBAET CKOPOCTh U3MEHEeHHs PYHK-

of

HpOI/I3BOI[}Ia${ 110 HallpaBJIEHHIO
HuM B HampapJJeH ! L.

u
Boisegem dopMyay [yid BbIMMCIIEHUs] [TPOM3BOLHON MO HAINPABJIEHHIO A
- Tpegnonoxum, wro dynknua f(z,y) muddepennupyvema B obnactu D u B
qacTHocTH B Touke M. Torna nonHoe nprupatnesue GyHKLIHYU

Ou ou
Ay = %Az + a—yAy + a(Az, Ay) + B(Az, Ay)Ay,

npugem oAz, Ay), B(Az, Ay) — 0 npu Az — 0, Ay — 0, a npousBoJHbIe

Ou Ou
BBIUHCIIEHB! B TOYKe Mj.

oz’ 3
Toma
Au  Ou Az  0Ou Ay
HAE—A—Z'F—OEAE a(Ax Ay) +ﬂ(A:L 6y)A£ (1.20)
Ouesngno é—yi cos @, é— — é&_’c < % &1
malr T A Ag = Sne AF| SN AR TS

[TosToMy npaBasi 4acTh paBEHCTBA (1 20) nmeeT npenet nipu Af — (), pas-

HbIH %cosa + 8u sin @, Taxk Kak a- + ﬁ* — 0 npu AL — 0, T.e. npu
Az — 0, Ay — ().y

CrenoBarensro, nesast yacts pasercrsa (1.20) Toxke MMeeT Npejesn npu
Al — (), KOTODBIf 10 ONPEETCHHUIO U ecTh Npou3BoaHAs byHKuu u = f(z,y)

no svanpasnenuio £. [Tostomy nmeer mecto ciemyionast hopmysia A BbIUKC-
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Ju
JIEHUS TPOU3BOJHON —=:

/4
Oou Ou Ou
e —i81 1.21
57 6mcosa+aysma, {1.81)
Ju Ou
rae 3" ~(,)—y— Beraucisores B Touke Mo(zo,yo)-

w
Ecau BecTn B paccmorpenue yron § = - a, To paseHcTBo (1.21) MoXKHO

3alucaThb TakK @. B @— I ?ﬁ
ol Oz oy

rIe cosa, cos§ — HANpABJSIONE KOCKHYChl BekTopa, £, cos® a + cos? § = 1.

cos f3, (1.22)

OTMeTHM, YTO YACTHHIE MPOU3BONHDIE DYHKIMH SABJIAIOTCS TACTHBIM CILydaeM
IIPOM3BOMHOMN 1O HAIPaBJeHH0. [IeHCTBUTE/IBHO, TyCTh HAanpaBieHue £ COBIa-
naer ¢ nanpasiaenuem ocu Oz. Torma Za = 0°, Z3 = 90° = u3 (1.22) umeem

ou  Ou
EAra
Amnanoruyno, ecmn Zo = 90°, Z8 = 0°, to
Ou Ou
ET

Haxkonern, ecmn u = f(z,y, 2) u My(zo,y0, 20), £ = {cosa, cos 3, cosv}, rze a,
B, ¥ — yraml, obpaszosanHble HampasyieHueM f ¢ koopauHATHBIME ocamu O,
Oy, Oz cOOTBETCTBEHHO, TO

ou Ou

ou ou
ﬁ_a—wcosa—i-a—ycosﬁJracosv. (1.23)

§1.9. I'pagment

Ilycrs dbynkuust u = f(z,y) onpexenena 8 obnactu D, Mo(zo,30) € D —
IIPOM3BOJILHAS TOYKA OBJIACTH.

Onpeznenenne 1.29. I'paduenmonm dyrwsyuu u = f(z,y) 6 mouxe My nasvi-
8aEMCA BEKMOP

s Ou
kol QN  Ruion IR 2
gra,duM0 Er Mgl+6y MD,? (1.24)
uAl
gadu| = (2% o
& My \0zimy Oyim, [’
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Ju
JIeHUS [TIPOU3BOSHON —=:

ot
ou O d
0—?_= %cosaJrESSina, (1.21)
ou Ou
re o % BBIYHMCIISIOTCS B TOUKE Mo(xo,gf).
Ecnu BBECTH B paccMOTpeHue yroia [ = 3 @, TO PABEHCTSO (1.21) moxHO
3aIUCATH TAK S 8 5
6—; =£cosa+6—Zcosﬁ, (1.22)

rIe cosa, cos§ — HaNpaBisIoLMe KocHHychl BekTopa £, cos® a + cos? = 1.
OTMeTuM, YTO YACTHBIE TIPOM3BOIHbIE (DYHKIIUA SIBJSLIOTCS YACTHBIM CIIydaeM
[POM3BOHON 10 HAMpPaBIeHMO. JefCTBHTEBHO, MycTh Hanpasienue £ copna-
naer ¢ nanpasnennem ocu Oz. Torma Za = 0°, Z8 = 90° = u3 (1.22) umeem

Ou Ou
Er
Awnagyornyno, ecmun Za = 90°, /8 = 0°, To
Ou Ou
o oy

Haxkomen, ecmu u = f(z,y, 2) u My(zo, Yo, 20), £ = {cos o, cos 3, cos v}, rze a,
B, v — yrael, 06pa3oBaHHbIe HaMpaBiIeHueM £ ¢ KOOpAuHATHBIME ocamu O,
Oy, Oz coOTBETCTBEHHO, TO

ou Ou ou Ju
57—5;005a+8—ycosﬂ+acos'y. (1.23)

§1.9. I'pagment

[Iycrs bynkuus u = f(z,y) onpenenena 8 obmactu D, My(zo,yo) € D —
MPOU3BOJILHAS TOYKA 00JIACTH.

Oupenenenne 1.29. I'paduenmom dywrxuyuu u = f(x,y) 6 mouxe My nasvi-
saemcs 6exmop

— oy
Fu| =22 450 :
e el ~ 7+ o 7 (1.24)
UL
gradu| = o4 Da
& Mo \Ozlm’ Oyim, [~
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Yaursisas (1.24), npousBogHyo Mo HanpasJeHHO (1.22) MOXHO 3amucathb

TaK 5
i R ra—
—| ={ gradu| .
0l I m, Mo
[MoxaskeM, uto zpaduenm dynwyuu u = f(z,y) 6 mouxe My Al
D
TAPAKNEPUIYETN, HANPABAEHUE U BEAUNUHY MOKCUMANDHOZ0 %
pocma amoti gynryuu 6 mowke My. JleiicTBuTesbHO, M, 3
ou -
—| =|{||gradu| cosp = |gradu| - cosp.
B |19, | nposp = | BERC - GUS

du
Haubosbiiee 3uaternue (6_17 OyleT Mo TOMY HAIPaBJIEHUIO, JJIsI KO-
max

Toporo cosy = 1, ¢ = 0, ceJoBATEIbHO, KOTia HaNpaBieHue £ COBNAJALT
¢ nampasjenneM BexTopa grad u. BesmauHa 3TOr0 MaKCHMATLHOTO H3MEHEHHUSE
byuxunu pasua | grad u.
OcTranoBuMes eme Ha ofHoM csoitctse grad u. PaccMoTpuM MHOXKECTBO To-
gek (z,y), aist koropeix f(z,y) = C, C — HekoTopas nocrosuHas. Ha nnocko-
| CTH 3TO ypaBHEHHe 33JaeT HEKOTOPYIO KPUBYIO, KOTOPYIO Mbl By/leM Ha3biBaTb
nuHuelt yposus. [Ipugasas nocroswuoit C pasiudHble 3HAYEHUsA, Mbl Gyxem
OJTy9aTh PASJIMYHEIE IAHUA YPOBHSA. PacCMOTPUM Ty JIMHHIO YPOBHS, KOTODAS
npoxofuT Yepes Touxy Mo. [lokaxewm, 4ro sexmop grad ul M, OPTO2OMGNEN AU-
HUY YposHA, npozodswel wepes mowxky My, TO ecTh OPTOrOHANIEH KACATEILHOH,
IIPOBEJCHHON K JIMHUK YypOBHs B TouKe M.

[ycrs k) — yrioBo#t KoapDUIHEHT KacaTellb-
HOY K JIUHUM yPOBHS B Touke My, a kg — yruio-
Bolt Koadduuuent Bekropa grad u. Hyxkuo no-
Ka3aTh, 4To ky - ky = —1:

_ [Ou Ou B _ Ou/oy
ftey)=c i {am’ By } = el
flz,y) = ¢ = u(z,y) = ¢ => auddepeHuupyeM Kak HesIBHYO QyHKIHIO

Ou Ou dy dy _ 9u/oz

e =0 ky=—=
+0y dz =5 dz du/Bx

3raunrt, ky - ke = —1, 470 U TpeboOBAIOCH TOKA3ATD.
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Bee ckazaHHOE BbIllle PACIIPOCTPAHSIETCS HA CIIydalt QYHKIME MHOTHX Iepe-

MEBHBIX U = f(21,. .., Tm), £ = {cOSaj,c08 s, . . ., COS O }
m
ou Z ou — _ ou Ou ou
— =Y —.cosa, gradu=<{—-— -, ...,
9L~ £ B, B 0, 922" 7 Ot |’
u(y, 29, . .., Tm) = C — [OBEPXHOCTDH YPOBHSL.

§ 1.10. Onroponubie pyakiumn Teopema Ditepa

Onpegnenenne 1.30. Qynryua u = f(M) nasvisaemea o0ropodrotli crmenenu
p na Muosicecnee D, ecau 0as a060t mouku 9mozo mrodcecmsa u 4106020 t,
maxozo, wmo (tx1,...,tTm) € D, évnosnsemea pasencmeo

Pty 200, . b} =8 Flo030, 4 58m)
Ipumepst. 1) f(z,y) = 2% + 2y — Ty — omHOpOHAA BTOPO# CTeTIeHH, TaK
KaK

Stz ty) = (tz)* + 2(ty)* — (tz)(ty) = *(a® + 2° — zy) = * - f(z,p).

2) f(l"y) =

m — OHOPOJHAsI HYJEBOU CTEeleHH, TaK Kak

ity - twy - my
Y R e R

[(tz, ty) =10 f(z,y). )

Teopema 1.13. ITycmv dynxyus u = f(M) dugdepenyupyeman u odnopod-
HAA cmenenu P Ha wexomopom mruoocecmee ). Toeda 6 a1060% mouke amozo
MHOIHCECTNBA UMECTTL MECTNO DABEHCMEO

Ou Ju ou
vt Ly —F i gy = =D U 1.25
T 6m1+$2 Bats, b T p-u (1.25)

Joxasameancmeo. PaccmoTpum npomssosbyio Touky Mo(zd, ..., x20) u noxa-
KeM crpasefyuBocTh (1.25) B 9T0d TouKe. PaccMOTPHUM CJIOKHYIO DYHKIMIO

w=f(z1,.. - Tm), TOE
Ty =1z, Ty=txl, ..., Tm=1tlz>. (1.26)

OueBugpo, uro Bee dynkumn (1.26) nuddepernupyemsr mo ¢ B Touke ¢ = 1.
WMexonuas dyuxuus puddepenuupyema B Touke My, KOoTopasi moxyyaeTcs U3
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dyuxupn (1.26) npu ¢ = 1. CiienoBaresbHO, MOXKHO HCIIOJIB3OBATH TEOPEMY
0 MIPOU3BOJHOMH CJIOXKHON DYHKIHU

duj  Ou dxy ou dwz’ du ‘da:m
dtli=1 OzyIme dt li=1 Bzolmy dt lt=1 " Ozpismy dt le=1
HJTH d a a a
U u 0 (7 0 U 0
— == - —| x| Ty 1.27
dtl=1 Ozilme ' Ozolny 2 OTmIMe ™ ™ AL27)
Bocronsayemest Tenepsb ofHopogHocThi0 dyrKkuE u = f(M):
fla) el . . s tad) =17 flad, 43, ..., 20).
Orcrona
df ou
= == = tP‘ll f(@9,23,...,20) = : 1.28
dt =1 Ot 1e=1 b goq f(a‘l7'l‘27 'Em) puIMo ( )

[ockonbky nesble 9acTu pasercts (1.27), (1.28) paBHbl, TO paBHBI ¥ IpaBble

4aCTH, TO €CTh

0 Ou o Ou ) du l 2
i 0:1:1 IWQ . 81‘2 Mo i IIZm Mo MO
YTO M JOKA3bIBAET TEOPEMY B CHJIY MPOU3BOJILHOCTH TOUKK Mj. (]

§1.11. YacrHble NPOU3BOJHBbIE BHICHINX MOPSIIKOB

Paccemorpam dyukimio u = f(T1,Z9,. . ., Tm), ONpeleleHHy0 B obnacty D
M-MepHOro mnpocTpaHcTsa. [lycTsh B KaxkIo# Touke obsiacTd D QyHKIUS uMeeT
ou
(r'):l,’k’

[IPOU3BO/IHBIE B CBOIO O4Y€pelb ABJIAIOTCA (i)}’HKI.lI/IHMH TeX XK€ CaMbIX [IEPEMEH-

JaCTHbIE [POU3BOJHBIE MEPBOTO MOPSIKA k=1,2,...,m. OTU 4acTHbIE

HBIX X1, - . -, T V1 MOXKET CIIYHTBCA, 9TO KAXKJAS U3 HUX HMEeT YacTHhIe Ipo-
H3BOJHbIE [10 IEPEMEHHDBIM X1, . . ., Tpy. LOCJA 9TH YACTHBIE TPOU3BOJHBIE OyIEM

HA3BIBATH [POU3BOAHLIMA BTOPOrO MOPSIIKA QYHKUMA U(T1,. . ., Tm) U 0603HA-
2 2

4aTh - E k ;
T ———. Beom k = 4, To —
O0z,0; ' O

Z;; ecnu k # 4, TO 9Ty NPOM3BOJHYIO HA3bIBAIOT CMellaHHON. B wacTHOCTH,

— BTOpAast MPOU3BOIHAS [0 TIEPEMEHHOH

I YHKUEH JBYX [TEPeMEHHBIX U = f(Z,y) MOJKHO 3aIMCLIBATH CJIELYIOUIkE
YACTHBIE IPOU3BOJIHbIE BTOPOTO MOPSIKA

smTO B, o B 8w,
<7802 9 \oz) TV 9y oy \oy)’

poPu_ 0y, d (o
W 9zdy oy \dz)' Y Oydx Oz \dy)’
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YacTHbIE TPOU3BOJHBIC 2-I'0 MOPSIKA TOXKE SIBJASIOTCS (DYHKIHSMY ePeMEHHBIX
T1,. .., Tm ¥ MOTYT, B CBOIO OY€PE/Ib, MMETh YACTHbIE IPOUBBOIHBIE [0 STHM Ile-
PEMEHHBIM, KOTOPbIE Mbl HA30BEM YACTHBIMU MPOU3BOIHBIME TPETHETO MOPSIIKA,
byuruuy u(zy, .. ., Tm)
&Pu
m H TaK JaJiee.

% 0% u &u
dzoy " dyox = Bzdydz a yozrdz’
BOODILIE OBOPS, 3ABUCAT OT MOPSAAKE JuddHepeHIMPOBAHHUS.
d%u(0,0) , 6%u(0,0)

Oyox # oxdy

372— 2

Y v JR)
Y ——s, 4+ 0
i P eciu Yy # ‘

Ba-MeTPIM, YTO CMeIllaHHbIe ITPOU3BOAHBIE

IIpumep 1.9. IMokaxxem, uTo JUIsT DYHKIHA

u(z,y) =
0, ecmu 24y =0
Hettcrurensho, ecmu 22 + 32 # 0, 10
ou(z,y) _ (Bz%y —¢*)(=® +1%) — 20(z’y —zy®) _ yle* —y' +42%)?)

o : (22 + y2)? w0\ (22 + y2)? )
du(0,0) - lim u(Az,0) — u(0,0) _o.
or Az—0 Az
CureHoBaTeNIBHO,

y(zt — y* + 4z%?)

o BipE o B+ £ 0
oz 0, ecmn 22+y2=0
Teneps.
Ou ou
2 (0, Ay) ==={0, 0) £5 s
u(0,0) _ . 55\ A ()
dzdy  Ay—0 Ay Ay—0 (Ay)®
Awnajyiornyso,
T Z‘4 . 41’.‘2 2
Ou - : (:172y+ y2)? z )’ eomn z*+y #0
0y 0, ecmu 22492 =0
ou ou
—(Az,0) — —(0,0)
o? Ao, ’ =)
u(0,0 . 9y N C) Y

ydz  Aso Az 820 (AT)5



2u(0,0) u(0,0)
90y % dyBJ: '

OaHaKo, HMeeT MecTo

I/ITaK,

Teopema 1.14 (mocTaTo4Hble YCJIOBHSI PABEHCTBA CMEIIAHHBIX IPO-
m3BoAHbIX). Ecau dynxyun u = f(z,y) 6 oxpecmmocmu mowku My umeem

af of o&*f &f &f  f
oz’ dy’ dzdy’ dydz’ PR dzoy “ dyoz

poishyt 8 mowke My, mo

YACTNHBIE NPOUIEOOHBIE —— HEenpe-

8L (My) _ 8 (My)
Axdy Oyoz
Joxasameavcmeo. 3amagum Az, Ay — mobble CTONb Majible YHCAA, YTO TOYKE
Mi(zo + Az, yo + Ay) HAXOZUTCA B YKA3AHHOH B TEOpEME OKPECTHOCTH TOUKH
M.
BeeseM BCMOMOraTeIbHYI0 DYHKIUIO

o(z) = f(z, 90+ Ay) — f(z,0)
U BBIYHCIHM MTPHPAINeRHe ITOH DyHKIUUH 110 epeMeHHOH
Ap = p(zo+ Az) — (o) = [f(mo+ Az, 3o+ Ay) — f(zo + Az,yo)] =
~ [f@n w0+ A9) ~ fanw)] A
[Ipeobpasyem BoipaxkeHue A, HCIONb3ys Teopemy Jlarpanixa
A= Ap=¢'(z0+6Az)Az =
= [fa(zo + 1Az, yo + Ay) — fo(zo + 614z, y0)] Az,

rme 0 < 6; <1

BhipaskeHue B KBaJPATHBIX CKOOKAX MOMKHO PACCMATPHBATH KAK NPHUpAILIe-
Hie auddepeHupEpyemMol Ha oTpeske [yo, Yo + Ay] bdyrxuuu fL(zo + 1Az, y)
onHo¥ mepemensoit y. [Tpumensisi ewe pas teopemy Jlarparka (o nepemes-
HOM y), mosyvaem

A= f7 (zo+ 01Az,y0 + OAy)AzAy, 0< 6,0, <1. (1.29)
C zpyrofi cTOPOMHLL, €CIIM BBECTH BCIOMOTATENbHYIO (DyHKIHIO

w(y) = f(IE[) + A, y) - f(g:(b y)’
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TO NNOCTyNasA aHaJIOTUYHO, MOJYYUM

A =AY =P(yo + Ay) — Y(wo),

a 3aTeM
A = fro(zo+ 04z, yo + 03Ay) AyAz, 0 < 63,04 < 1. (1.30)
CpasruBas (1.29) u (1.30), nonydaem
2y(Zo + 0107, yo + 028y) = fyo(z0 + Az, yo + 34y).

[lepexonst B 3TOM paBeHcrse K npegeny npu Az — 0, Ay — 0 u y4uThl-
Basi HEMPEPhIBHOCTH YACTHBLIX IPOM3BOIHBIX ;’y(x,y) " ;’z(z,y) B Touke Mp,
IOy UM

Jlim fay(Zo + 010z, 5o + B Ay) = Jfim Fya(@o + 04Dz, 9o + 030y)

Ay—0 Ay—0

wnt fo (20, %0) = fyz(Z0, yo). Teopema nokaszana. O

§ 1.12. /Tuddepennuaibl BHICIINX TOPAIKOR

Panee nna dyukumn u = f(z1, T2, . . ., Try) Mbl onlpegenntu quddepeniman
[IEPBOrO HOPSAKA PABEHCTBOM

Ou ou ou
du_b—;})‘;dxl+b—’.b—2dz2++51‘—md$m

ITprrdem 3TO paBEHCTBO CIIPABEINBO, KAK ObUIO MOKA3AHO, U AJIS CIIyYasi, KOra,
T1,%2, ..., Ty — HE3ABUCHMEBIE [IEDEMEHHBIE, ¥ KOTAA T1, T3, - - -, Lm — QYHKIUH
HOBBIX apryMeHToB. Eciu du — cHoa guddepenuupyemMast GYHKUHMST, TO MOXK-
HO roBOpPUTS 0 ee auddeperumane d(du). dtor auddeperyuan byeM cYUTATHL
IuddepeHnnanomMm BToporo Mopsiika 0T UCXOIHOH dDYHKLINK:

d?u = d(du).

Ananoruuno d®u = d(d?u), ..., d"u = d(d" u).
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[yere u = f(z,y), x, y — HesaBuCuMble NepeMeHHble, Torga dr = Az,
dy = Ay — 4ucna u

ou ou ou ou
2 o == —_— —_— = o SR —
d*u = d(du) d(axda:—t—a dy) d(@mdz>+d<8ydy>_

= and () +ava (Gr) = s (g0 gy ) +

Fu O Pu Pu Pu
d de? 3222 dsd :
+y<d6 * o ) a“*aax“azJ
(MBI cunTaeM, 4TO ycaoBHs TeopeMst 1.14 BemouHers). CiieoBaTensHo,
; 0%u 0%u 0%u
L . 2
du-8x2d£+ dadmdy+a2d

Jna coxpammentis 3aHeH BTOPOro i Mooy IO Axddeperiuanos BBOAUTCS
CHMBOJI
g 0
d=—dz+ —dy
oz Ay

u ofipedesinumM ollepalilo BO3BEACHUA 3TOr0 CUMBOJIa B CTEIIeHb 1 KaK Oébl‘-]Hy}O

0 0
ollepaliky BO3BEAEHNsI IBYUsieHa — dT + — dy B cTenenb 1. Hanpuwmep,

oz dy
2 2 2
@ = %d:ﬁ—%Zdaa drdy-i—aa?dy,
3 831.1, 83 83 2 83 3
a :gﬁdza—k e 6 S dy+3882dzdy +b?dy.

C HOMOIIEIO 3TOrO CHMBOJIA 3AIUChIBaOTCs Juddeperipaltbl 1I0b0ro nopsiixa

0 9] "
I

d = ( 2 dry + — | dxq Jr—a—d;z:m> U.
OFi

Pacemorpum ponpoc o HapyiueHun ¢Ghopmbl AudQepenIuanos BbICIINX 00-
psinkos. [lyers z, y — dyHKiuu HOBBIX aprymenToB. Bocnosnb3yemcst cCBOHCTBOM
HHBApHAHTHOCTH (opmbl Auddeperyuadia 1-ro nopsaka

du—?d +?dy
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Bamernm, uto dz, dy ecTh BYHKIUM TeX e apryMeHTOB, OT KOTOPBIX 3ABUCAT
z u y. Haitnem d?u:

du ou Ou ou
d(du)_d<55dm+5§d ) —d<6:1:d )+d<a—dy>

- d(g;‘)d +g d(d)+d(gy> dy+(9 d(dy) =

d*u

I

dy
O’ O*u ou 2, u Ou
= (b?d:“—azc? )d +-6—d (36 dﬂ)—*—m )dy+
ou , O &u % ou ,  Ou
—dy == 9 S
+8ydy 55 da? +66da:d +a dy* +d dz+8ydy

Taxum o6pasoM, craraeMblie, IOAY4EPKHYTHIE IBYMsI IIPSIMBIMA YePTaMU, Ha-
pymaT dopmy guddepeHuaia BTOPOro NopsiaKa.

§1.13. ®opmyna Teitnopa nis GyHKIMA MHOMMX NePEMEHHBIX

Hnst byskunm oHoro nepementoro f(z), nMeromeit nponssogmble 10 (n+1)
NOPsA/IKA B OKPECTHOCTU TOYKM Tg, cnpasennnpa cdopmyna Tefnopa ¢ ocrarou-
HbIM 4JIeHOM B opme Jlarpanxa

I (o)

f(z) = f(z0) + f'(zo)(z — z0) + o1

SO (2o 4 (z — )
(n+1)!

(z—z0)*+...+

(x —zo)™*', 0<h<l.

Obosuaunm z — 2o = Az, ecnu T — He3aBUCHMAasi llepeMeHHast, To dz = Az;
f(z) — f(zo) = Af. Torna

F'(zo)(& — z0) = f'(w0) Az = f'(z0) dz = df |,

F'(z0) @ = 20)? = f"(w0)(Ac)? = ["(20) da? = d* ],

(@) (z — z0)" = f ™ (z)(AT)" = f)(z0) dz™ = d"flxo
FOD (25 4+ 0Az)(x — zo)™ = O (24 + 0AT) dz” = d"“fl

To+HAT’
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[Tepermuiem copmyay Teriopa ansg QyHKLUKM OAHOIO IEPEMEHHOr0 B TAKOM
BHJ[E

1 1
St e

1 ) n
Af = dflxo-*_idzflro—'_' o ﬁ dz ~*’1f[10~’-0131'

Ananoruynoe YTBepKeHue UMeeT MeCTO U JJiA (bYHKUJ/II/I MHOT'HX [IEPEMEHHBIX.

Teopema 1.15. [Tycmo dynxyusa u = f(1,Zs, .. ., Tm) umeem éce dugepen-
yuaave 0o nopadka (n+ 1) exa0MumMeIbHO 6 HEKOMOPOT OKPECTNHOCTIY TROYKY
Mo(a9, ..., D), mozda cnpasedrusa popmyaa Tetinopa

1
el 1.31

Au =
“ f My TL—f-l)

1 2
S

1
+...4+—=d"
M, Mo * n! /

ede Au = f(M) — f(My); M, N — mouxu u3 oxpecmrocmu mowku Mo,

6 KOMOPOY BWNOAHAIOMCA YCAOBUA ThEOPeMbL (063 JoKA3AMeAbemsa,).

§1.14. OkcrpeMyM (DYHKIUHM MHOI'MX ITEPEMEHHbIX

Pacemorpum dyBRKumMIo u = f{z1, Ta, . . ., Tpn), ONPEIEIEHHYIO Ha HEKOTOPOM
muoxectse D u nyers touka My(29,29,...,2%) € D.

Onpepenenne 1.31. Towka My (Hazvisaemcea mowkol A0KGADHOZ0 MAKCUMY-
ma (munumyma) gynyuu u = (1, ..., Tn), ecau natidemcs maxas oxpecm-
HOCTL ITOT oYKUY, 8 NPedeAaT Komopol b6yoem BbiNOAHABCA HEPABEHCMEO

(M) < f(Mo) (f(M) > f(Mo)).

Touru MAKCUMYME U MUHUMYMA HA3BIBAIOMCA MOYKAMU IKCmpemyma. Umarx,
ecau Au = f(M) — f(My), mo

Au < 0 6 caywoe A0KAADHOZ0 MAKCUMYMA.

Au > 0 8 cayvae A0KAIDHO20 MUHUMYMAG.

Teopema 1.16 (HeoGxogumoe yciaosue skcrpemyma). [Tycmo dyrkyua
u = f(M) umeem 8 mouxe My aokarvroll aKcmpemym U 8 Mot movxe cy-
WECTNBYIOM HACTIHbIE NPOUZGOJHBIE NEPBOZ0 NOPAJKA NO BCEM NEPEMEHHDIM.

Toeda
ou

=0, k=12,...,m
(9.’13/,; Mo
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Hoxaszamesvemso. 3aduxcupyem Bce nepemeHHsle, Kpome k-oii:
- 0 .0 0 0 0
w= BT B~ Bl Bl B s » 168

O1a dyHKIMsE ecTh PYHKIMS OIHOTO NEPEMEHHOr0 Ty, AuddepeHuppyeMas no
3TOM TIepeMeHHON M UMelommas skeTpeMyM B Touke zb. Torma B cuty Heobxo-
JIAMOT'O YCJIOBHST 9KCTPEMYMa. st (DYHKIMM OJIHOIO EPEMEHHOr0 HMEET MeCcTO

ou U
paBeHcTBa —| = 0 wm ——| = 0. B cuny npoussosibHOCTH BBIOOpS Tie-
Ozy |29 Oz M,
u
PEMEHHOTO T, MBI MOJIYYUM Foe =0,k =12,...,m, 9r0 u TpeboBasOChH
Tk M,
IOKa3aTh. ]

3ameyanue 1. Feau dynxyua duddepenyupyema e movke My, mo, onesudro,
HE0bTOdUMOE YCAOBUE IKCTNPEMYME MONCHO 3ANUCATND TMAK:

Oy dz; + gu—‘

—_— dzy + ...
6$1‘M0 01y et

My axm My

du“h: dz. = 0.

3ameuanue 2. Kax u 6 cayuae GyHKyuu 00H020 NEPEMEHH020, OOKA3AHHOE
BYIULE YCAOBUE HE ABAALMCA OOCTNATNOYHYM YCAOSUECM IKCMPEMYMA, HANDU-
Mep,
ou
U= zy, gﬁ = My(0,0).
—=z=0
dy

Oodnaxo sxcmpemyma 6 amoti mouke wem. Pacemompum a106y10 0Kpecmmocms
mouxy My(0,0). Jan movex M amot oxpecm-
nocmu, aescawuxr 8 I u I wemeepmazr ume-
em Au = 2y — 0-0 = zy > 0. Jas moyex
M, aescawuz 6o Il u IV wemeepmaz, umeem

Au=zy—0-0=zy <0, mo ecmv ne 6vnoa-

HAEMCA ONPEOCAEHUE TNOYEK IKCTPEMYMA.
Cdopmynupyem J0ocTaTOMHOE yCIOBHE SKCTpeMyMa 71t GYHKUUM ABYX Me-
pemenHbIx U = f(z,y).

ITycrs My(ze, Yo) — KpuTuueckas rouka dysxknun u = f(z,y), TO ecTh
ou

M, ay M,

Ou

% :O:?d’u‘Mo——— 0.
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o*u &u 0%u
O603HR‘H’U\/( a1 = ﬁ ; Qg = ﬁ ; Qoo = —5——2 ;
T | My TOY | p, Y™ M,
_ | @11 Q2
A= = 11022 — A1309].
az Qs

Teopema 1.17. [Iycmwb sce wacmmvie NPOU3BOTHBIE BMOPO2O NOPATKE GYHKUUL
u= f(z,y) cywecmsyrom 6 oxpecrnnocmu mouku My u Henpepuiens. 6 Camot
mouke My, 2de My — xpumuuecxas mouka. Tozda

1. ecau A > 0, mo 6 mouxe My dynryua f(x,y) umeem sxcmpemym, npu-
wem, ecau ajy > 0, mo munumym, a ecau apy < 0, Mo MAKCUMYM;

2. ecau A < 0, mo 6 mouxe My y dynxyuu u = f(z,y) sxcmpemyma rem;

3. ecau A = 0, mo gonpoc 06 IKCMPEMYME 0CTNAETNCA OTKEDBIMBM U HYMHC-
daemeca 8 JONOAHUMEADHUET UCCAEOBANUAL.

Lokazameavemso. Pacemorpum oxpectHocTs Touku My(Zg, yo). 3a4a/1uM npu-
pamennst Az, Ay rakue, urober Touka M (zo+ Az, yo -+ Ay) He BBIILIA 38 NTpe-
IeNbl OKPECTHOCTH Touku My, pamenus Az, Ay taxue, 4Tobbl Touka M (zg +
Az, yp + Ay) He BbINLIA 3a MIPEJENbl OKPECTHOCTH TOUYKE My, dburypupyromeit

B TEOpeMe.
M(zy + Az, yo + Ay)

P Ay
)P
MO(xOv yﬂ) Az

Bocrnonssyemcs dopmynoit Tertsopa (n = 1):
L
A = dulMo+ ad ulN,

rie N — Kakasa-To To4Ka U3 okpecTHocTH Touxku M. Tak xax My — xpuTnue-
ckaa Touka dynxuuu u = f(z,y), T0 dulMuz 0, mosTomy

1 [6%u
21 | Oz2

2 2,

Az? +2 9 'u }NAa:Ay + Q—El Ayﬂ "

A ==
“ N Ozdy Ay? N
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BOCHOHbByeMCﬂ HeNnpepbIBHOCTBHIO YACTHBIX NPOU3BOAHLIX BTOPOTrO MOPAILKa

B Touke My:
6%u 8u
555\!\]: @’Mowwtu = an + a1y,
0% &u
M'N: (—9-;5?; MD+0112 = a2 + a9,
u 0u
5y—2|1v: WlMD—Hm = Qg + a9,

rje a1, G2, Qe — OeckoHeuno Manwle ¢yukuuu npu Az — 0, Ay — 0.
Honcrasnsis a1 npeacTasienus B Au, MoIy4um

i
Ay = % (011427 + 2015020y + a9 AY® + a1 AZ® + 2012 ATAY + Ay

Boipasum Az, Ay vepe3 paccrosinne Mexy Toukamu Mo u M p un yron ¢:
Az = pcosy; Ay = psin @ u noacTasuM B Au:

Au = ?

[(an cos? @ + 2a19 08 @ - 8in @ + agg sin® ) +

2
P
2

2 3 .2
+ (a1 cos® p + 209 €08 - Sin  + rgg Sin (p)] )
[Tepsrie Tpu craraeMbix obosHayuM A, a ocrapummecs obosHaduM B. Paccmor-
pUM citydan
1) A > 0, To ecTh aj1a9 — a2y > 0 = ay; # 0.
[Ipeobpasyem Boipaxkenne A

1
A [(a11 cos p + a1asin p)? + (ai1a22 — aly) sin’ ). (1.32)
11

OueBunHO, YTO BBIpaXKEHHE, CTOSIIIEe B KBaAPATHBIX CKOOKaX, BCerja MMeeT
3HAK «+» W 3HAYAT, 3HAK BbipakeHnd A cosmajaer co 3HakoM aii. OTMerum,
qT0 cylaraemoe B, Oymyyu MaJioif BeIMYHHOH, CYI[ECTBEHHOIO BIMSAHMS HA 3HAK
Au we oxaxer. [Tostomy, ecin a;; > 0, 0 A > 0, 3naunt, Au > 0 4, 3Haqwur,
B Touke My — MunuMyM. Ecimv agy < 0, to A < 0, 3paunt, Au < 0 1, 31a4ur,
B Touke My — MaxcuMyMm.

2) A < 0. Tlokaxkem, 9To B 9TOM cJiydae B Touke My 9KCTpeMyMa HET.
3aMernM, 9yTo B 3TOM cirydae moxer ay; = (. Ho mbl cHavana pacemoTpum
4acTHBIA ciyual, Korga ay; # 0, Torga mist A COXpaHUTCS NpexkHsist (hopMa
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(1.32). Pacemorpum siyd ¢ = 0, torga A = ayy. 3Haxk A, u, cieJOBATENbHO,
3HaK Au COBIANAELT [Uis noboil Touku M, nexxameit Ha yiyde ¢ = 0, co 3HaKOM
qucia ayy. Beibepem apyroit iyd Tak, 4mobbl ai; cos @ + ajpsin @ = 0. Ha srom
Jlyue 3HaK A, a, CJIeI0BaTesIbHO, 3HAK AU IPOTHBONOJIOXKHBL 3HAKY @11. TaKuM
06pa3oM, B 9TOM YaCTHOM cliydae B Touke My 3KCTpeMyMa HeT.

[ycrs reneps ay; = 0. [okaxkem, uro B Touke My Ho-IpexKHEMY HET 3KC-
TpeMyMa

A=—ddy, => ap#0.

Torpa
A = 2a13 cos @ sin @ + ag sin? = sin p[2a13 cos p + a sin @|.

BriGepeM yrou ¢ JOCTATOYHO MAJIBIM TaK, YTOOBI 3HAK CYMMDbI, CTOSIIEH B KBaJI-
paTHBIX CKODKax, ONpPeAessiics nepBbiM ciaraembiM. Toraa s AByx nydelt ¢
u (—) BblpaxKenue B KBAJIPATHBIX CKODKAX COXPAHUT 3HAK, & BblpaKeHue A u
BMeCTe ¢ HUM IOJIHOoe Tipupanienue dhyHkuun Au OyayT uMeTb pasHble 3HAKH
Ha 3TUX JIyHuax 3a CueT MHOXKUTeNd sin ¢. 3HauuT, B Touke My SKCTpeMyMa Her.
Teopema, okasaHa. |

IIpumep 1.10. Uccnenosats Ha 3KeTpeMyM DYHKIHIO
u=z>+1y — 3zy.

Pewenue. Halinem Kpurudeckne TOYKM GyHKIUA

%=3x2—3y:0 9
0z s i —
?=3y2—3x:0 gl —z=0
)
2
Y= T =1 =1
= ! = My(0,0); M(1,1).
2(5® — 1) = 0 il - 0(0,0);  M(1,1)

0% ou &*u
5 =085 w5=b6 =
oy? 0z0y
Pacemorpum Touky My(0,0): a1 = 0; asn =0; a;9 = -3 =

~=3.

VA 0.11&22—(1?2 =-9<0
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— HeT 9KCTPEMYMa.
Pacemorpum touky Mi(1,1): a;1 = 6; app = 6; a1 = -3 =

A=ajap—0a=36-9=27>0

— €CTb 9KCTPEMYM M TaK Kak aj; = 6 > 0, To MUHEMYM Ui, = u(l,1) = —1.

§1.15. HanbGonemree (HauMenbliiee) 3navdenne (pyHKIIH MHOTHX
MepPEeMEHHBIX

Pacemorpum dyukumio v = f(z,y). [peanonoxkum, 4T0 OHA HENpPEPHIB-
Ha B 3aMKHYTOH orpaHMuenHol obmactm D ¢ rpammneit F(z,y) = 0. Torna
0 BTOpo# Teopeme Beifepurpacca ona HOCTHraeT B 9TOH 06/1aCTH CBOMX TOY-
HBIX TPaHAL. TOYKM, B KOTOPBIX AOCTUTAIOTCS 9TH HAMOONIBbIINE H HAUMEHBITHE
3HAYEHUSA, MOTYT ObITh BHYTPEHHUMY TOYKAMU OOJNACTH, M TOT/A OHY MONALYT
B YHCJIO TOYEK MOJO3PUTEIILHBIX HA SKCTPEMYM; MOTYT GBITH TPAHUUYHBIMH TOU-
KaMH, TO eCTh IIPUHA/JIEKATb Ipasulle o6acTi [; B 9TOM Cryuae TiepeMeHHbe
z, y cBazanbl coorHomenueM F(z,y) = 0. Toraa Mbl IpAXOAUM K 38784 HCCIIe-
J0BATh Ha 9KcTpeMyM byHKumo u = f(Z,Y), KOrAa NepeMeHHbIe T, Y CBA3aHb
cooTHomeduemM F{z,y) = 0. B caMom mpocToM ciiyyae U3 3TOr0 COOTHOIIEHUS
MBI HaXouM, Hanpumep, y = ¢(z) n rorna u = flz; ¢(z)] aeaserca bynkuyeii
OIHOTO HE3ABUCUMOTO TIEPEMEHHOTrO, & 3Ty (hYHKIMIO OJHOIO MEePEMEHHOr0 Mbl
yKe ucctejiyeM Ha Haubosbliee (HauMeHblIee) 3Ha4eHHUE.

TIpumep 1.11. Haiitn HanGonbinee u HauMeHbINee 3HaYeHne PYyHKIUY
u=2+5z+¢y> -1

B obmacty 2 + 42 < 1.
Pewerue. Haiiem TOYKH TOA03PUTENTbHBIE HA IKCTPEMYM

23:214.—5:0 :cz»§ 5

(95 — 2 = M <_—;O> ¢D.
2

dy

Hcenepyem na rpannie obnactu D: y? = 1—22. Torma u = 224+-5z+1—2%—1
i u = 5z, « € [—1,1].



v =5 # 0 = suyrpu [—1,1] Her HauGosbuinx (HAKMEHBIIUX) 3HAMeE-
HUH, 3HAYUT OHW MOTYT ObITb TONBKO Ha KOHLAX OTPE3Ka, TO €CThb B TOYKAX
M;(—1,0), Ma(1,0). Borancasa u(M;) = —5; u(My) = b, nonyuaem HanMeHb-

uee U Haubonbliee 3HadeHne pyHKUUA B obmactu D,
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'naBa 2. Inddepennnansubpie ypaBHEHUS

§2.1. Inddepennnanbabie ypaBHeHus 1-ro ropsaxa

n. 1. OcHoBHBIE NOHATUA U ONPE/eJICHUS.

Onpepenenne 2.1. Juddeperyuarvroim ypasrenue nepsozo nopaoka Hasbvi-
8aEMCA YPABHENUE, COAIBIBAIOULEE HEIABUCUMYIO NEPEMEHHYI0, HEUIBECTIHYIO
dynxyur u ee npouseodnyo.

Tak Kax MPOU3BOIHYI0 MOXKHO NPEICTaBUTh B BUJE OTHOLIEHUS Auddepen-
[AJIOB, TO YPABHEHUE MOYKET CONEPIKAThH HE IPOU3BOAHYIO, & AU EpeHIuATbI
HEW3BECTHOU (DYHKLMHU U HE3ABHCUMON ITEPEMEHHOM.

Onpenenenune 2.2. [opadkom duddepenyuanbnozo YpasHeHUus Ha3bEALTCA
nausbicwull nopadok npouseodroti (duddepenyuana), 6xodauezo 6 ymo ypas-
HeHUe.

JuddepennuanbHoe ypasHeHue IepBOro Mopsaka B oOIeM BUAe 3aMUChiBa-
eTcs Tax:

F(z,y,9) = 0. (2.1)

B 4acTHBIX cily4asix B JIeByI0 49acTb YPaBHEHMS MOTYT He BXOIUTb T HJIH v,

HO Bcerja obsizarenbro BxoauT . Ham npuaercs B OCHOBHOM HMeTh ZIeNO C
YPaBHEHUAMHU, Pa3pElIeHHBIMU OTHOCHTENBHO [IPOM3BONHOM, T. €. BHIA

v = f(z,y). (2.2)

Onpepenenue 2.3. Pewenuem duddepenyuanbrozo ypasHeNus HA3bBAEMCA
PyHryua, Komopas Npu NOOCMAHOBKE €€ BMECTNE C NPOUIBOOHOT 8 IMO YPas-
HEHUE NPESPAALM €20 8 TONHCOECTEO.

IIpocrettinue npuMepsl MOKAa3biBAOT, 4TO aubdepeHIMalbHOe ypaBHEHNe

MOXeT MMeTh OecumciieHHOe MHOXKecTBO pemenuit. IIpocToit mpoBepkoit ser-
Y

KO yOenuThesi, uTo ypaBHenue y' = = uMeeT pemenusmyu byuxnud y = C, a
x

Y
ypaBHeHue y = —= — byHKuun y = —, rae C — moboe duciio.
T z

o7
Ypasuenune y' = . uMeeT pemienusMu pyukuuu y = zlnz + Cz.
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B camom pene, maitna npoussopdyo ¥y = Ilnz + 1 + C u noucranus ee B
YDABHEHHE, TIOIYYUM TOXK IECTBO

Inz+1+C= %M
T

Kak MBI BusuMm, B peilieHust npuBeAeHHbIX AuddepeRnanibHbIX YpaBHEH!H
BXOJUT NPOU3BOJIbHALA NocTosiHHAst C; NPUAABas eil Pas/nYHbIe 3HAYEHUS, MBI
OyleM TONyyYaTh PA3HbIE DElIeHHs.

WNrak, moboe guddepennansuoe ypasuenne y' = f(z,y) umeer Gecuucien-
HOE MHOYKECTBO PeLUEeHUH, KOTOPbIE ONpeeNaoTes (bOPMYJIOH, ColeprKamiett o
HY NPOU3BOJILHYIO MOCTOAHHYIO. ITY COBOKYMHOCTh PelleHuH OyIemM HasbiBaTh
obmum permenyeM JuddepeHUnanbHONO YPABHEHH A IEPBOrO MOPAAKA U 3AllH-
CBIBATB TakK:

y = p(z,C). (2.3)

[Ipupasasi npousBosbHON mocTOsHHOK (' OTpe/ie/ieHHbIe YHCIIOBbIe 3HAMe-

HUA, Mbl 6y,lL€M NOJIyHaTb “aCcmHubie DeULEHUSA.

- Onpepnenenue 2.4. Pasencmeo
O(z,y,C) =0 (2.4)

HeABHO 3adaruiee pewenue uBPepeHuuarvHozo YpasHenus Ha3veaemces o0-
WUM UHELDALOM.
Hwnmeepas, noayuennul u3 06uieeo npu KOHKPEMHOM 3HAYERUL TPOUIBOAYL-

1ot nocmoannol C, HA3BBAEMCA HACTIHDIM UHITLEZDAAOM.

B panpHeilneM npy pelleHMH KOHKPETHBIX 3alau Hac OyLyT MHTEpecoBaTh
IIPENMYUIECTBEHHO YacTHbIe pemieHust. HeobXoaumo BBICHUTH, KAKUM »Ke 00-
pa3oM M3 0DILero pereHns MOYKHO BBIIENHTH TpebyeMmoe peuieHue. 3ajaium
JUIsl 9TOrO HauasbHOe ycjaoBHe. 3adamv HauasvHoe ycaosue duddepentuans-
HO20 YPABHEHUA NEPBOZO NOPATKA IMO 3HAYUM YKAZAMD NAPY COOMBEMCMEY-
towur dpyez dpyey snadenull Hedasucumol nepemennots (o) u dynryuu (yo).
Sanucwsarym 2mo max:

y|z:zoz Yo- (2.5)

ITokarkem Ha mpuMEpPE, KAk 10 ODLUEMY PELIEHMIO W 3aAAHHOMY Ha4ajbHO-
MYy YCJOBHIO MOXKHO OTBICKHBATB COOTBETCTBYIOLIEE ITOMY YCIOBHIO YaCTHOE
peleHue,
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Betute Mbl Buziesn, 9To ypasHenue y' = y/x umeer obuiee peienue y = Cz.
3ala UM HAYATBHOE YCIIOBHE y|z=2——- 6. IlogcTaBuB 97w 3HA4YEHUs T U Y B 00-
miee peurenue, nonyuuM 6 = 2C, orkyga C = 3. CnenosarenbHo, QyHKLUUS
y = 3% yJoBJeTBopsieT Kak nuddepeHINaNbHOMY YPaBHEHUIO, TAK ¥ Ha4aJlb-
HOMY YCJIOBHIO.

Bompoc 0 TOM, B KQKOM Cliydae MOXKHO yTBEPXKJATb, YTO YACTHOE pelle-
HUe fuddepeHInaNbHOr0 YPABHEHUS, YAOBIETBOPAIOLIEE JAHHOMY HAYAIbHO-
MY YCJIOBHIO, CYLIECTBYET, & TAKXKE UTO OHO Oy[eT eNHCTBEHHBIM, BBISCHSIETCS
TEOPEMOM, KOTOPYIO Mbl TIpUBE/IEM 0€3 JIOKA3aTeJIbCTBA.

Teopema cyuiecTBOBaHMS M €IMHCTBEHHOCTH pelueHust. Feau gymx-
yus f(z,y) nenpepwiena 6 obaacmu, codeporcaweti mouxy Po(zo, Yo), mo ypas-
nenue y' = f(z,y) umeem pewenuve y = y(z) maxoe, wmo y(zo) = Yo-

Ecau, Kpome mozo, HENPEPHIBHA U YACTAHAA NPOU3BOOHAR ——, MO 3MO Pe-

Oy

WEHUE YPABHEHUS eOUHCTIBEHHO.

NHTepecHo OTMETUTH, YTO B YCIIOBUM T€OPEMBI He TpebyeTcs CyIecTBOBAHNS
ITPOM3BOSHON B

Teopema STaIBHepBbIe 6buta cchopmynupoBana n nokazana Komu. [Tostomy

JACTO 3aJ[ady OTBLICKAHUS YACTHOTO PEIIeHUs [0 HAYAJIbHBLIM yCIOBHSM HA3bl-
BaT 3adavets Kowu.

ITepetimem Tenepb K T€OMETPUYECKOH MIUTIOCTPALMH BBEJEHHbBIX NOHSITHL,

YA yT

o

[=]
=y

Puc. 1 Puc.2

'paduk moboro yacrroro pemenus auddepeHIHaTLHOrO ypaBHeHUsT Ha3bl-
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BAETCsl UHmMezpasvroti kpueoti. OBlUeMy peLenuo COOTBETCTBYET CeMEtcmeo
UNMEPaALHULE Kpuenz. TAK Kak Mbl y7Ke NPOBEPIJIH, 4TO ypasuenue y' = y/z
umeer obiiee pewenne y = (T, TO COOTBETCIBYIOWEE €My CeMeHCTBO MHTe-
IPajIbHBIX KPUBBIX — [YUOK MPSIMbIX, TPOXOASILEM Yepe3 HAYaso KOOPAHHAT
(puc. 1). Ypasuenue y' = —y/z umeer obuee pewenne y = C/z. Emy coorser-
CTBYET CEMEHCTBO PaBHOGOUHBIX THIEPOOJ, ACHMIITOTAMU KOTOPLIX ABIAIOTCA
ocn KoopauHat (puc. 2), a Takxke npamaa y = 0.

3aaHue HAYaNbHOTO YCIOBUS] y|z=$0= Yo O3HauaeT 3anane Touke Py(zo, yo),
4epe3 KOTOPYIO JIOJIKHBI IIPOXOUTh UHTErPaibHas KPUBAs, COOTBETCTBYIOMAsA
HCKOMOMY 4acTHOMY pelleHnio. TakuM obpasoM, OTbICKAHKe YaCTHOIO PeLIeH st
[10 HAYAJILHOMY YCJIOBHIO ylmzoz Yo TEOMETPUYECKU O3HAYAET, YTO U3 CeMedi-
CTBA HHTErPAJIbHBIX KPUBbIX MBI BHIOMPaeM Ty, KOTOPas POXOMUT Yepe3 TOUKY
Py(zg,y0). Cornacko Teopeme CyHmecTBOBAHNS H eIHHCTBEHHOCTH PELIeHIs He-
pe3 KaX Iyl TOUKY, B Kotopoit dyukuuu f(z,y) u g—f HEITPEePHIBHbI, TPOXO LT
OJIH& e/IMHCTBEHHAs MHTerpaibHas Kpupas. ey B Agzjmﬂoﬁ TOYKE 9TU YCIIOBUS
. HapyUIEHbBI, TO 3TO O3HAYAET, YTO 9epe3 3Ty TOYKY JU0O0 BOOOLIE HE [POXOMUT
HU OfiHa MHTErpajblas KpUBAas, JUb0 NPOXOINT HECKOILKO.

Touku, B KOTOPBIX YCJOBHA TEOPEMBI CYIIIECTBOBAHWSI U €UHCTBEHHOCTH Pe-
IIEHHs] HAPYIIAOTCS, HA3BIBAIOTCS 0COOBMU TOYKAMU.

Tereph Mbl MOXKeM YKA3ATH OCHOBHOE CBOUCTBO OOIIErO peImeHHs:

Obwee pewenue y = p(z,C) dupdepenyuarvnozo ypasnenus y' = f(z,y)
obradaem mem C60TCME0M, UMO U3 HE20 MO AOBOMY 3a0GHHOMY B03MOHCHOMY
HAYAADHOMY YCAOBUIO y|$=z0= Yo Modicem Boimv Hatideno wacmmuoe peweHue,
YJ0BAEMBOPAIOWLE FTNOMY YCAOBUIO.

9T0 03HAYEET, ITO, NOJACTAB/sASA B ODlIEe pelleHue 3HAYCHUS! To U Yo, MBI
nojiytaem ypasHeHue ortHocurensHo C: Yo = (g, ), U3 KOTOPOro Beerga
MOXKeT ObiTbh Hallzeuo onHo-epuncTBeHHoe sHadeHne C = Cp. Pyukuusa y =
¢(z, Cy) 1 ByseT HCKOMBIM YACTHBIM PEIUEHHEM.

Ormerum emme, 910 oTBICKanHe pernerus MuddepeHHanbHore ypaBHetus
YACTO HA3BIBAIOT UHMEZPUPOSAHUEM Ypasnenus. [1pn 5ToM sleficTBre uHTerpu-
poBanust GyUKIKil HABKIBAIOT Keadpamypou.

[TepetiieM Tenepsb K IpHeMaM pelIeHks OTAebHBIX THIIOB AuddepeHIrab-
HBIX YPaBHEHHH.
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. 2. YpaBHEHUs C Pa3AeIsSIOUIMMUCc NepeMeHHbIMu. PaccMoTpuM ypas-
HeHHe BUI2

hi(y) dy = fo(z) dz, (2.6)
rae fi(y) u fo(z) — 3anannvie yrkuuy. B sTom auddepeHiuaibHOM ypasHe-
HUM NEPEMEHHDBIE PA3OEAEHDI, T.€. KAXKAash U3 MEePEMEHHbIX CONEPXKUTCH TONb-
KO B TOW YacTWU ypaBHEHWs, TNe HaxoiuTcs ee jaucddepeninan. YpaBHeHue
dy = f(z) dr sBAsieTCs YaCTHBIM CIIyYaeM PAcCMATPUBAEMOTO yDABHEHMSL.

[Tpor3Benst MHTETPUPOBAHUE, MbI HOJIYYUM CBSI3b MEXKJLY NIEPEMEHHBIMU T 1
Y, OCBODOXKJIEHHYIO OT MX IwiddepeHinalios:

/f1(y)dy=/f2(a:)da:+c,

Hanomuum, 9To mox cumBosioB [ Mbl B 9TOH IJiaBe YCIOBUIIMCH TOHMMATH
KaKyIO-TO OHY TIepBoOOpasHyo. SFICHO Tak»Ke, YTO IIPOU3BOJBLHYIO MOCTOSTHHYIO
C MOXHO nHcaTh B J0OOH 4aCTH PABEHCTEA.

Ecmu 331800 HavYa/IbHOE YCIIOBUE y[mzoz Yo, TO, onpeensis nocrosuuyw C,
MOJIyYHM YaCTHOe pellieHne, y0BIeTBOPSIOIee JAaHHOMY yCIoBHio. Bocmnoss3o-
BABIINCE OHpeJieIeHHbIMY MHTerpajaMi, MOXKHO Cpa3dy 3amucaTb UCKOMOoe JacT-

/yfl(y) dy = ]fz(:c) dz.

Quenpb yacTo BCTPEYaroTCs YPpaBHEHNHA, B KOTOPBIX IEPEMEHHbBIE elie He pa3-

HO€e pelmeHue:

JleJIeHbl, HO UX MOXKHO pa3/ieluTh, IPOU3BOAs NPOCThIe apudMeTHIecKe ore-
pauu.

Onpenenenne 2.5. Jupdepenyuaivrvie ypasHenua, 6 KOmMopbie NePEMEHHbLE
MOJICHO PA3OCAUMD NOCPEICTNBOM YMHOCENUA 0BEUT “acmeli YpasHenua Ha
00HO U MO JCE BBPANCEHUE, HA3BEAIOMCA UPPHEPENUUAALHOMU YPABHEHUAMYU
¢ Pa30eAAOUUMUCH TEPEMEHHDLMU.

Taxum Oyzer, HalpUMep, ypaBHeHue
dy _ foz)

dr  fily)

B uem [IepeMeHHbIC €lle He Pa3JeJieHbl, OJHAaKO, YMHOXHB obe ero yactu Ha

f1(y) dz, mb1 DpUXOAEM K yPaBHEHMIO C Pa3/e/eHHbIMU IEPEMEHHbIMH.
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Jlerko Taxoke pasiesuTh NepeMeHHble, eclii ypaBHeHHe 3anucaio B audde-
peHUHanbHOH hopMe n HMeeT BuJ

hi(=z) fa(y) dz + f3(z) faly) dy = 0. (2.7)
Jens obe yactu ypasHenusi Ha npoussenerue fo(y) f3(x), nonydum
G F1C) iyl

f3(z) fa(y)

Ham Tenepb Haxxe He 06a3aTeNbHO [EPEHOCUTHL OAHO U3 Clialr'a€MbIX B IIPaByIO

qacTb. VHTerpupys, samuiem
_f4(?/) g i

fi(z)
fa(x)d:Hv 0] %

Crnenyer 3ametuTh, 4ro npu geiiednn Ha fo(y) f3(z) Moxer npousoiitu no-

Tepsi HEKOTOPBIX YACTHBIX DPelleHuii.
ITpumep 2.1. Haitgem obuiee peuienne ypaBHeHUs
z(y + 1) dz — (z® + 1)y dy = 0.

Paznenss nepemeHHble, IPUBEJIEM €T0 K BHIY

rdz ydy
24+1 y+1

NuTerpupys, noxy4um
1 1
“hn(z?+ 1)~ [ {1-——)dy=C
2n($+)/< yH)y :

1 .
§ln(:cz+1) —~y+lnjy+1j=0C.
Wrtax, Mbl Hatsu obuiee pelienne, IpudeM Yy sBJSETCS HESBHON (yHKIpeH
ot z. 3amenss C na In |C|, Mbl MOXKEM NPEACTaBUTh PEIIEHHE B TAKOM BUJE:
CeV
—— =z + 1.
y+1
Kpome sroro, ecrs eme wactHoe petieHue y = —1, rpadukoM KoTOpoOro
SIBJISIETCst ropu3oHTaIbHas ipsmas y = —1. [pu C' > 0 mobas uHTErpansHag
KpHBasi JIeXKUT Bbite npsamoit y = —1, a npu C' < 0 — HuKe 9TOR NIPAMOI
(mpenocTaByisieM YUTATENI0 9TO IPOBEPHUTD ).
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Ecnu nawo ypaBHeHue, B KOTOPOM IepEMEHHbIE He pa3feNsioTcst, TO MOXK-
HO TIOMBITATHCS C TIOMOIIBIO 3aMEeHbI TIEPEMEHHBIX CBECTH €r0 K yDaBHEHUIO C
Pa3EeNsIONIUMHUCS TIEPEMEHHBIMH.

[TpocreiinuM U3 ITHX ypaBHEHUH ABJISIETCS TAKOE, B KOTOPOM IIPABAasi 4acThb

3aBHCUT TONLKO OT JIMHEHHOrO BhIpaskeHus ax + by -+ ¢
y' = F(az + by + ). (2.8)

Jlna pemreHust TOro ypaBHEHUs CAENAEM 3aMeHY NePEeMEHHOMN, TPUHSIB B Kate-
CTBE HOBOI HCKOMOH (DYHKLMH He Y, & 4, T Y U U CBSI3aHbl COOTHOIIECHUEM:
u=az+by+c.

u —a

b

IMoncTapnsisi B aHHOE ypaBHEHHUE U BMECTO aT + by + c u

Torna v/ =a+by uy =

BMECTO ¥,
NONYYUM YPABHEHHE, B KOTOPOM HEH3BECTHON (dDYHKUMEH ABASeTCH U:

u —a

b

= F(u),
WK
‘ u' = a+bF(u);
3T0 — YpaBHEHHUE ¢ PaB3JeISONUMUCS epeMeHHbIMU. Pemas ero, Haxoaum
u = p(z, C).

Bcenomunas Tenepn, uTo u = ax + by + ¢, nojayunM obmuit UHTErpas TepBOHa-
YaJIbHOI'0 YPaBHEHUA:
az + by + ¢ = p(z, C).

IIpumep 2.2. Pewursh ypaBHeHue

z\2/3 1
F 3 ( - ) iy
y 9 2
9T0 — ypaBHeHHE PACCMOTPEHHOTO THIA. 3aMeHsist Yy — T/2 = U, NOJIyYnM

Yy = + 1/2. CnenoBaTenbro, ypaBHeHHE IPHBEAETCS K BYLY

1 1
’U,I -+ 5 = 3U2/3 o E.

Peraas ero, Haxoaum:

d ; )
d_; =3u?% w2l du=3dz; 3u"®=3z+3C.
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(o mpocToThl 0603HAYAEM MMOCTOSHHYIO HHTErpauuy depe3 3C),
=m0
Bosspamasice Teneps K cTapoil nepeMeHHon, noayaum
y—gz (e+C)° wm y= (x+C)3+%.

Heckonbko bonee CIOKHBIM TUIOM YPABHEHUH SIBJIsIeTCs ypABHEHUE BUJA

Lk ,
Y =F (Mfi) _ (2.9)
asz + boy + ¢

He paccmarpuBast oka 9T0 ypasHenue B o6I1eM ciiydae (Mbl K HeMy BEPHEMCS B
1. 3), PACCMOTPUM CHAYANa TOT YaCTHRIN citydali, Korna ko3 GUIHEHTE B YUC-
nurese (P £ | y) NPONOPIHMOHANBHBI Kosdduunentam B 3namenarene. Torna
ai by
ay by
TOM CIIYYAE YPABHEHHE MOXKET ObITh MEPEITUCAHO B BUJE
o </\(a3x + boy) + cl)

vy= 2% + by + ¢

. ObosHayast 9TH OTHOWIEHHS OJHOW OYKBOH A, ap = Aag, by = Aby. B

Tereps cpasy BHAHO, YTO NMpaBasd YACTb YPABHEHUS 3aBHCHT TOJNLKO OT JiM-
HEIMHOPO MHOrOWIeHa as® + byy. ClieoBATEIBHO, 3aMEHSIsT, KAK ¥ B IIPOILIOM
citydae, a9z + bay Yepes u, Mbl MOXKEM CBECTH 3TO ypaBHEHUE K YPaBHEHMIO C

Pa3aeAOIHMHACA IIEPEMEHHBIMHA.

IIpumep 2.3. Pemwurs ypasueHue

,:4z+2y+1

1
¢ 2z +y

[Tonaraem 2z+y = u; Torna 4z +2y = 2u, y = u—2z, y' = u'—2, u ypaBHeHue

TPUBOJUTCS K BUIY
2u+1

!u .
Paznensta nepeMenHbie, HAXOAUM U Kak QYHKIHIO OT I

y -2 =

, 2u+1 du  4du+1 udu
U = — — = ——— =z
dx U 4u+1

" udu 1 1
L O - +1=z+C.
/4 1 /dz+(’, 4u l61n|4u |=z+C

+ 2;
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CBsI3b MEXAY U ¥ T OKA3aJach 33JaHHON C MOMOLILIO COOTHOIIEHHS, HE Pa3-
pelieHHOro OTHOCHTENBHO u. [lofcTasnssa cioa u = 2T + Yy, HARAEM Y Kak
HesiBHYIO bYHKUMIO oT £ (0O1Mi HHTerpa):

1 1 1
ezt -y——1 dy+1|=C.
2:c+4y 16n|8ac+ y+1=0C

. 3. OHOpOAHbIE YPABHEHMSL.
Ounpenenenue 2.6. Ypasrenue
¥ = fz,y)

Ha3bL6aemcea 00HopodHbM, ecau dynruus f(z,y) moocem bums npedcmasaena
KaK PYHKUUAL OMHOWEHUS CEOUT APLYMENTROS:

(Y
fay=v(Y). (2.10)
Hanpumep, ypaBHerue

(zy — y*) dz — (2® — 2zy) dy = 0

OJHOPOAHOE, TaK KaK €ro MO>KHO 3anvucaTh B BUJAE

dy _my—y’ _ %"(g)z

dr  z2-2zy 1_9Y
=

OnuoponsbiM ByneT Tak)Ke BCAKOE ypaBHEHHE BHJIA
P(z,y) dz + Q(z,y) dy = 0, (2.11)

rae P(z,y), Q(z,y) — onnopoasble dhyHKIMK OOHOU U TOH ke cTenenu k. 3a-
mernM, uro byHxuus f(z,y) Gyaer ofHOPOAHON cTeleHu k, ecan [isi 11060ro
{ BBIMOJIHACTCS
ftz,ty) = t* - f(z,9).

Hanpuwmep, f(z,y) = zy + 222 — 4> — onHOponEas BTOPOI cremeny byHKIus,
TaK Kak f(tz, ty) = t2xy + 26222 — t29° = (zy + 222 — y?) = 2 f(z, ).

B obmeM ciyyae nepeMenHbie B OOHOPOJHOM YPABHEHUM HE PA3/ENSIIOTCS.
OnHako, BBOJISl BCIIOMOMaTeNLHYI0 HEU3BeCTHY IO PYHKIMIO U 1o dhopMysie

4
= =u WM Y =IU,
T
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MBI CMOYKEM NpPeo0dpas’oBaTh OJHOPOAHOE YPABHEHUE B YPABHEHME € Pa3ieIsio-
LIUMHACS TIEPEMEHHBIMH.
HeticrBurensiio, nmeem

! o
Y =u+au,

v ypasHenue y = . npuHuMaer Buz u + zu' = p(u), T.e.
y=9v{;

T -3—% = p(u) - u.

Orcrona
du dzr
ow)—u =z’

TIOCJIe HHTEIPUPOBAHKUA TI0JIyYaeM

du

Haiigst otciofia Bhlpakenne [Jisl % KaK (PYHKIMM OT T W BO3BPAWIAACH K
- NIEPEMEHHON Y = Tu, [OAYYHM UCKOMOE DEIIeHHe OAHOPOLHOIO YPABHEHNS.
Yalile Bcero He yiaeres NpocTo HAWTH sBHOE BhIpasKkenue a7st u. Torga nocie
HHTECPUPOBAHUSA CIICIYET B JIEBYIO YaCTh BMECTO U MOJCTABUTD %; B PE3YJILTATE
Mbl [OJIy UMM DellleHHe YPABHEHHS B HESTBHOM BUJE.
Pasymeercs, Mbl npepnosaraeM, 4to @(u) — u # 0. Ecm o(u) = u, 10

Y Y
2} (— = — W HE HY2KHO [leJlaTh HUKaKHX npeo6pa;30BaH14ﬁ, nbo camo 3aJaHHOe
x T

ypaBHenue y = > — ¢ Pas/ENAOUUMUICS TIePEMEHHBIMA.
%
IIpumep 2.4. Haitiem pernieHne 0JHOPOIHOTO ypaBHEHHS

r_ zy —y°
z? —2zy

3ameHa y = Tu MPUBOAUT K YPABHEHHIO

- u — u? du 1 fu—u? 1 u?
Utz =—re um — =~ ———u) =

1—2u dz  z \1—2u zl—2u
Pazgenas riepemMennbie, HAXOAUM

12
-——§—u du = d—x,
U 15
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1
oTKyza — + 2In |yl = In

—|, un In (el/“U,?) = In|—|, 1 3HAUNT,
C
ulett = 2,
z

Bosspatasich X nepemMeHHO# Y, IPUXOAMM K 00IeMY DEIIEHHUO:

2
Y
et =,
T
[Ipu C > 0 wmHTErpasbHble KpUBbIE JEXKAT B nosymsockoerd z > 0, a mpu

C < 0 — B nonynurockoetd z < 0.

YpaBHeHUs1, NPUBOASLINECST K OAHOPOIAHBIM
PaccMmoTpum ypaBHeHue BUIa

y,:F(a1z+b1y+cl> . (2.12)
asT + bay + o

DTO ypaBHEHUE MbI y>K€ PACCMATPHUBAJHM [JIsl TOrO Cydasi, Korma Koaddbu-
LMEHTEl DY T | IPK Y B YHCMTEJIE PONOPIUOHANBHBI COOTBETCTBYIOIINM KO-
acbdpunpentam 3HamenaTens (cm. Boime 1. 2). Cedac Mbl PACCMOTDPHM 9TO0 XKe
YDaBHEHHME B TOM CJly4ae, KOra IPONOPIMOHATILHOCTH HET, T. €. KOTAa % %
(unaye rosops, Korna ajbs — ashy # 0). ' ’

3aMeTUM IPEXKJIE BCEro, Y4TO ec/ii Obl CBOOOHBIE UIeHbl B UHCIIUTENE U 3HA-
MeHatese (¢; U ¢3) GbUIM PABHBI HYJTIO, TO YpaBHeHHE ObLI0 Gbl OAHOPOAHBIM (B
9TOM MOXKHO ObIIO OBl yOequThCs, Pa3feNinB YUCIATeb W 3HAMEHATe b HA T).
Ecnu ke ¢1 WM ¢y OTIIMYHBL OT HYJIS, TO 3aMeHa HEU3BECTHOH (PYHKOHUU Y U
He3aBUCHMOT0 NIEPEMEHHOTO T TIO3BOJIUT CBECTH 3TO YPABHEHUE K OJHOPOJHOMY.

BBenem noBbie nepeMennblie ¢ U 1), CBA3AHHLIE C T U { COOTHOIICHUSAMU:
z=(+xo, y=n+2,

e To ¥ Yy — I0Ka HEM3BECTHBIE NOCTOstHHLIE. [TofcTaBUB 9TH BRIpaKeHUs 115
T u Y B ypasHeuue (M yuuTbiBas, uro d¢ = dz, dn = dy u, CiegoBaTe/bHo,

i, == é’), npuBeIeM JIaHHOE yPaBHEHHE K CJIe/IYIOMEMY BHIY:

§7_7 - a1 + bin + (arzo + biyo + 1)
/3 asC + ban + (agzo + bayo + ¢2)
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[Tonbepem Tereps TaK g ¥ Yo, UTOOLI BHIPAYKEHHS B KPYTJILIX CKOOKAX DaBHS-

Jch Hynto. X pasbickaHue CBOAUTCH K PEMIEHHI0 CUCTEMBI YDABHEHUIT:

a1Zg + biyo +¢1 =0,
asxg + boyo + co = 0.

Jra cucTeMa HMEET onpeneneHnoe pelleHne, Tak KaK onpenejnTeNb CACTEMbI

ay b1

= a1by — agby,
as by

0 YCJIOBUIO, OTXYEH OT Hyns. [Ipn TakoM BeIGope Zg ¥ 4 YPaBHEHUWE CTAHO-

BUTCA OOHODPOJHBIM OTHOCHTENBHO C L B

dn a1 + big
SREOE 3 T (- S (o
d¢ as( + bom
Peuwiag €ro v NoJCTaB/IAdg B TIONYYEHHOE DCIIeHNe BMECTO C BbIpakeHne r — Ty,

@ BMECTO 7) — BBIPAZKEHHUE Y — Yo, TIOJY HUM UCKOMbIH 00T HHTErpas JaHHOTO

ypasrenus (2.12).

TIpumep 2.5. HajiTu obumit uarerpan ypapHenus
fo BHYEL
T—y+3
Chnenaem sameny nepemendbix £ = ( + Zg, ¥ = 7 + yo. Torga ypabHeHue

Y

OpuBelieTcsd K BHIY
dp _C+ntzo+y +1

e 3
i (-n+z—yo+3
IlOﬂ6epeM Telepb Tg U Yp Tak, 9TOOBI BBINOJHAIACH paBeHCTBa:

o+ +1=0;, zg+y+3=0.

Pewras sty cucremy, nojyuum g = —2; yp = 1. Torga ypaBHEHHE YIIPOCTUTCS:
dn _¢+n
¢ ¢—n
STO — OJHOPOJAHOE ypaBHEHUE. Pemaﬂ ero MGTO)ZLOM, PacCMOTPEHHDIM B npeabl-
AymeM HyHKTe, HOJIy‘IHM

earctgg = (0 /CQ +'I’)2.

BOBBPEIUJ,&HCB Telepb K CTapbIM IEPEMCHHBIM, 110JY4YUM OKOHYATEJIbHO 00-

LA HHTerpad:

e LT Cv/(z+2)?2+ (y— 1)
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1. 4. JIunelinbie ypaBHeHus.

Onpenenenwne 2.7. Ypaghenue suda

y' + p(z)y = q(z), (2.13)

™. €. AUHEHOE OMHOCUMEAbHO UCKOMOT, ByMKUUL U ee NPoussodnot, Ha3bi-
saemca aunetinsim. 3decy p(z) u q(x) — ussecmuvie GynKyuL He3a8UCUMOT
nepemerHol .

VYpasrenue (2.13) cBoAUTCS K JIBYM YPABHEHHSIM C PA3JEJISIOUIMMUCS Tiepe-
MEHHBIMU IIyTeM CJIeAYIONIero HCKYCCTBEHHOro IpuemMa. 3anuuieM GyHKIHMo Y
B BUJE NpoM3BeleHUs IBYyX DyHKuMit: ¥y = uv. OQHOK U3 HUX MBI MOXKEM Dac-
MOPSJUTBCS COBEPIIEHHO MPOM3BOJIBHO; NIPH 3TOM BTOpPAsi NOJIKHA ObITH ompe-
JieJIeHa B 3aBUCHMOCTH OT TepBOfl TAKUM 00pa3oM, YTODBI MX HOPOU3BEjEHUE
YIOBJIETBOPANO JAHHOMY JiuHeliHOMYy ypasHeHuto. CBobosoit Beibopa ogHON U3
dyHKIUE © ¥ U MBI BOCIIOJIL3yeMCS JIJIsi MAKCHMAJIBHOIO YIIPOWIEHUs! ypaBHe-
HUS, TIOJYYAIOIIETOCs TTOCTIe 3aMEHbI.

W3 paBeHCTBa ¥ = U¥ HAXOAUM POU3ONBLHYIO Y

v =uv+u
[Toncrapnsist 310 BhIpaskenwne B ypasuenue (2.13), umeem
wv+uw' +p@)uv = q(z) wm v+ u(v + p(z)v) = q(z).
Buifepem B kadecTBe v Kakoe-HUGY/Ib YACTHOE DENICHHE yDABHEHMUS!
v' + p(z)v = 0. (2.14)
Torza A/ OTHICKAHMS U TIOJIYSHMM ypABHEHHe
u'v = g(z). (2.15)

Cravasia Hafizem v u3 ypassennsi (2.14). Pasnensis nepemensbie, uMeem

dv
LA d
5 p(z) dz,

OTKy/IA
lnv = -/p(:c)d:c u v=e {PEE
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Ilon HeonpeneneHHBIM HHTErPATIOM 3/1€Ch [OHMMAETCA KaKaa-Hubyab OfHa nep-
Boobpasnag or GyHKUuK p(T), T. €. v SBISETCS BIOJNHE ONpeneneHdoll dynk-
uueil ot x.
3Has v, HAXOAMM Janee u u3 ypasHenus (2.15):
du i :
== a(=) = q(z)ed P9 du = g(z)el P 4z,
z v

¥ 3HA4YUT,

o= /q(m)efp(m)dx dz + C.

3neck Mul yke Oynem Oist u Bce nepsooGpasuble. [lo u i v Haiinem uckoMyio
dyrKIEIO Y:

Y =uv = e“fp(z)dz{/q(m)efp(z)dxdx + 0.

Honyyennasa dopmyiia faer obujee pewenue JTHeRHOro ypaBHenus (2.13).

1 sinx
TIpumep 2.6. Peuwuts ypasnenne y' + ~y= l; .

, , , i , 1 sin
HMonoxum y = uv, Torna ¥ = u'v + wv'. Umeem: v'v + uv' + —uv = )
T 7
, , v sinz , U v dz
nwnuvtulv +—| = NMyers v'+— = 0. Orcloga — = —— u, 3HAYUT,
T ‘ e . v B
1 , 1 sinz ; .
Inv=—Inz, re v=—. Crnenoaresibho, v’ - — = ——, orkyga ¢ = sinz u,
T z z
3HauuT, U = —cosz + C'. UmeeM okoH4aTENnbLHO

1
Y =uw= E(— cosz + C).

I. 5. Ypasaenus Bepuysuiu. K uHefiHbIM ypaBHEHHAM YaCTO NPUBOAATCS
ypaBHeHus GoJiee CIOKHOTO B, PACCMOTDHM, HANPHMED, TAK HA3bIBAEMOE
ypasnerue Bepryaau

y' +p(z)y = qlz)y" (2.16)
Ilpu n = 0 — 910 nudeiinoe ypaBHeHUe, a IPA 1 = | MOXKHO Pasie/uTh fepe-
Mernble. [Ipy Apyrux 3HAYEHHSX 7 OHO CBOQUTCH K JIMHEMHOMY NPH TIOMOILH
CHIEJYIONIEro mpuema: JieanM ofe uacTH YPaBHEHUSA HA Y™ M 3allMChIBAEM ero

Tak:
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Ion HeonpeneneHHbIM HHTEMPAIOM 3/1eCh NIOHUMAETCH Kakaa-HubYyIb oIHa nep-
Boobpasnad or GYHKUMH p(z), T.e. U SIBIAETCS BIIOJHE OnpeleseHHol PyHK-
uuell ot x.
3uag v, HaXo4UM Jlanee u U3 ypaBHenus (2.15):
du 7
= = a=) _ g(z)e/ P gy — g(z)el PO g
& v

W 3HaYUT,
= /q(x)efp(x)d“’ dz + C.

3nech Mel yxke Gynem mas u Bee nepsoobpasuble. 110 u M v HaHEM HCKOMYIO
dyrxuuo y:

Y =uv = e~ [ple)dz [/q(x)efp(z)dz de +C|.

Honyyennas dopmyna naer obusee pewenue nuHeltHoro ypastenus (2.13).

1 sinx
IIpumep 2.6. Pemuts ypapuenue 3’ + =g~ —.

, , , ; i sin z
Honoxxum y = uv, Torga v = w'v + wv'. Umeem: vw'v + v’ + —uv = ;

T T
dv dx

; , v sinz , v
win uv+u (v + — ) = ——. [lyers v'+— = 0. Orcrona — = —— u, 3HAYHT,
x i z S z
1 , 1 sinz o
Inv=—Inz, ve v=—. CregosarensHo, u' - — = —— orkyza v’ = sinz #,
x z @
3HauuT, u = — cos = + C. VimeeM okoHYATEHLHO

Y=uw = l(- cosz + C).
T

n. 5. Ypasuenus Bepuysuiu. K nvHeliHbIM ypaBHEHHAM Y8CTO NPUBOAATCH
ypaBHeHnd Oosiee CJIOXKHOTO BHJ4. PacCMOTpUM, HalpuMep, TaK Ha3blBaeMoe
ypasnenue Bepryaau

y' +p(z)y = q(z)y™ (2.16)
Ilpu n = 0 — 910 mumeiinoe ypaBHeHHe, & IPH 7 = 1 MOXKHO pas3/ie/uTh repe-
Menuble. Ipy Apyrux 3HaYEHHSIX 7 OHO CBOJUTCHA K JIMHEHHOMY NpH IIOMOIIU
CJIEAYIOWEro npuemMa: JeanM ofe uacTH yDaBHEHUSA Ha Y™ WM 3alMChIBAEM ero
TaK:

b (B

vy + p(z)y v = q(a).
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Ecii BBeCTH BCIOMOraTeNbHyio HenspecTHyo dynkumio y " = 2, 10
(—n+ 1)y™y = 2/, u ypaBHeHMe NIPHMET BUL,

2+ (—n+1)p(z)z = (—n+ 1)g(z).

Oro MuHeliHOe YpaBHEHHME; Pellasl ero ¥ MePexXofs OT 2 CHOBA K 1Y, Mbl 1 [IOJIY YHM
pelleHne UCXOJHOTO YPABHEHHUSI.

IIpumep 2.7. Haiitu obiee penienne ypaBHeHHs
zy + 6y = 22°\/y.

910 ypasuenue Bepuymmu. Cpenaem zameny y = uv, Torua ¥ = u'v + uv'.
Umeem

z(u'v +w') + buv = 22°/uv,
zu'v + u(zv' + 6v) = 22%V/uv.
dv 6dz

d
Mycts zv'+6v = 0. Torma z£+6v = 0w = 0;In|v|+61n|z| = 0;

v
—==Luv= z8. CnenoBarensHo,
s

v 28 =2 Vu 28, o -z" =225/,

du du 2dzx
2 J 2 i e
ol =% dr * 2 Vi z2’

2 ) —2 ~9)?
2Vu=—-=+C; fzxo ; uz(zc > ).
T 2z 4z

OKOHYATEeTbHO UMEEM

(zC —2)% - z*

y:u-’u: 4

. 6. YpaBueHusi B noaubix nudepenimanax. BosbMeM ypaBHetue mep-
BOT'O IOPsA/Ka, 3a0MCaHHOe B quddepeHIManbHoi dhopme:

P(z,y)dz + Q(z,y) dy = 0. (2.17)

Onpenenenne 2.8. Fcau aesan wacmny ypagrenus (2.17) asasemcs nosmoum
dudpdepenyuarom nexomopot dyrxyun u(z,y), Mo IMo YpasHeHUE HA3BBaeM-

CA YpasHeHUeM 8 NOOHuT Jupdepenyuanar.
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-
Oy Oz

Honp3ysick paHee PACCMOTDEHHBIMH METOAAMU OTBICKAHHS (DYHKLUUM 1O ee

Beipasenue xe P dz + Q dy, Kax u3BecTHo, ecTh NonHbIH guddepesuuan,

MOJTHOMY A depeHnuary, HAXOUM TAKy10 QYHKIHIO u(Z, ), 4T0
du(z,y) = P(z,y) dz + Q(z,y) dy.
Torpa ypabHenue (2.17) MOXHO 3anucaTh Tak:
du(z,y) = 0.

ocnenree paBeHCTBO O3HAYAET, YTO MEXKIY TEPEMEHHBIMU T H Y CYHIECTBYeT
3aBHCUMOCTD BHJIA
u(z,y) =C,
rie C' - npomssosibHag mocTosHuad, [losyuennas 3aBUCHMOCTL W JaeT 0b-
ulee pemenue ypasuenus (2.17). CrrejoBaTeIbHO, WHTErPUPOBAHNE yPABHCHHA
(2.17) cBomuTCA K OTHICKAHMIO MepBooGpa3HOil OT JeBOM YacTH. Bocmosszo-
BABIINCH BLIPAXKEHUSIMH AJIA 9TOH NepBooOpasHOl moiydyaeM obuige pelneHue
ypasueuusi (2.17) B Buze
& y
[P+ [QEay-c
Zo Yo

WJIK B BULE
T

Y
/ Plz, ) do + / Qz,y)dy = C.
Zg Yo

IIpumep 2.8. Haiigem ofuiee penterne ypaBHenns
(2z+y)dr+ (xz —4y) dy = 0.

Taxk xax

0 3}
2 = — —_ ==
522 t1) = 5le—w) =1

TO JIEBad HaCTh YPaBHEHH$ ABJSETCS NMONHBIM AuddepeHiHanoM HeKTopoi
bysxuun u(z, y). Beps 3a Touky (g, ¥p) HAYATO KOODAUHAT, UMEEM
x y
uEy) = /(29: +y) dz + /(-~4y) dy=az?+zy—2° =C.
0 0
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. 7. IaTerpupyiomuii MHOXKuTeb. Jlaneko He Besakoe nuddepeHnnaib-
Hoe ypaBHeHHe Bija (2.17) siBnsieTcs ypaBHEHUEM B NOJIHBIX AuddepeHinaax.
Oxuaxo Iyis1 Besikoro ypasueHust (2.17), takoro, uro dbyuxkuun P u @ nudde-
PEHLMpYeMbl B paccMaTpuBaemott obiacTu, cymectByeT dbynxuust u(z,y) # 0,
Tnocsie YMHOXKEHHS! Ha KOTOPYIO BCeX WiIeHOB ypaBHenws (2.17), neBasi 4acTh
YDaBHEHHUS CTAHOBHTCS MONHBIM auddepennuanom; sta dyskius u(z,y) Ha-
3BIBAETCS UNMEZPUPYIOUUM MHOMCUMENEM. BCAKoe ypaBHEHUe, PH YCAOBUH
muddepertupyemoctst pyHKuui P 1 (), UMeeT MHTErpUPYIOMU MHOXKHUTENb
(9TO MOXKHO [0Ka3aTh), ONHAKO AAJIEKO HE JiJIsl BCAKOrO yPABHEHHUs STOT MHO-
JKUTENIb TPAKTUYECKUA MOXKHO HAWTH.

Ecnu naTerpupyromuit MHOKATENL HAWEH, TO JaHHOE YPABHEHHE HPHBO-
JIUTCS K YPABHEHHIO B MOJHBIX AU dDEpeHIMAIax 1 3aTeM PeIIaeTes METOAO0M,
YKa3aHHBIM B MPEJBIAYIIEM IIYHKTE.

ITpumep 2.9. Pemuts quddepeHnyaibHOE YpaBHEHHE
(1 - z%y)dz + (zy — %) dy = 0,

'3HasA, YTO OHO UMEET MHTErPUPYIOUIHYA MHOXKUTENb (4, 3aBUCAIIASA TOJbKO OT .
9T0 ypaBHeHUE He SBJISIETC ypABHEHNEM B TOJIHBIX JudbdepeHnnanax (3aech

oM , ON
e B o B — B e &
P 1 z7Y; Q Yy 75 ay 7£ ax

ypaBHEHHe MMeeT WHTErpPUpYIOuMi MuoxkuTens suna (). Hafizem ero.

). OJIH&KO B YCJOBUM CKa3aHO, 4TO

YMHOXKas1 BCe UJIEHBI IAHHOTO YpaBHenus Ha p(x), TpUBEAEM €ro K BUy
u(z)(1 — 2%y) dz + p(z)(2*y — 2°) dy = 0.

Hast Toro urobbl JieBast 4acTb 9TOrO ypaBHeHUs Oblia NoNHbIM Auddepernna-

JIOM, Hano, 4T0OB!I BBITIOJIHSIOCH TOXK/J1eCTBO

5 1L~ 2] = [Py - )]

W

w(z) @y — 2°) + p(z)(2zy ~ 22) = 0,
OTKY/1a
2u(z)

wie)=——
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IT0 — ypaBHEHHE C PA3ILIAIOUUMUCH TIEPEMEHHBIMM ¢ HEH3BECTHOH (byHKUHEH

p(x). Pemast ero, vadizem p(z):

() = l%

Tak Kax HAM JOCTATOUHO HANTH XOTS Obl OJMH HHTErPUDPYIOIKH MHOYKHTEb,

npumeM C' = 1. Torpa p(z) = 1/2% u nannoe ypaBHEHUE N0CTE YMHOXEHHs Ha

w(z) npumer sug

1

— -y |jdr+(y—2z)dy=0.

(rz y) (y—=z)dy

970 — ypaBHeHHE B NONHbIX muddepennuanax (34ech
0 /1 a
= —=— = —(y — z)). Pewas ero Tak xe, Kax u npejpl Uil IpuMep,
By (xg y) 5a Y~ ) peapLLy Uit pumep
HalizeM oOuil HATErpajl JAHHOIO YPABHEHUS!

) 4
Y 1
= ey —=C.
2 = 7

§ 2.2. Indpdepesumanbable YpaBHEHUS BTOPOro U BLICHINX HOPAIKOE

. 1. JuddepeHpanbnble ypaBHeHHAsI BTOPOIo ropsiaka. Mol repetiem
Tenepb K U3Y4eHnio AnddepeHnabHbIX yPABHEHNHA BUAA

F(z,y,9,y") =0, (2.18)

B JIEBYIO YACTb KOTODbIX BXOAUT BTOPAas MPOU3BOAHAS HEM3BECTHOM (DYHKIIUH.
Mur 6yzeM HasbiBATb UX JuPPEPenyUasbHHMU YDAEHEHUSA BMOP020 TOPAJKA.
OBBbIMHO PACCMATPUBAIOT YPABHEHHMS, PA3PEILEHHBIE OTHOCHTEIBHO BTOPOH
[IPOU3BOJAHOMA
y” = f(Izyayl)' (219)

Haugsem ¢ npoctoro mpumepa:

[locsienoBaTe/bHO HHTErPHPYS!, HARAEM CHAYAJIA [EPBYIO IPOUIBOAHYIO:

y' = 2?/2 4 C1, a zarem 1 camy QyHKUMIO:

2 3
y:/(%‘+01> dz + J’z:%+01$+02.
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Tak Kak Mbl HHTETPUPOBAIH BAXK/(bI, TO MOJYUUIIH JBE IPOU3BOJILHBIE TIOCTO-
SIHHBIE, KOTOpble 0603Ha4un yepe3 C) u Cs.
Cdopmynupyem ob1uuit BHIBOJI, JOKA32TENbCTBO KOTOPOrO Mbl IPOBOJHTD He
OyaeM.
Y/ A— !
Juddepennpansroe ypasHenue sroporo nopsjaka v’ = f(z,y,y’) umeer
HecyrcIeHHOEe MHOMKECTBO PElIeHnH, KOTOpble Jai0Test PopMYyIIoi

y= QO(CL', Clch)a

cozieprKallell J1Be TPOM3BONBHLIE IOCTOSIHHbIE. DTO COBOKYITHOCTh PELICHHH Ha-
3BIBACTCHA 00WUM DEULEHUEM.
YacTHOE pelTeHne YPABHEHUS OTHICKUBAETCS TIPH [IOMOIIM 33JIaHUsT HAYATb-
HBIX YCJIOBUA
Ypo=t0 ¥ V=%
Hanpumep, HaiizeM 4acTHOe pellleHye PacCMOTPEHHOTO HAMM YPaBHEHHUSI
y" = Z NpU HAYANLHBLIX YCIOBUAX y{zzzz 2,y '122: 3. ToacTaBnsas sTu yeo-

BHsA B BbIPDaXXeHUsA 1151 0610,(3[‘0 PEMIEeHus u ero HpOlfIBBO,D,HOVI, TIIoJryvaeM CUCTeMYy

ypaBHEHUH
3=24+0C, 2:§+201+Cz,
otkyza C1 = 1, u Cy = —4/3. CaenosaTesibHO, HCKOMBIM YACTHBIM PEIleHNEM
Byner
23 4
y= 3 i 3

TeomeTpryecKut CMBICIT HAYANIBHBIX YCIOBUE 3aKJII0UAETCS B TOM, YTO IOMHU-~
MO TOUKH (Zg, Yo), YEPE3 KOTOPYIO JOJIKHA POXOAUTH MHTErpalibHasl KpUBasi,
MBI 33,a€M ellle yIIIOBO# KoadduiuenT KacaTensHolt (yy) K aroit kpusoi. Ot-
METHM, YTO TaK Kax ofliee pelleHne ypaBHeHUs BTOPOrO MOPAJKa 3aBHCUT OT
JBYX [POM3BOJBHBIX MOCTOSHHEIX, TO Yepe3 JaHHYI0 TOYKY MPOXONUT becyuc-
AEHHOE MHONCECBO UHTMELPANOHYIT KPUGHLE, JHUIIb OAHA M3 KOTOPLIX WMEeT
JIAHHBIN yryoBoit Koapunuent. Tak, HapuMep, JIETKO IPOBEPUTH, UTO €CHIH

B 00IIeM peIeHNH PACCMOTPEHHOrO BhIIIE IpuUMepa NonoKuTh Cy = 3 2C%,

3 2
T0 rpaduK GYHKIUM ¥ = %— + Cix + (—?; - 201) npu mobom suaderun C)

TPONIET Yepes 3aaHHyI0 ToUKy (2, 2). Brifupast u3 Bcex 9TuX KPUBBIX TY, [JIs]
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KOTOpPO#t yrnoso#t Ko3bdULMEHT paBeH 3, Mbl U [IPHXOAUM K HCKOMOMY YacT-
HOMY DeleHHIO.

Yrobel chopMySIHPOBATEL TEOPEMY CYIIECTBOBAHHS PELIEHUS )il YPABHEHWS
BTOPOro nopsiiika suia (2.19), Oynem caurarsb, YTO Npasas 4acTb ITOrO ypan-
HEHMs SBJISIeTCS (DYHKIMEH TPEX HE3ABUCHMBIX HEPEMEHHBIX T, Y 1 ¥, TAK Kak
TIpY 38/IaHUN HAYTAJIBHBIX YCIOBHI KOOPJUHATHI Zg, Yo U YIV10BOH KO3 duiiueHT

KacaTelbHO! y{', HAYEM MeXIY cODOH He CBSI3AHLL
TeopeMa cylmiecTBOBaHMSI M €QUHCTBEHHOCTH pelnenud. Ecau diymnx-
yus f(z,y,y') nenpepmena 6 oxpecmmocmu 3nanenud To, Yo, Yp, MO YpasHe-
nue ' = f(z,y,vy") umeem pewenue y = y(z) maxoe, wmo y(zp) = yo u
y'(zo) = yo-
of of

Ecau, xpome moezo, HenpepbiBHbL U HACTHBLE NPOU3BOOHBE ——

U ——, mo
oy oy

MO PEULEHUE YPABHEHUSA E0UHCTMEENHO.

JlokasbiBarh Teopemy MBI He Gyem.

[lonssysich llpH,Be,U,eHHOH TEOPEMO, MOXKHO, HAIIPUMED, CPa3y CKA3aTh, YTO
ypasuenye ¥y’ = “~+y UMeeT eMHCTBEHHOE PelleH e TPH HAYAJIbHbIX YCJIOBUSX
y1w=1: 2, y’lle: —1; npu 3TOM, KOHEYHO, OTKPBITHIM OCTAETCS BOMPOC, KaK
3TO pellenue HaltTi. Eciu 11 3TOro »xe ypaBHeHUS 334aTh HAUATIbHbIE YCJIOBUA
npu ¢ = (, TO Teopema CYIIECTBOBAHMS HUKAKOIO 3aKJIOYEHHS CHENaTh He
MO3BOJIUT, TAK KaK [paBasi 9acTh yPaBHEHUS NMPH TUX HAYATbHBIX YCJIOBUSIX
Oyzer He OonpeseseHa.

Kax u myg ypaBHeHHM NEPBOro MOPSIKA, 33/a4y OTHICKAHUS YACTHOTO De-
IIEHUST TI0 HAYAJIBHBIM YCJIOBUAM Ha3bIBAIOT 3adauet] Koww.

. 2. YacTabie ciayvan ypaBHeHHI Broporo nopsijaka. Bosemem nudde-
PEHIIMAJIBHOE ypaBHEHUE BTOPOIr'O lopdAaKa

¢ =fE0y)

1 PacCMOTDPHM HACTHBIE CIIy4daHd, JIEPKO NPUBOAUMbBIE K yDABHEHHSIM IIE€PBOIO
HOPAIKA.
L. ITpaBag yacTh ypaBHeHHs He CONEPKUT Y U '

y' = f(z). (2:20)



66

Tax xak ¢ = (¢'), To
y':/f(z)dx+01.

Uurerpupys eme pas, 6yaeMm uMeTh

y:/[/f(x)dw} dz + Ciz + Cs,

rae C) 4 Cy — npou3BOJbHBIE TIOCTOSTHHBIE. [IpMep Takoro ypaBHEHUS MBI y7Ke
paccMaTpuBaju B 1. 1.
11. TTpaBas yacTb ypaBHEHUS He CONEPXKUT Y:

y'=(z,y). (2:21)

[Monoxum y' = z; Torma ' = 2’ u ypasuenue (2.21) npeobpasyercst B ypas-
HEHHE 1epBOro TIOPSIKA OTHOCUTENbHO Z:

Ecn Mbl Haitnem perrerne sToro ypasrenust z = ¢(z, C}), TO HCKOMOE PeleHue

TIOJIyYMM WHTETPUDPOBAHHUEM PaBeHCTBA Y = Z, T. €.

Y= /go(z,Cl)da: + Cy.

ITpumep 2.10. Pemum ypaBHerne

VA
[onaras ¢ = zuy" = 2/, IpUXOAUM K YPABHEHHMIO [IEPBOTO NOPAAKA 2 +— = T,
z

.’1)2 Cl
KOTOPOE OKa3bIBAETCsI JIMHEeHHbIM. PemuB ero, mattmem z = 3 + —. Torama
9
2 3
zz C T
Y=+ uy="+Clnz+C,.
3 z 9
[I1. TTpaBasi 9acTb YpaBHEHUS He COHEPYKHUT T:
v = f(y,9). (2.22)
[onoxum y' = p u Gyaem cunratsh p pyuxuuet or y. Juddepenuupys sro
paBeHcTBo, noay4nm gy’ = Eg Yrobb! HCKIOYNTD T, TTPOU3BEJIEM CIELyIONee
T
peobpasoBaHue:

v _dpdy _dp, G
dr dyda:ﬁdyy h dyp'
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KOTOpO#t yrioso#t Ko3bdUIMEHT paBeH 3, Mbl U [PHXOAUM K HCKOMOMY 4acT-
HOMY DeIleHHIO.

Yrobbl chOpMyIHPOBATEL TEOPEMY CYIIECTBOBAHNS PELIEHUS Uil YPABHEHWS
BTOPOro nopsiika suaa (2.19), Gysem caurars, 4TO Npasas Y9acTb ITOrO ypas-
HEHUA sIBJIsieTcA (DYHKIMEH TPEX HE3ABUCHMBIX MEPEMEHHBIX T, Y 1 ¥, TAK Kak
IPU 33JIAHUH HAYAJIBHBIX YCJIOBHH KOOPIMHATHI Lg, Yo U YIUI0BOH KO3DDUIUEHT

KACATENILHON ¥ HUYeM Mex 1y coBOi He CBA3AHL.

Teopema cylmiecTBOBaHMS M €IMHCTBEHHOCTH pelneHus. Ecau @ynx-
yua f(z,y,y') nenpepwena 6 oxpecmmocmu 3nauenud o, Yo, Yj, MO ypasHe-
nue ' = f(z,y,vy) umeem pewenue y = y(z) maxoe, wmo y(zo) = yo u
y'(z0) = %

of ~of

Ecau, xpome moeo, HenpepbiBHbL U “ACTHBLE NPOU3BOOHBIE ——

U ——, mo
oy oy

MO PEULEHUE YPABHEHUSA EUHCMEENHO.

JlokasbiBaTh Teopemy MBI He GyaeMm.

[Tonssysich IlpH,Be,D,eHHOﬁ TEOPEMOI, MOXHO, HAIIPUMED, CPa3y CKA3aTh, YTO
ypagHenue y" = —y—+y UMEET eIMHCTBEHHOE PEILeHHE TPH HAaYAJIbHBIX YCJIOBUSIX
y11=1: 2 y’lI:l: —1; npu 3TOM, KOHEYHO, OTKPBITBIM OCTAETCH BOMPOC, KaK
3TO pewlenue HaltTi. Eciu 171 3TOro »xe ypaBHEHUS 334aTh HAUATIbHbIE YCJIOBUA
npu =z = (, TO Teopema CYIIECTBOBAHMS HUKAKOIO 3aKJIOYEHHS CAEIaTh He
MTO3BOJTUT, TAK KaK [paBasi 9acTh yPAaBHEHUS NPH TUX HAYATIbHBIX YCJIOBUSIX
Oyzer He onpene/ieHa.

Kax u ayig ypaBHeHM# NEPBOro NMOPSKa, 3384y OTBHICKAHUS YACTHOIO De-
IIEHUST TI0 HAYAJILHBIM YCJOBUAM Ha3bIBAIOT 3adauet] Koww.

. 2. YacTuble ciayvan ypaBHeHHI BToporo nopsjaka. Bosemem nudde-
PEHI[MAJIbHOE YPABHEHHE BTOPOro IIOpsaKa.

¥ = [z, %.%)

1 PacCMOTPHM HACTHBIE CIIy4YaHd, JIEPKO NMPUBOAUMbBIE K YDABHEHHSIM IIE€PBOIO
OPAIKA.
I. ITpaBas yacTs ypaBHeHHs He CONEPXKUT Y U '

y' = f(z). (2:20)
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, d
Taxum obpaszom, y’ = p—p. [lopcraBuB B ypaBHeHue, OyJeM UMETH

dy

dp
By fy,p),

T. €. YypaBHEHHE NEPBOro MOpAaKa OTHOCUTEbHO P KaK (byHKIlMH org. Ecnu mut

nafizem ero pemenue p = p(y, Cy), TO HCKOMOE DElLeHHe MONYYHM i3 ypaBHe-
HUS C PA3JIENISIOIIAMUCA MEPEMEHHBIMHE:

dy dy dy
._..:p:go’y,Cl, Te., ———=dzr ¥u /““—:I+CQ.
dz Wy ¢(y, C1) ¢(y, C1)
IIpumep 2.11. Pemnm ypassenue

2yy" +% =0.

d
Monaraay' =puy’ = pAR, [0y 4UM

dy
d, 5
'Zyp—p +p°=0.
dy

JT0 ypaBHEHHE TIEPBOTO MOPSKA ¢ pa3ie/IsomuMucs nepeMennbiMu. [Ipusesas

d 1
ero K BULY = _2_@,/ W HHTErpupyst, mojydum Inp = —-2—lny +InCy u
p Y
p = —=. Onpeie/us TeNephb y U3 ypaBHEHUs! & = gl—, NPHULEM K MCKOMOMY
VY dz Y

pemenmio y*/? = Cyz+ Cy wma y = (Crz+ Cy)*3. Tlpu coxpamenuu Ha p 6bu10
MOTepsIHO peleHue ypasHenus p = y' = 0, .e. y = const. B ganHoM ciayyae
oHO nofydaercst w3 obmero npu C) = 0.

B ofoux nociefsux Crydasx Mbl 3aMeHsM NPOUBOAHYIO Y HOBOH BCIO-
MOraTeNbHoH QYHKIMeH U NPUXOAUIN, TAKHM 00pa3oM, K YPABHEHUIO MepBOro
nopsiaka. Ecnn ypasrenue umeer Bug y” = f(y'), T.e. eciu 0HO OAHOBPEMEHHO
orHocuTess u K Ty I w x Tuny Il To crepyer BLIOpaTh TOT XOA pellEHUd,
KOTOpBIil okaxercst bosiee yoOHBIM.

. 3. Inddepenumanbubie ypaBHeHUs BBICIINX TOPSIKOB.

Ounpepenenne 2.9. Juddepernuuasohiom Yypasrenuem n-20 nopadke Ha3vea-
emes ypagnenue euda

y™ = f(z,9,9,...,5" ) (2.23)
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uaYy
F(z,y,y,...,y™) =0. (2.24)

Of1uee penieHne TaAKOro YpaBHEHHs! 3aBUCHT OT 7. [IPOU3BOJILHBIX TOCTOSH-
abix: Y = @(z,Ch, Cy, ..., Cy). UT06bI BbIIENUTL YACTHOE DEHIEHHE, OTBEYAlo-
Ilee KOHKDETHBIM YCJIOBUSIM 3aJIa4i, Hy»KHO 3aJaTh HaYaJbHbIE YCJIOBUS; OHH
HUMEKT ClIeAyIoInui BuA;

y(n_1)| (n—1)

y[z:xoz Yo, yr’fﬂ:gpo: y(’)’ s g I=-'l‘o: Yo ,

T.€. NPU T = T 33Jlal0TCA 3HAveHust caMoil pyHKIMH U ee nepBbIX (n — 1)
npousBoasx. duddepenimpys (n — 1) pas obliee pemenvie u NOACTABJSAS
HadaJlbHble YCJIOBHS, Mbl IIOJYYaeM CUCTEMY 7T YPABHEHUH C N HEM3BECTHLIMY
Cy,Cy, ..., Cy.

Ha Bompoc o cymecTBoBaHMM ¥ €JMHCTBEHHOCTH YACTHOTO DEIIeHHs! OTBe-
YaeT TeopeMa, COBEpIIEHHO AHAJIOTMYHAS yXKe TPUBEJEHHBIM paHee IJisl CJIy-
yaeB n = 1 u n = 2. QopMyaupys ee, HY>KHO CUUTATH, YTO MpaBasg YacThb
ypaBHenusi (2.23) — dbyHKuus f — 3aBHCHT OT 7. HE3ABUCHMBIX TIEPEMEHHbIX
2,9, ...,y V. Ecau ama dynxyus HENpepuena 6 0KPECIIHOCTIY, HaAYAAD-
HOLT 3HANEHUT T0, Yo, Yp, - - - » (()""1) U UMEETM HENPEPDIBHDIE “YACTIHYIE NPOU3-
800MblE NO 6CEM NEPEMEHHbIM, HANUMAA ¢ Y, mo ypasnenue (2.28) umeem
e0UHCTNBENHOE HACTHOE DEULeHUE, YOOGAELTNEOPAIOULEE 3A0GHHBIM HAMAADHIIM
YCAOBUAM.

YKaKeM OIMH TN yPABHEHUH 1-T0 NOPSIKA, KOTOPBIE JIEFKO PELIAOTCs MIPHU
11060M 7, 8 UMEHHO

n) _
y™ = f().
Obuiee peiienne 3TOro ypaBHeHUs: MBI MOJyYUM, TIPOU3BEIS MOCIEI0BATENLHO

7 MHTErPUPOBAHKHN, NPU KAXKJOM TAKOM MHTErPUPOBAHUN OyIEeT MOsBISTHCS
HOBasi MPOU3BOJIbHASI TIOCTOSTHHAS.

av)

IIpumep 2.12. Pewum ypapuenue y = sinz. Vimeem:

U = _cosz+Cy, y¥D = —sinz + Ciz + Co,

z? z3 z?
v = cosz + C1—2— +Cox+C3, y=sinz+ 01—6— + 02—2~ + Csz + C4.

Y
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uaY
F(z,y,9,...,y™) =0. (2.24)

Ofuuee penieHne TAKOr0 YPaBHEHHs! 3aBUCHUT OT 7. [IPOU3BOJILHBIX TTOCTOSH-
#ex: y = @(z,Cy, Oy, ..., Cy). UTo6bl BLIENUTb YACTHOE PEILIEHHE, OTBEYAI0-
1jee KOHKPETHBIM YCJIOBHSM 3aJa4i, HYXKHO 33JaTh HaYallbHbIe YCIOBUSI, OHH
UMEIOT CIeIYIOWNHA BUJIL:

y(n—l)‘ (n—-1)

/
Yoo =90 Y|y = Y00 ema= Y0

T.€. NPU T = T 3aJAI0TCA 3HaveHus: caMoil pyHKIMH U ee mepBbIX (n — 1)
nponsBonsex. Jduddepenimpyst (n — 1) pas oblige peilenre n NOACTABASS
HaYaJlbHbIE YCJIOBHS, Mbl OJyYaeM CUCTEMY T YPaBHEHUH C 1 HEM3BECTHBLIMU
Ol,Cg, e ,Ch.

Ha Bompoc o cymiecTBOBaHMM M €MHCTBEHHOCTH YACTHOTO DEIIeHHs! OTBe-
4aeT TeopeMa, COBEDIIEHHO AHAJIOMYHAs y)Ke PUBEJICHHBIM paHee [ist CJIy-
yaeB n = 1 u n = 2. QopMyaupys ee, HY>KHO CUUTATH, YTO MpaBasg 4YacThb
ypaBHenusi (2.23) — dbyHKuus f — 3aBHCHT OT 7T HE3ABUCHMBIX TEPEMEHHbIX
2,9,Y, ...,y V. Ecau oma dynkuyus Henpepuiena 6 0KpecmmMOCIig Hauaib-
HOLT 3HANENUT Z0, Yo, Yp, - - - » (()”'1) U UMEEM HENPEPHIBHDIE YLACTNHYE NPOU3-
800HblE MO BCEM NEPEMEHHBIM, HANUMAR ¢ Y, mo ypasnenue (2.28) umeem
e0UHCTNBERHOE YACTIHOE DEULEHUE, YOOBAEMEOPAIOULE 3A0UHHYIM HAUAALHILM
YCAOBUAM.

YKaKeM OfiMH TN yPABHEHUH M-T0 NOPSIKA, KOTOPBIE JIEFKO PELIAOTCs DU
JII06OM M, 8 UMEHHO

ny __
y™ = f(z).
Obuiee peienne 3Toro ypapHeHUs: MbI MOJYyYUM, TIPOU3BEIS MOCIEI0BATENLEO

7 MHTETPUPOBAHMHN; DU KAXKJOM TAKOM WHTErDUPOBAHWM OYAET MOSABIATHCS
HOBas MPOU3BOJIbHASI MIOCTOSTHHAS.

Ilpumep 2.12. Pewnm ypasuenue yV) = sinz. Nmeewm:

UID =~ _cosz 4+ Cy, yYD = —sinz + Ciz + Cy,

, a2 z3 72
= cosa:+C1-2— +Cyx+C3, y=sinz+ ClE - Cri + Csz + Cy.

Y
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Vamensist 0bo3nayeHus IIPOU3BOJIbHBIX ITOCTOAHHBIX, ()6111,66‘ peueHne MO>KHO
3alucaTh B BUJIe

y =sinx + Cl.CEB =} C-ZL'E2 + Csz + Cy.

§ 2.3. Jluneitubie nudrdrepeHnuanbHbie ypaBHEHUS

Jluneitupie ypaBHenusi Broporo nopsijixa. O6uive cpoiictBa

Ornpenenenne 2.10. Junedinom duddepenyuastrom ypasHenuem 8mopoeo
NOPAJKAE HA3BLBAETNCA YPASHEHUE NEPBOT CTRENEHU (AUNETHOE) OMHOCUMENDHO
HEUIBECTNHOU (PYHKUUL U e€ NPOUSBOIHDIT.

Bydem sanucweamy ezo 8 sude

y' +ai(z)y + ax(z)y = f(z). (2.25)

®ynkuug f(z) HaseiBaeTes npagot wacmuvo ypashenus. Ecm dynkuus f(z)
TOX/ECTBEHHO PABHA HYJIIO, TO ypaBHeHue (2.25) Ha3bIBAETCHA AUHEUHDLM YPas-
neruem be3 npasotl wacmu (uau 00nopodisim). B 1poTHBHOM cilydae ypaBHeHHe
(2.25) HasbIBAIOT AuHelUHbLM YpasHenuem ¢ npasoti wacmero (WM HeooHopoo-
HOM).

Ecnu B HekoropoM uuTepBatie ¢ < z < b dynkunn ai(z), as(z) u f(z)
HEeNpepBIBHLL, TO ypasHerue (2.25) npu MobblX HATAbHBIX YCIOBUSAX

Y = Yo, y'|z:x0: vy, rAe Zo € (a,b)

T=Tq

HMeeT eIUHCTBEHHOE PELIeHHe, Y/IOBIeTBOpSIONIee STUM yCIOBHAM. DTO ClIeity-
eT U3 TOro, 4To K ypaBsenuio (2.25), sanucannomy B Buge ¥’ = —ai(z)y —
ag(z)y + f(z), npuMeHuMa TeopeMa CyIIECTBOBAHUS H €LUHCTBEHHOCTH pelle-
ausi, cchopmysupoBanHas B § 2.2; HenpepbIBHA U Cama [paBasi YacTh, U ee JacT-
Hble [IPOU3BOAHbBIE 10 Y (3T0 — ag(x)) u mo ' (310 — ay(x)).

3aMeTHM elue, ITO JIMHEHHOe ypaBHeHHe
po(z)y" + p(z)y + pa(2)y = f(z)

MOZKHO MpUBECTH K Buay (2.25), aeist 0be ero gactu Ha po(x). [lpu atom B rex
TouKax, rae po(z) = 0, yesIoBHA TeopeMbl CyIECTBOBAIMST MOTYT HAPYIIUThCS,

TaKHe TOYKH HA3LIBAIOTCA 0COObLMU.
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n.1. Jluneitable ypaBHeHuss 6e3 mpasoii wacTu. PaccmorpuM cHavana
ypaBHeHHs 0e3 mpaBoit yacTH, T. e.

y'+ay +ay =0, (2.26)

rZe A5 KPaTKOCTH 0003HAYEHO a1 = a1(Z) ¥ a3 = as(x). B yacTHBIX ciydasx
a1 U @9 MOTYT ObITH IPOCTO MOCTOSTHHBIMH.

Teopema 2.1. Ecau y1(z) u yo(z) — pewenus aunetinozo ypasrenus (2.26),
mo dynxyua y(z) = Ciyi(z) + Coye(z) npu wobwuz nocmosuwwiz C; u Cy
MAKHCE ABAACTNCA DEULEHUEM YDAGHEHUS.

J1s1 KpaTKocTH B JajibHeinieM Mbl OyjieM 3allUCHIBATH PELIEHUs] B BUAE Ui

U Yo, a BeipaxkeHue C11 + Coys HA3BIBATL UX JHHERHOM KoMOMHAIMEH.
Joxazamenvcmeo. Tlponuddepertupyem neax st bynakuuio y = Cry; + Coyo:
Y = Cwi + Cap, 4" = Cryi + Cayy.

Honcrasum y, ¥’ u y” B neByio vacTs yparenust (2.26). ITomyaum

Ciyf + Coty + a1(Cryy + Cayh) + ag(Chyr + Coya) =
= Ch(y] + a1ty + agy1) + Co(vh + a1ys + agye).

BripakeHusi B cxobKax MpeACTaBisiioT coboit pe3ysbraT mOACTaHOBKHU B Jie-
BYIO 4acTh ypaBHenust (2.26) coorBeTcTBeHHO DYHKUMYE Yy U Yo, & TAK KAK OHU
0 YCIOBHIO CyTh PeIleHUs] YPaBHEHUs], TO 00a 3TH BBIPAXKEHHs TOXKIECTBEHHO
PaBHBI HYIIIO M, TAKEM 00pasoM, byHKuus y(T) AeHCTBUTEIIBHO YIOBIETBOPSIET
ypasreruo (2.26). O

Ha ocroBe moxa3aHHON TeopeMbl Mbl MOKEM CGHEJIATH CIELYIONAN BLIBOI O
CTPYKType 06I1ero peuieHust JIAHERHOro ypaBHeHus: 6e3 IpaBoil 4acTH:

Ecnmu y; v yo — pelenus: ypaBuenus (2.26) Takue, YTO UX OTHOLIEHHE fe
PaBHO MOCTOSIHHOM Benuduue (yYo/y; # const), To JMHeiHas KOMOUHALMS FTUX
byHK@ii

y = Ciyr + Coy

SIBNISIETCS OOIIMM PellleHueM YPaABHEHHUSI.
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1. 2. Jluneitaple ypaBHenusi ¢ npasoil 4acTbio. IlycTs Teneps maHo Jiu-
HellHoe ypaBHEHHEe BTOPOro MOpsiJKa ¢ NPaBoOi YacTbio

¥+ ay + apy = f(z). (2.27)
YpasHeHue 6€3 papol YacTu
y' +ay +ay =0, (2.28)

MOy aloIeecs: U3 JAAHHOrO ypaBHeHus (2.27), eciid BMeCTO CBOOOLHOTO 4jeHa
f(z) B3t Hy”nb, HA30BEM coomeemcemeytousum ypasrenuem (2.27). Jokaxem
TEopeMy O CTPYKTYpe obLIero pelieHusl ypaBHeHUsT ¢ IIpaBoil Yactbio (2.27).

Teopema 2.2. Obwee pewenue ypashenus ¢ npagotd wacmuio (2.27) mooicho
COCTNABUMD KAK CYMMY 06ULE20 PEWEHUS COONEEMCMBYIOULL20 YPABHEHUA OE3
npagoli wacmu (2.28) u kaxozo-nubydv wacmmnozo pewenus JanHnoeo YpasHeHua

(2.27).

Loxazameavcmeso. Obozmaunm yepes $(x) obuee pemrenne ypasaenus (2.28),
a uepes p(z) — xakoe-HUOYIb yacTHOE peilenne ypasHenus (2.27). Bozbmem
byuKIHO
y = ®(z) + ¢(z).
Umeem
Y =20(z)+¢(z), v'=2"(z)+¢"(2)

[MogcraBisis Beipakedus 11 Y, i, ¥ B JEBY10 9acTh 3aJJaHHOrO ypaBHEHU

(2.27), natizem:

P"(z) + ¢ (z) + a1[®'(z) + ¢ (2)] + a2 ®(x) + ¢(2)] =
= [0"(z) + 1% (z) + a1 B(2)] + [¢"(2) + a1 (z) + arip(z)]-

BoiparkeHne B repBoil KBajpaTHOR ckobke pasHO Hymo, u6o ®(x) — peue-
HUe ypaBHeHns 6e3 mpasoit wactu (2.28), a BepakeHHe BO BTOPOM KBaJpat-
HOU ckobke paBHo f(z), ubo ¢(r) — pemeHue ypaBHeHUs C NMPABON YacCTbIO
(2.27). CnepoarensHto, hyukuus y = P(x) + @(z) AeficTBHTENLHO eCTh pelile-
Hie ypaBHeHus (2.27). Tax Kak 9T0 pelueHne 3aBHCUT OT JABYX [POU3BOJIBHBIX
nocrosiHEbiX (o1 Hux sasucut dyukuus $(x)), To oHo U ectb obwiee pemeHye,
YTO MBI M XOTEJH JOKA3ATD. O
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WTak, ans Toro, 4TobH HANTH obIee PelIeHne YPABHEHHS C IPABOH YACTHIO,
Hy’KHO HaliTu ofIliee pemleHue COOTBETCTBYIONIEro ypaBHEHUs 6e3 IpaBsoil ua-
CTH M JIUIIb OAHO KaKoe-HUOYAb YACTHOE PelleHye 33aHHOr0 YPaBHeHUs. DTo
MOXKHO 3aIIHCATH TAK:

y = Ciy + Coya + (2),
Ie Y) ¥ Yo — YACTHBIE PelleHdsi COOTBETCTBYIOMIETO ypaBHeHMs! Ge3 mpaBoit
4acTH, & ((T) — YaCTHOE pellleHye yPABHEHMS C IPABOM YACTHIO.

0. 3. YpaBHEHHE BTOPOrO MOPSIKA C MOCTOSHHbIMYN KO3hdummenra-
mu Oe3 npaBoii yacTy. PelenneM NuHEHHBIX ypaBHEHUH BTOPOrO NOPSAAKA C
nepeMeHHbIMI K0abUIMEHTAMH a1 U @ MbI 3AaHUMATLCS He OyieM; 3aa4a 3Ta
CIUITKOM cIoXkHA. Mbl 6yleM paccMaTpuBATh TOJIBKO JMHEHHbIE YPABHEHUS C
TOCTOSIHHBIMU KO3 DHIUEHTAMHU, T. €. YPABHEHUA

Yy +ay +ay = f(z), (2:29)

rle @) ¥ @y — NOCTOSTHHBIE BeJIMUNHLI. Kak 1 paHbllie, HAYHeM ¢ ypaBHeHui 6e3
MpaBoil 4acTH.

BosbMmenm oHOpOnHOE SMHERHOE ypaBHEHHe BTOPOrO MOPSIKA
Y + a1y + ay = 0, (2.30)

roe ap u az — nocrosausle. [locraBuM mepex coboif uens» — HallTu obmiee pe-
IIEHYE TAKOTO YPABHEHUS.

[omnpobyem ynosnerBoputs ypastenuto (2.30) dynxuued suga y = €' (r —
KOHCTaHTa). UnTaTens He JOJDKHA CMyLIATh KaXKyllascs ¢ IEpBOrO B3rJsia
MPOM3BOJILHOCTL BHIGOPA 3T0i byHKIIMKM. BHUMATENBEHO TPOC/IEIUB 38 MPOCTeli-
IIMMH BbIKJIAJKaMH, KOTODBIE Mbl CelYac IPUBEEM, OH YOeIuTcst, YTO 0cobeH-
HOCTY T0Ka3aTenbHOM DYHKIMH JefiCTBUTENBHO HAIOT MOBOM OXKHUAATD, 9TO IPH
HEKOTOPOM ompeesieHnoM 7 pyHKuus e'* Oyner perenveM ypasrenust (2.30).

Uwmeem

yl e T,er:v’ yll - 7,267'1_

CirenoBaTenbHo, JOJDKHO UMETh MECTO TOXKIECTBO

e*(r+arr +ay) =0

WM, TaK Kak e’ = (),
r2 4 ar +ap = 0. (2.31)
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Otciona BugHO, uTo byHKIUa €™ Gymer pemedueM anddepeHIUanbHON0
ypasrenua (2.30), ecsiu 7 GyieT KopHem KBagpaTHOro ypashenns (2.31).

Ypasuerne (2.31) Ha3bIBAETCA TAPAKMEPUCTIUECKUM.

Y106kl COCTABUTL XAPAKTEPUCTHIECKOE YPABHEHNE, HY)KHO B JAHHOM Jud-
cepernpnansHoM ypasHerun (2.30) y 3aMEHHTh eIUHULEH, & KasK1y10 TPOM3BO-
Hy10 nckoMol dyHkuun (Y u y”) — BeJUYMHON T B CTENEHH, PABHON NOPAAKY
npoussoanoh (1 1 r2).

Cremyer pasnuuaTh TPU BO3MOMKHbBIX CJlydas IJisl KOPHEH 71 U Ty XapakTe-
PUCTHYECKOro ypaBHEHUsi (3[ech Be3Jie IIPEeIoNaraeTcs, 4T0 KoxbduuueHTsl
a1 ¥ g — JAEHCTBUTENILHBIE YUCIIA):

1) 71 1 7y — mefcTBATENBHBIC U PA3THYHbIE YHCHA Ty F To;

2) 71 ¥ T9 — JefCTBATENIbHBIE i PaBHblE MMCIA: T, = Ty (1] — ABYKpPATHBIA
Kopenb ypasrenns (2.31));

3) 1 U Ty — KOMIUIEKCHBIE CONPSKEHHbIE Ynucia: 1 = a + (i, rp = a — [,
B #0.

PaccMOTprM KarkABIH M3 9THX CIYYaeB B OTHENbHOCTH,

1) KopHu xapakTepuCTHIecKOTO ypaBHEHHs JEACTBUTENbHbIE B Pa3/IAYHbIe:
71 # r9. IIpm sToM 00a KOpHsT MOryT ObITh B3SIThI B KauecTBe IIOKa3aTesed T
byHKIMM €7, 1 Mbl cpa3y HoJTy4aeM ABa peurenus ypasuenus (2.30): eM* n e™?,

T2l

$IcHO, 4TO MX OTHOIIEHNUE HE SIBJISIETCA HOCTOSHHOM BeJIMYMHOM: fre-ruls,

=€
et

Obwiee pemmenue B ciy4ae HefCTBUTENLHBIX ¥ Pa3HBIX KODHEH XapaKTepu-

CTUYECKOr0 ypaBHEHHS JaeTcst (HhOpMyJIoi
y = Cre"* + Che™®,
rae Cy u Cy — NPOM3BOJIbHBIE [IOCTOSIHHBIE.
Hpumep 2.13. PemuuM ypaBHeHHE
y”—y'—2y=0.
CocraBuM XapaKTepycTHYecKOe YpaBHEHKeE
r—r—2=0.
Ero kopuu cyth 1 = 2, 79 = —1. [Toaromy 0bum perenuem Oyzer

y = (,71621: + C'QC_I~
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Otciona BugHO, uTo dyHKIMA €™ Gyner pemenueM auddepeHIHATBHOIO
ypasrenus (2.30), ecan 7 6yneT KopHeM KBalparHoOro ypastenust (2.31).

Ypassenue (2.31) HA3bIBAETCA LAPAKMEPUCTIULECKUM.

Y10Bbl COCTABUTL XAPAKTEPUCTHIECKOE YDABHEHNUE, HY)KHO B JAHHOM [ud-
hepennpnanbHoM ypasterun (2.30) y 3aMEHUTh €IUHULEH, & KasK Y10 ITPOU3BOI-
HY10 HckoMol ¢yHKuuK (Y 1 y”) — BeANUUHONK T B CTENEHH, PABHON IOPAAKY
npousBoaHoit (r u r?).

Cremyer pasnuuaTh TPU BO3MOMKHBIX CJlydas 1Jist KOPDHEH 7] H Ty XapakTe-
PUCTHYECKOrO YpaBHEHUs (3HeChb BE3Je [PEANoNaraeTcs, 4To KoadduuueHTs!
a1 ¥ Gy — JACHCTBUTENILHBIE YUCIIA):

1) 71 u 79 — meficTBUTENbHBIE M PA3IHIHbIE YHCIA T1 7 T2;

2) 71 ¥ T9 — JEHCTBATENBHBIE U PaBHBIE YMCIA: T, = Ty (r] — ABYKDATHBIA
Kopenb ypasraenns (2.31));

3) r1 u Ty — KOMIUIEKCHBIE CONpPSDKEHHBIE YHCa: 1y = a + (i, 1o = a — [4,
B#0.

PaccMoTpuM KaykAbIH M3 STHX CIy¥aeB B OTUEJILHOCTH.

1) KopHu XapakTepucTHIeCKOro ypaBHEeH s JefCTBUTEIbHBIE U Pa3/InyHble:
71 # 79. IIpu 3TOM 00a KOpHS MOrYyT ObITh B3STHL B KauecTBe MOKa3aTeaed T

byHKIMM €77, 1 Mbl cpa3y HoJIyyaeM JBa penrenud ypasHetus (2.30): e"* n e"*,
ToX

(rg—n)z'

SICHO, YTO UX OTHOIIEHUE He SABJIsieTCA IIOCTOSHHON BeJIMYNHOMI: =€

enez
Obimee pemenne B ciryyae JeHCTBUTENBHBIX U Pa3HbIX KOPHEH XapaKTepu-

CTUYECKOI'0 YpaBHEHUs JaeTcs ¢hopMynon
y — Cle’l‘l.’l; + 0267'21"

rge Cy u Cy — NpPOU3BOJIbHbBIE [IOCTOSIHHBIE.
Hpumep 2.13. PemuM ypaBHeHHE

y//_y/ka:()v
CocraBuM XapakTepUCTHYECKOEe YDPABHEHUE

r—r—2=0.
Ero kopuu cyts 11 = 2, 79 = —1. [Moaromy obuum pertuenunem Oyjer

y - 6118