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['JIABA 1 e
 KPATHBIE HHTEI'PAJIBI
§ 1. IBOWHOH UHTETPAJ

1. OnpenesienHe ABOHHOro HHTErpaJa

Hycrs Qyukuus  f (X, V) HEMPEPHBHA B OTPAHMYEHHOH 3aMKHYTOM
obmactr D nmnoekocru xOy. PasoOsem 06macTe Npon3somsHEIM 06pasoM Ha
n qacted, obozdawmm mx D,k =1, .n. Yepez AS, ofoznauum mnomans
D,, d, - smaverp D, (naubombmee w3 paccTodHuii MeXTy XBYMs
TOUKAME TPaHHIB OTOi obGmactu). BrifepeM NpOM3BOMbiyI TOWKY
P& .n)eD k=12, . n, seraacmam f(F)= f(& ,n) k=11 u

COCTABUM WHTETPAIBHVIO CYMMY

. Zf(‘fk,m)ASk - ;.:m”'- (1)
k2]

Onpenetenue. Ecmu cymecTByeT KOHEHIHBHIA Npedenl HHTETPANBbHOM -
cymmut (1) mpu ycioewn; uro maxd, — 0 ¥ OH He 33BHCHT HH OT
cnocoba pasOuenus ofnmacty D) Ha 4YacTW, HH OT BrIOOpa TOYEK
Pk,k =1,..7, TO €ro Ha3bIBAKT ABOHHBIM HHTErpanoM oT (QYHKUHH

f(x,y) no obaactu D u oSoznagarot
Hf(x,y)wcdy Jim Zf(ék,m)AS 2

Cﬂou(:"rna ABOAHLIX HHTErPAJIOB

L jj( [ (5,9) 1,05, y))ebedy = [fffx,y)dxmjjf;(x.,y)m
2. ﬂlsf(x ey = €ffrex Yy

3. D""‘ UD,, D, ﬂD =0 ,toraa
jj](x y)dedy = ﬂf(x yydxdy + ﬂf(x,y)dxdy

4 Emmm<f(xy)<M BoonaC'mD T03m<,u<M
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fff(x,y)dxay =u-S,.rae S, - nomazs obaacru D
D

5. Ecmu f(x,y)nerpepuBra B D, 70 1 Towka M (x,,y,) € D
[[ £ e ey = f@01)- S,

3. Berunciiense ABOHHBIX HHTETPAJIOB

Myers D= {(x, asx<she(x)<y<ep, (x)},me @, (x),9,(x)-
Henpepusubl Ha [a,b] (puc. 1). Owesnano, 910 B 3TOM ciydae Opamas
napaianenbHas oca (Jy mepecekaer r'palmuy oﬁnacm D He Gonee ueM B 2-x

toukax. Toraa
Pa(x)

Hf(xy)abcaﬁ» jdr jf(x,y)abz e

a @l

Mlycre  Tenepr D = {(x,y) csysd,g(y)<x<y, (}’)}’ rac

@ {¥),0,(¥) - venpepuiBum BHa [c,d] (puc.2). B srom cmywac npsmas

nmapangensHas ock O nepecckacT rpanvuy obnacra D He 60.110(: HEM B
JABYX Toukax. Torpa

d #: (¥} R
jjf(x y)ddy = [dy [ f(x,y)ds L@
c o Gy

Y

Puc.2

Onucanesie Bpine 00/1aCTH HAIRBAKOTCA MPOCTEIMH COOTBETCTBEHHO
OTHOCHTEIBHO OcH Ox m ocu Oy, Ecam ke MPAMBIC HApaUICIbHBIS
KOODJHHATHEIM OCAM Tepecekator obmacts [ He bonee yem B 2-X TOYKax,
TO Taxas o0nacTh HA3KBALTCA OPOCTOH H
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LR A
[ (v yiebsudy =[x | Fix, pyady = [y [ fix, v ()
n PR Y A

B Gomee cOMMR CMVAASY OONACTE HHTECPHPOBANEY SV CBOOMTCH K 3THM
IPOCTEM DEOMACTHM MVTEM PLIOMCHTA HA MACTH OpPIMEMHA BEREANETEHETMA
II'J'L‘.I]'JJZIHHE.THHH ANCHM. ;

Hpumep 1. [pescTasiTs 1noinof wrrerpa Hj' {x, Videdy b suge
s

ABYEPATHIND, OPHYSM PHCCTAEATE TRCTGNH AHETSTPADORAHNA B TOM H
APYTOM DOPAINT, CLMT aBNEcTS [} OTpamMuens nuHaSbH =X, X = p°

Pomewne. [lan noctpossns ofpacte ) maiiges aboipiccw Tomek
UePECOMEHAT IApaton ¥ —x° B X =) . JLin JFOM0 peuisM CHCIEMY
YPABHCHEH

|l x =
Harepminy afimacts D (pre. 33,

=xs{r ) =y arsart ~ =i r, =0x =1

Boamem cHAYATE BUSEE MUTETPHPOBAHHE 00 DSpesElnDE X
(renugan, 9o © vedserey o7 O oo |, e 0<0t] Hrofu Aaimn opaiene
HAMEHEHHA NEPEMEHHMT ¥ OPOREIE MPasMyHy TEPATNCTERYED acH {3,
OPONOITITVE TCpes OMacTs £ H OTMCTHM TOMKH BXQTE W BETNOIA.

Toaka Exofa A ICERT Ba papabose ¥ =X | a1rodwn swxota Bomesar

HA TEPAGOTS X = ¥, T.L. ¥ — +/X , TI0oToMY

1 fie. yackeay - j‘m- ff (%, y)ddy.



Temeps BHCIIASE WHTEMPHpOBAUME Gyaes DpOuCLHTL [0 1 P 9TOM
U=l Mo paiiTe OpeasTE HEMEHCHRS DEPEMSHHOH © OOCTVIIEM
AMATOUAYHG NPEABLAYIHEMY . APOESIEY THAVE MEPALEILHYE ool G o
DIMETHM TONMKH BXOJE W OBMNOTA. Touka Exoma (O neseT WA napatone

2 _r A
=¥ , 0 TOYE BldX0u F.ua napatane ¥=X8 e = a..l||_'|-'I , UOI0MY

[ oyt = [ { 7 v

Tusipa pipazod ofinacTs {) FRTFCTCA MPOCTOR OTHOCHTETEAD DO (e W
OTHOCATCTRHD OCH (4, T2, Bochme npecTo.

Hpamep 2. MMpescTaanme ABCHHDT WHTCTL FJ‘fl;:l'm}?}iﬁ'ﬂ:p E BHOS
=4

_.'.'I,:E}-'HZPELTH[!IFU,_ IT{II-l"-I.I:-'C‘-d IIE.E'L'.'I"".J.E'I-!’TE WC,'I:C:J'ILT HHTGCI'_[!IH'[!TBH.HHH B TOM 1T
JpyroM  mopEmee,  eomW ofnacte ) orpaFmmicHA THHASME

r=xr=2Zx=1.

Pemenne. “ofm noctposme ofnacte [ wsaiineu afcooccw ToMex
ACPEcETorma THOCPDCREE X¥=! # ppaMus ¥ =% ® ¥y =2 g oo
PETAM CHOTEMERT

-

=1 ; xy =1 oy
4 =q = 1l=x =l ‘ =T, =4
I__|,.'—_;r_' I.J;_'_
Hacbpaxim ofnacre O (pus. 4k
jll '\.__{'.

| i ”'}:,f

| ":|-'

*. e

Puc. 4

Budeper CHAYATL PUCMHCC HHTCTPHEORIHNAC M0 MCPSMCHHON X, TpH
arom 15xs?, Hrohe HafTH TPoTETE WEOMEHEHEH NePEMEHHOA 17 IpP0EEIEM
TIVVEY TTAPATTCARHVEY OGCH O H OTWMETHM TOMEN BX0JA o Bexogs. Toms



- l
rxnaa A mewwT va mmeptane =1, Te ¥ = — A Touka Buxoda 8 ua
®

OpaME V= X, D037y

JT £yt = [t e, vyt

£
Himennm nopanex surerpuporanis. BHamAce nRTCTpHDDBAHIE O8N
opate oo 3. Ilpn stom nepas rpawsma ofmacto () cocTOWT M@ DEVX
vHACTROR, TRTCpboMM xy =1 B npawol p=x. [eorouy paijofuem
aftactk L mpamodi 1 = | Ao aBe Behepecesarcwmecs ofracra D) ®m D,

B ofmacts [} MopoMoHHAS ¥ MCHACTSS OF OPIHHATH TOMKH [EQCCCTICHEA
runepioae X3 =1 r =2 go ¥y =1.

'T‘[
To ecms -[I} —:b?.yzl__]:—l—.:r%'i_f*_:l.

| L= s
Yrodm pafiTH, ®ak MOEAETCH TMepeMeHHAY ¥, Opopesewm weped L))
H'FHM"r'H.'I 'ITEF'-EI.I'.‘.ITJ:'-\.".ILI-E}"K'I M r:'J. H OTWCTHM TOTKH BYXOTA W BERINOT3 Ti:l"'I'FGF.I.
; i
Aooma K npewerr WA XY =l=x—--—_ a4 ToUNA RRNOMA F A3 x=2.
"
CIeanBaTENEH,

1 fe, yyatety = ] rex v

¥

Amarormane © Al 192 Touka Bxoga M nesmeT Ao ORAMORH
¥EXoTo r=¥, arowa smxoda N oa opaaoi ¥ = 2 Cregowsmens o,

1 #tx, yackedy -ju:»j Flx, ek i %=

e

n

3

Maapavack ceofcTsOM ARCHROTO RETEIPATA

H..i'r'-r"" ety = H Fle ey + Hffr‘,,}drﬂ} ) i

M




§] 7 e, yyabedy = ja}yff(x, ) + jdyj'f(x, y)ds

2 »

TMlpumep 3. MzMesuTs NOpAICK MHTETPUPOBAHMA B MHTETpane
2 5—x
[t [ 1, y)aie
1 Inx

Pemenne. CHauana no npesesam UHTEPHPOBAHMS ONPEICHAM O0IACT
anTerpuposanud. [lonaras x paBHEM NpelenaM HHTENPaNa ¢ HEPEMEHHOH
X, ay PABHBIM MPEACIAM HHTETPANA ¢ TICPEMEHHOH Y, NOIyINM:

r=Lx=2 y=Inhx,y=5-x
Moctpous 31y nHHKEH, HOTYIAM 00JACTE HHTETPHPOBaHHA (PHC.5)

)

AT ~fae
S -5-X
D//r. Y=b
21~ oy
: *M/ﬁ’\\*“*
e -
0 23 Puc. 5

H3svennM nopsaox materpppoBanus. lIpasas rpammua obnacru D
COCTOMT M3 3-X yUaCTKOB: MpSMOH Y =S5—X , upaMoii x =2 U KPHBOH
y=Inx. INosromy obiacts [) pasbuBaerca Ha 3 MMPOCTHIE OTHOCHTENBHO
ocn Ox obmacty D), D,,D, PaccraBuM npeaciabl WHTCTPHPOBAHHS B
Kaxaod u3 aux. s 3Toro cHavana HafaeM TOYKH CPCCedCHHs

=Inx =In
” :thmQ;y ﬂDM:mhﬂ
x=2 x=1
=5-x =5-x
I,V =>y,=5-2=3, Y =y, =5-1=4
lx=2 x=1




wl

B obmacts D) 0<y<In2. [Tposexem npamyio uepes D, napannemsso
oc Ox. Touka exoma M gexwur Ha npaMoH X =1, Touxa Bexoma N Ha
kpusoit ¥y =Inx, te x=e&” nosromy

m2z e
[T rteyyaxay= [ay | fix. yyae

Dl
B obnacta D, In2<y<3. Ilposeaem npsmywo uepes [), mapauiensHo
ocd Ox. Touxa Bxoaa P nexur Ha npsmoii x =1, Touxa Beixoza K Ha
npaMoi X = 2, mOdTOMY

[ 76, yyatecy = jaﬁf(x,ym

B o6nactu D, : 3<y<4. Ilpoeegem npsmyro sepes ), mapainensHo ocu

~ Ox. Touka Bxona /' nexuT Ha npamoi ¥ =1, Touka BEIXOIA G Ha npAMOH

y=5-x,Te. X=5-y, noromy

J1.£x = | 105 )

IMonb3ysce ceciicTBOM ABOIHOrO HHTErpajia

[[£ e yyedy = [[ £ G, yyceady+ [[ 7Gx, yyedy -+ [[ 7Gx, ey

OKOHYATC/IEHO HMEOEM

Jf ey = [y 1 e aes [abf 7o,y ay | ey

IIpamep 4. Tlcpemends MOPSOOK HHTErPHPOBAHEA, 3aMHCATH B BHIE
QAHOTO HOBTOPHOrO HHTErpana

vl

VJ 4y

3 2 4
[y | flxyyae+ [dy [£(e )
1 o FE 3 0
Pewenne, [lo mpescnaM UHTErPHGOBGHHS 3ANMINCM YPABHEHHAS JTHHHH,
. -1
KOTOPBIC OrpaduuH=aT Jomacre D y=ly=4,x= !? X=4j4-V.

[psvasa vy =3, no-Buaumomy, aenur 001acTh HHTEIPHPOBAaHHA HA IBE
HENENEeoCRAKIIMECH OORACTH.



Hauepram obnacts D (puc.6)

1{‘ X= 4=y

Owesnmno, 4r0  oHa  nOpocras  OTHOCHTENBRHO ocH O

Bripaszum y u3 ypaBeeruMa X = /4~y , nomyaEm Y =4 - x° . Asatormmzo
y-1 =
BRIPAIMM V H3I X = R Te. y=2x+1, raxmm oOpazom:

0sx<];2x+i<y<d-x°
TMozromy wMeem

j Flx.y)dedy = f d j F(x,p)dy nam

T+t

y=i
4 v

4 I Syt [y Jf(x y)ds = jatx j f(x, y)dy

2x+]

iIpamep 5. BeraucouTs JBOHHOE MHTErpan ij sinf x + v)dxdy , rae D~
D

o6nacTh, orpanuyeHHas muHEIMH Y =0, y = x, X +y =

|

Pemienne. Haweptum obnacts D (puc. 7). Ona ssnsercs mpocToil
OTHOCHTENLHO OcH Uy (OpsaMas mapaiuiensHas ocH Ox nepecexaer 00nacTs
He Doee 4eM B 2-X TOWKAX).

10
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“

R34

5 3/

- \1'/

iy 1

_31'. XrY=73

030 1 2 3 X

y=x pu
71'32.}"‘:—9)]:_
x+y=— 2
3HarmT D:{OSySE;nySE—y}.
4 2
TTosromy

J’J‘sin(x+ y)dxdy = Iaﬁuf sin(x+ y)dx

BriymcinM noIyuIeHHRE HETETPANl, CHASAA NPOMHATEIPHPOBAB MO X,
CYHTAS ¥ HOCTOSHHOM, & 2aTeM NOMYHeHHHIH HHTErPall, NPOHHTCIPHPOBAB
o v:
10

j.aj)z fsiﬂ(x +y)ix= jay (—cosg+y)) ——

T
x=—mV
2

x=v

S ey - | B

(cosg—y +y)-cos2y)dy=

4 "

N

4

4 3
1,
= —_"(cosg —COs2Vidy= J' cosZydy= > sin2y
0 ] - 0

1 . i 1
=— (sz—sm()) =-
2 2 2

Ormerrn, 410 OpaTh 32 BHRIIHIOKW [EPEMEHHYIO HHTCTPHPOBAHHMS X

11




OpIO OB HEYAODHO, Tak Kak «BEPXHSS» OTHOCHTETHHO ocH Ox rpaHmua
obaactu D cocTouT U3 AByX y4acTkoB Y =X, X+ =7T/2.

Orser: 1/2.

[Mpumep 6. Beraucmms TBOIHON HHTErpaj H(JH— wdxdy, rae D ~
D

3
o6nacTs, orpaHudeHnAas THHHAMH ¥ = 0, y = ~2—x(x >0), y=4—(x-1)*

Penrenne. H3o6pazum obnacrs maTerpHpoBanus (puc.8), yuuTIBaI, 4TO
y=4—(x—1) - mapaBona cHMmerpHuKas oTHOCHTENsHO ock Oy, BCTBH

BHHZ, BepINHHA B Touke (1.4).

Puc. 8

Haitnew TouKy nepeceuesns napafonsl y =4 (x—1)° u npamoit

-~

y=o% .

(y=a—(x-1)
3 :>Ex:4—(x—1)2,

=—x
d 2

x* —%x—3:0;2x3——x—6:0,

12




_1i~.}11‘~48_1:l:7_X 3
4 4 2

Hac mrTepecver x=2. B obmactu D x mensercs or 0 a0 2, urobw HaiTH,
KAK MEHSeTCd V HPOBCACM NPAMVIO NAPALICNEHYID ocH Oy H OTMETHM

3 )
TOUKH BX0Aa u BExoaa. Oueprano, 4To -2—X <y<£4-(x-1)", nosromy

2y

j f(x+y)dmhf-ja5c

‘[[344 (x=D'+

NGt s (x -y 3 ( )]dr “4x 2 —2x+ 1Pus—s(x 1) i

2

3,0, o ; 1 21,
ﬂé e u—gx“]drz { [3ro +2¢ +8-4¢ +8x—4+5(x—1)4 =

r s 37, X 37, A
:J[] lx—x—gr+4+—(x 1)]cbc [ Y+ ]

FEPY RPN .
3 10 10 3 5 15 15
Otser: ES—
15

4. JameHa nepeMeHHBIX B ABoiinoM uHTerpane. /Isoiinoii vHTerpan
B HOJSAPHBIX KOOPAHHATAX.,

Paccmorpum ofnactu D v G COOTBETCIBERHO B ILIOCKOCTAX XOy 1 ulv
(puc.9,10). Bvaem cumrars, uro Mexxy obnactamu D v G yCTaHOBICHO
B3aMHO OJHO3HAYHOE ¥ HEMPEPHIBHOE COOTBETCTBHE. HycTs 1, v cBA3aHbl ¢
%y coorHomwenusmu X = x(u,v),y = v(u,V), rae dynxumn x(wv).yu.v)
MMEIOT HENPEPHBHEIE YACTHHIE MPOM3BOAHEIC hepBoro nopsiaka B G u
ONpeaeINTENb IpPeodpasoBaHMa KOOpAHHAT Xy B Vv (dkobHaH) He
ofpamaeTes B HY:Is HH B 0JHOH TOuKe obnactn (G

13




Du,v) |y, V.
|
y v}
0 X 0 i
Puc. 9 Puc.10 :

Toraa cnpapeatnpa GoOpMyIa 3aMEHBI IEPEMEHHBIX,

[] £ yyetedy = [[ £ e, vy, v, )ty ©)

B mex cmywasx, koraa obnacte unTerpupoBanus D npeactaBasetr cobok
KPYT, 4acTh KpPyTa. KOJBRLO WIHM HacTh KOabla, VA0OHO NEPEXOAHTE K
TIONAPHBIM KOOPAHHATAM

x=rcosg,y=rsing,J =r (7N
[ToaroMy B OASPHBIX KOOPIHHATAX HMEEM
Hf(x,y)draj/ = ”f(r cos@,rsin @)rdrdp 8)
18] G

OtmeTHM, 9TO  YPaBHCHUS  JMHHH,  OrpaHHMHBAIOMHX  00nacTs
HHTCTPHPOBAaHMA, TOXKE HYKHO  INpeoOpasoBbIBATR K MOAAPHBIM
KoOpAUHATaM ¢ nomowko hopyyn (7).

[Ipumep 7. BuuucnuTh JBOHHONH MHTErpa _U yebedy | ecan obnacts D
D

- T, .2
OrpaHHYECHa AONOBHHOH AYTH OKPYKHOCTH X +¥~ =dX H OTPe3KOM
ocu Ox ot To4dkH ¢ abeuuccoit pasnoid 0 10 TouxH ¢ abcuuccor pasHO# a.

Pemrenne. {14 moctpoeHns obnactu D HAlAeM LISHTP OKPYKHOCTH:

x*—ax+y? :Oa(x%)zk%erz :0:>(x—%)2+y2 :(%)2-

14



1 ; '
OKpYXHOCTE C LEHTPOM B TOUKE ( %,0) ¥ R =%. Hzobpainm obmacts
D - moayxpyr (puc. 11)

i
k ;f-ryz: aX
Q| 4
2 =00 Y
0 3 a3
L X
Puc. 11

Becaem nonsapHeie KOODIHHATEL
X=rcos@,y = rsm@
YpaBHEHHE OKPVKHOCTH B NOJAPHHX KOOPAHHATAX NMPWHHAMACT BHA
e
r-=arcosg umn r, =01, =acosy
MoaeiHrerpaisHas GVHKLMA uMEET BHE Y =7 SIN @. Yron @ MeHsercs

T
or 0 a0 5 (monmyxpyr Haxoautcs B I uerBeprh). Tlpm xaxaom

duKcHpoBaHHOM (¢ paguyc » MenscTca or O (B Hauane KOOpIHHAT) A0
¥ =dcos@ ( Ha OkpY;kHOCTH ). TOraa umeem

Jl'

? aeL % amtp g 3 r=acosg
Hydxdy-jd(p Irsm ordr = Jsmqm’(p redr I mqp-—— dop=
. 0 . 0 0
_-5—‘0[ sinpcos’ qu’qo——?jcos od cosp = —E cos'@ " To

15




Dpusep 8 Bruyncowre Jecfi@oi wHTEELL H l}fﬁ-:il:t:it' . Tag O014CTh
o
. WHTCTPHpORAHHES  [) Orpansueds  EpHBLMA %= gy & ],
o+ {p—2)F =4, :
Pewenume. Jannne mpussic §BIRITCR QKDY AEOCTAM
x° F (-1 =1 - nentp B vouss (1,1, B, =l
X +{1=2) =4 -menrp s Touxe (0.2}, R, =2
Hiofipawos odnacte D (pre12).

Pre 12

BEE-‘,EI'I:!M IICCTHDHEIC KUKELSTHHAThHE
X = rLos, ) = rsn @

W opeafipasyss  VIABHERWS  THHHEX  CKPYEHOUTER K (0U8ibiM
BCICH AL T TR
al x| {_}J-H! —l=rcns' 1 = {FEim @ — If]: =of
Pioos osrgint @—Iraine = 0= - Zraing - 0=sr(r - 2sing)=0
r=0{am VPABHEHNE OMPSICTCT STHHETECHYYID TOXKY — OOTRIC OO0
k= 2am 4@ 3T YPRBHEIHE OEIIEEIHET Rz 10 UEDVAHLICTE
x4+ (v -1F =1 2a wexmomersom Tous O(0.01)
Hrar, /(@) =05 (@) = Zsin g
&) Hp-2 =d—=ricos @+irsing -2y =4
1

ricos @—r sin’ - drsing 4 =4 =" —drsing - 0= r(r—4sing) -0

: 2 2
F,o=00r —S5My - OMMCHBIET BCW oxpymaeets X +H(Y-2) —4 ua

MOEITHMEHEES Touxn (YO 0)

16



MomgwmrerpansHas QyHKUMA HMEET BHA XY~ = FCOS@F sin’ @ =

=r’ cosgsin® . Yron @ mensercs ot 0 go n (I u I wersepn). UroGhr
HAHTH, XKaK MEHACTCA F TMPOBEAEM PAIHYC M OTMETHM TOYKH BXOJa H
Beixofa. Touka ‘BXoga A4 AekuT Ha OKpYXHOCTH F=28In¢g, a TodYxa
BRIXOAA B — Ha OkpvkHOCTH F =4sing@. Te. zéingosrsrtsmq;.
Hcnome3ys dopmyny mepexoaa K HOMAPHLIM KOOPAWHATAM B ABOHHOM

HHTErpane, uMceM
7 dsin
([ dsdy =[[r* sin’ pcosp rdrdp =[dip |r*sin’ pcospdr =
e s 0 lsing |
= jsin2 @CcosQ d(;sﬁ“dr :%j sin” pcosg 7’
0

ry r=1lsing

r=dsm @

2sin@ ‘ .
:ij. sin* gcos@ (1024sin” ¢ -32sin’ p)dg =222I sin’ pcospdp =
0 : oo : "0
9927% ., . 992 sin’p
=— | sin’ @gdsing=—"—
5 ! PRI

"

=0

“lo

Orgert: 0.

§ 2. TPOMHON HHTET PAJ

1. Onpenenenne THokHOI0 HATErpaATA

Mycre Qyuxuus  f(x, y, Z) HenpephiBHa B OTPEHHYCHHON 3AMKHYTOM
npocTpaHcTBeHHONH obnacti B Pasobkem ce SIPOM3RONEHEM 00pazoM Ha #
qacteit B, i =1,...,n. Yepes AV, obosHaaum oGweMsl >1HX obmactedi B, ,
a wepes d,,i=1..,n - gmamerpm B, BuiGepeM IpOH3BONBHO TOHKH

P £..n,,¢, ) B xaxaoit n3 obnacreid B, u  serancaam f{F,) . Cocrabum
HHTETPANLHYIO CYMMY

if(P.)AV, __ | (9)




Onpeneneame Ecmi cymectsyer KOHCIHBL MPEAET HHTCIPAThHON
CYMMBI [PH YCIOBHH, 9TO Ha#BONbIIMA W3 AMAMETpOR d, CTpeMETCA X
HYIIO H 3TOT Npele] He 3aBHCHT HU OT criocoba pazduenus obractu B Ha
4acTH, HH OT BeIGOpa Towek £, TO €ro HAZLIBAIOT TPOMHLIM HHTErPAIOM OT

dyuxouu f(x, y, z)no obnactu B u 06038a4aIOT
[[[ £y, 2)tedyaz = _Tim > f(P)AV; (10)
rh max d; >0 1
Csoiictea  TpoiHOro MHTCIPATa  3HANOTHIHH CBOMCTEAM  JBOMHOrO
HHTErpasa.
2. Buiusciienne TPOiiHOI0 HHTETPAJIA B JEKAPTOBBIX KOOPAHHATAX.

[lycTs 06nacTs HHTETpHPOBAHHS
B= {(x,y,z) (xy)eB,,.z,(x,)sz=z, (x,y)}, rae B, - npoexms
B na mockoets xOy, z,(x. y),z,(x, y) - nenpeprisusie dyHkuan (puc.13).

Z F :i’z(x' 9)

ol z-zi(x,yi
3
X Puc. 13
Torna
fIf 73,2y = debcdy oy (i

#{x,¥)
TO CCTh BRITHCIICHHE TpOIrI_HOI‘O HHT‘chaﬂa CBOAUTCAH K
nocnc10saTCIbHOMY BBIYHCIACHHAKD ONpPCACRCHHOTO HHTErpana ¥ (4]
NEPEMEHHOR z (ApM 3TOM X,V PACCMATPHMBANOTCH KAK HOCTOSHHEIE) H

JABOHHOrO RHTErPANIA ¢ NCPCMEHHAIMHE X,y no obnacta B

18




Ecan k oMY e HIBECTHO, UTO
B, ={(x,»):a<x<b 3 (x)<y<y,(x)
TO H3 paBeHcrea (11) nonyun

=
b (r) '{x,y} '

m (x, 2 )ecdydlz= [ jd) frey, =

a  pix) ziny

TIpumep 9. Boluucmure TpoHHOH wuHTErpan _[szdxdydz-,_ ECITH
G

obaacts G orpanyena miockooTsvi: x =0,y =0,z=0x+y+z=1
Pemenne. IlocTpouM manumie nnockocts (puc. 14).

Puc. 14

Orpannuedsas UMy obnacte G ecrs Tetpadap OABC. Chusy obnacte
orpanddena niockocteio z =0, ceepxy - nmaockocTsi0 X+ y+z=1 (MM
z=1-x-y). TlootomMy mo QopMyIe BHUHMCISHMS TPOHHOTO HHTErpana
HMEEM

1-x—y

[

Buriamcamam BH_V'I'pﬁHHHH HHTEMMAI M0 Z, CHHUTAA TIpH J3TOM XV -
NOCTOAHHLIMH BCIIHYHHAMH

1—x—¥

[t [ - u i

I —x-~w

1
T2
Ty

H x(1 —rr VY dedy =




- % (2= 200+ ) +(x + ) Yaeaty =
Gv
=%H(x—2x3 ~ ey +x(x” +2xy + Y )dxdy=

1 2 2
:EH(x—Zx' =2xy+x° + 2%y + x)7 Ydedy
Gﬂ

Brivucanm Tenieps nOMyueHHBIH JBOHHOH MHTErpan no obnactu ny.

2ra 0bnacTh - mPoCTas W OTHOCHTENsHO ocH OX M oTHOcHTENLHO ocH Oy.
Hmeem

% [Jor-20 - 2p+2 +zfy+)gf))dxd3:%j’dxlf(x-zf —Dxp+
ny 0 [¢]

2 1 ] e 7 M ? =l-x
+f+zry+x)?)dyzaj‘()gz-—2x'y Z;y-rfyu. 2}}' ys) dx
¢ vl

=3 1928512 2 (=) O +2 (1 =
:—l-j’(f-?ar’ 30 +20 X x4+ -2 ot rx-X +X —i;i)abcz

2 ¥ ¥ ¥ £y
“I(“ i o Gt

Lol 11 1y 10-20+15-4 1

2% 3 4 15 120 120
1

Orser; —
120

3. 3ameHa nepeMeHHBLIX B TpoitHoM unTerpane. Linannapaveckne u
cepHUecKHE KOOPAHHATBI.

3aMena MepeMEHHEIX B TPOHHOM HHTErpaie MPOU3BOAHTCS AHANOTHIHO

20



TOMY, KaK 3TO JE/IEETCS B ABOHHOM MHTErpasie:

jﬂ flx,y, D)dxdydz = Hff (eae, v, w), y(ut, v, W), z(1e, v, Wil |dhedvaw (12)

rge

b X, x, X,
X V.,z
J:—————( > s )=y; v, oyl |#0
D(u,v,w) ) , ,
z, =z, Z,

Uame Bcero MCHONB3VIOTCA  AIHHADHYCCKHE H cepHTIecKae
KOOPAWHATEL

a) IMTHHAPHUCCKHE KOOP IHHATHI hz
%Y E
X =rcos@ O0<p<2r 1“(’\)*)
y=rsing O<r<w :
=z -0 <Z <0 it
. 17
Vi=r b l _
(13) £% Ma(%,Y )
z(r.¢)
([ fx, 3, 2)dscvaz = [[degdr | f(r cosg,rsin g, z)rdz (14)
B Gy Kir.p) i -
0) chepHieckHe KOOPIHHATH _ M(x‘}.yl 2)
[
X = rsinfcosg 0<p<2r & /ll
y=rsinfsing O<r<w ‘ 1‘ ‘é, "
z = #cost Oé€<7rx/%\ -. (i5)
Jj=r'sing MaY)

m f(x, y,z)ddydz= m firsin@cosg, 7 sinésing,rcos@)r” sin@drdydd
B g
(16)




IMpsmep 10. Beraucours Hjafxdydz roe obnacts G orpaHdTieHa
)

2 2 2 2 2
TIOBEPXHOCTSIME X~ + Y +2° —2z=0 m X" +y " =2-2z.
Pewenne, Tlepsas nosepxmocts — cdepa, BTOpas HOBCPXHOCTE —
napabonon . Vparnenue ceprl npeoOpazyem K BUAY
¥ +y +(z-1 =1. To ecrs uewtp B touxe (0,0,1), pammyc 1. V

napabGoronaa BepmmHa B Touke (0,0,2), persu Bmu3. Caenaem ucprek

(puc.15) =
Tl x?4yi2-2

X Puc. 13

A

Hakizem ypaBHeHHE NUHMH. TIO KOTOPOH I[IEPECEKAIOTCE  ITH
noBepxsocTH. OueBnaHO, ¥TC 2T0 OKpyKHOCTB. OnpenennM, Ha KawkoH
BhiTOTC Z HAZ ILTOCKOCTRHD IO_}' PacCnoONIOKCHA 374 SKPYXHOCTS. HO,HCT&BJI.SDI

2 2
BRIPAKEHHE X~ + )~ H3 BTODPOTO YPABHEHHA B NISPBOS, TOSYIHUM
2 2 -
2-2)+(z-1y =1 wmu 2-z+z"-2z+1=1=>z" -3z+2=0,
z =Lz, =2.
Ho rouxa {0,0.2) — =»t1o sepmuna mnapabomonga, MOITOMY IHHHA
). MY
MEPECEHEHHA NOSEPXHOCTCH HAXOXATCA Ha BHICOTE z=1 HaX TIOCKOCTHIO

-

xCy. YpapHense 3TOR NWHHH TONMYYHM, HOJACTaBIgd z=1 B ypaeHeyxe
m0oDOH W3 NAHHLIX TOBEPXMOCTEH:

) 2
X4y 4t -2z=0 .,
=>x" +y =1
z=1
Jra oxpyxrocTs Ger nokasxemui mpoeximpyerca B xOy, a BCE TS0

TPOSKTHDYETCA B KpPYyT G,g,, orpanByeHEBE 3TOH OKpYKHOCTRIO. Tak kax

ofnacts cHH3Y OrpawmucHa chepol, TO BHpPAXAZ Z M3 ©¢ YPaBHEHHS,

22




A e e e s - S —

2 2 5
nomygaMm z, =1+ 41— (x" + y°). VureM, 4to nHa Hmkueil momycdepe
2 2
z<l, te. z,=1-4/1-(x"+y"). Ceepxy obunacts G orpanuvena
napaBononaoM, [O3TOMY, BBIPAXKAS Z M3 €r0 YPABHEHHA, IOIYYHM

2 2 o
z,=2-(x"+yp°). Ilo upasuny BBIYHCHEHHA TPOHHOTO HHTErpana
HMEEM

"(x+

Hjcixdyciz—”dxdy Idz Hdmja(Z O +y) =1+ 1= +y*)=

Gy 1\/1—(: +pty Oy
—‘j(l (& +7°)+L=( + ¥ ))ededy

I'Iocxonbxy 0BnacTe MHTErPHPOBaHKUA prr TO yAoOHO mepeiitH K
MOJLIPHBIM KOOPAUHATAM X = F COS ¢, Y = Fsin ¢ . Toraa noasiHterpanbHas

Qysxuus  npumer  Bua 1—r° ++1—r° a  dxdy samenutes ma
rdrdp. Tax kax B xpyre G, paguyc r menserca ot 0 go 1, a yroa ¢ ot 0

40 2T, TO MOy IHM

’ _U(] —(x7 +y )= (7 +y2))c&d)z=2fcl¢j(l —r*+N1=r)rdr =
va

dgp (r=r+41=r -rdr =
Jiorr. ( I Chs r)

Ipamep 11. Beiuucaurs TpoiiHoit uHTErpan Hj(x2 + y )dedydz
= ,

ecnn obnacts G — wap x° +y* +z° <1
Pewenne. Haueptiom obaacts G (puc. 16)
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Puc. 15

B  pammen  coydae  yao0BO  BOCHOIL20BAThCE  chepHYCCKHMM
KOODAMHATAMH

x=rsinfcose
y=rsmésing
z=rcosf

dxdydz — r* sin@drdpd6

Tora:
‘m-(x2 + y* )dxdydz =_m'[(rsine::c:s:;o)2 +(rsin@sin @)’ | r* sin Bdrdpd§ =
G G,
= [Jf r* sin® Gdrdgdo =jdr2j!dqo?r4 sin’ 646 :jr‘drzfargo]sm: O sin 846 =
R T 0 DD

x

1
-l!: 0 0 Q V]
1 22 1 2x 5
- 4 i 1 _4 4 _4 F 1_3”
““!‘r d’!(—§—§+1+l)d¢~-§_£r dr{d{D—EZE—S— 0-—-i—§-
8z
Otser. —.
15
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§ 3. IPHJIOXKEHUA KPATHBIX HHTETPAJIOB

1. [eomeTpHUIECKHE MPHIOKEHHS

a) Buivucnenue naowaoed niockux Quzyp
Sy =] j dxdy ‘ (17)
D .

0) Bomucienue oliivema yurundpuvecko2o meid

Ecm4  Teno  OrpaHHMuYEHO  CBEPXY  HEOPEPLIBHOH  [TOBEPXHOCTBHIO
z=f(x,y) cuuzy maockocthio z=0 u cOOKy WHIHHNPHYEECKOR
MIOBEPXHOCTHIO, BBIpe3aromel Ha mwiockoctu xOy obnacts D, 10 00BeM
T2KOTO TeNa BBITHCILICTCS [0 Dopmyine

V=[] £(x,y)exdy (18)

8) Boiuucrenue naowadu nogsepxuocmu
[Tromaar rraakoi NOBCPXHOCTH, 3amaHnoM vpasucnmem Z = f(x,y),
onpeaeaetca Gopmynoi

$ = [[{1+()? +(z,) dxdy, (19)
D

rae D — npoexiiHg MOBEPXHOCTH HA ILIOCKOCTE Xy
r) Beivucaenue ofwed npou3golsHo20 mend
O6beM npouzBonbHOro Teta G HAXOAMTCA 10 (hopMye

Vo= j'a[ J' dxdydz (20)

Hpumep 12. C nomMoLbio ABOHHOrO HHTETPATIA BRENMHCIHTH IJIOINANb
obnacTy, OTPaHHY4EHHOH KPUBO#H

x2 " 2 x2 2
(_+L) LA
4 9 4 9
Pemenne. Y100H0 BBCCTH Tak HasbiBacMble ODOOIIEHHBIC NMONAPHBIE

KOOPAMHATH, TONOKHB X =2rcos, y=3rsing. Hafaem saxoOuau
AaHHOro npeobpasoBaHus

Ix* x| [2cos@ —2rsin
= f:[ _ ¢ ¢=6rc032qp+6rsin2¢p=6r,
Y. Yo| |3sing 3rcosp

|-J|=6r. '

25




[TpecOpasyem ypanucrfée'kpmoﬁ:

(41'2 cos” ¢ . 9*sin’ @ )2 _4ricos’p 9r'sin’p
4 4 S

r* = r (cos’ p—sin® @); 7 = cos2p; ¥ = \/cos2p

DVYHKIHS ONPEACICHA, eC COS2¢ > 0, T.c.

_E+2;d&<2¢<5+27n’ck 0,+1,+2,..

_%+7dcggo§~§-—+1dc,k =0+1,+2, .

T 4
k=0—> -—<ps<—
1 753
k=1 E«)-T—qusz
4 4

HocTpoum aannyo obnacts {puc.17)

y= wsf

o

NP X

Puc. 17

B CHIIY CHMMETLHIM A0CTATOTHO NOCHHTATE NNIOMaAk NOIOBHHKH ICNCCTRE.

: T
[Mpu >7oM @ menzercs ot 0 1o e a pagmnyc ot 0 30 4/cos2@ , no3TOMY

JT

hd N -
Ay :4]- do _[grdr 24J.d(p— ‘Yr—
0

=6.1=6(e)

cos2pde ——stm ‘

o!-—-—.blﬂ



OTser: 6 €0°.

IMpumep 13. Haiitn obwveM Tena, OrpaHHYEHHOrC LHTHHAPHICCKEME
[IOBEPXHOCTIMH J = J;,y =24x H mrockocTamMu X+2=6,2=0.

Pewenne. TMocTponm UHIHHADHIECKHE NOBEPXHOCTH,
Hampasismomums  THHHAMH HX ABIAIOTCS Mapabois V = ‘\/;, y= 2-\[}? ,
aexamue B uiockocta xOv, a obpasyromas napamtenssa Oz, [Toctpouv
3ateM iockoetn X+2=6,2=0.

Hannoe Teno nmnpeacraBnser co0oW UMAMHAP, KOTOpPBIE CBEpXY
OrPaHHMEH YacTblo IJIOCKOCTH X+ Z =06, cHH3Y YacTbl0 KOOPAWHATHOM
wiockocTd x(Jv, 3aKTHYCHHON Mexly napabonamu y=«/; H y=2x/;

(puc. 18). ]
Z 1 )

Puc.18

Coraacuo ¢opmysne (18} oGpem 3TOro TCA2 paBeH ABOHHOMY HHTEIPATY:

&  2fx &
¥ = [J6-xdrty=[ax [(6-x)dy=[(6-x)y
D 0 Jx 0

Flvﬁdx:j(6_x)‘];dx:

]

5,_:;

3
X2

6 3 6 3/ 5/
=0 —x—, :4'6/2 _26/2 =24’J__Zg'\'% :ﬁ%(eas)
:j/ ) ?/2 o 3 5 5
OTserT, ﬂs-js-v/g ed” .

Ipamep 14. Buiuncoute 00BveM TEna, OTPAHHYEHHOTO FMIOCKOCTAMM
X+y+r=4x=3v=2x=0,y=0,z=0.
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Pemenne. J@TadAeIC TLTOCKOCTH OTRARATHREAKIT MECTHIPAHARE (3
ipac. 193,
==

& Ky +E =4
yio

4 ':;/E~_.
i £

Prg, 19
Corpaca popsyne (20
4oy
¥ = ([ cvetvdz = [ [dz Yebrady =[{ (4 x - p)etrady =
o i s 5

-

__:[.:&_:[M ¥ - y}.::{;,--fu{:jh ¥ - ey —
o g z ot

B R TR R :
J:(cl_} x} : Mcir 1(4.} bt 2)!.-—'- g =

:3:-:[{3—xﬁ+-31{16—&r+r1}wﬁr=2(3r—§][ t

1 ity SE5 -1
ke 2 P LT e Lo, . .:I"
+:{Lﬁ:, 4 + 3 j{ z feer}

55{ J’j
Creper: —(@l”
&

L. PusHILCKe NPHI0MeH HE RPATHRIX HHTEFPAIOB

A) Boiolcadiie Macchi



Ecnu mnacrusaxa saHmmaer obOmacte [) mmockocTH x(Clv B wMeer
MOBEPXHOCTHYKO IoTHOCTs f(X,)), TO Macca IIACTHHKH BLIDAKAETCA
ABOHHBIM HHTETPATIOM:

m=[[ f (x, y)dxdy i, ey

Fcnr mothocTs Tena, saaumalowero obgacts G f(x, ¥, z), 10 Macca
ITOTO TeNa BHYACIIETCA 10 dopMyc:

m= m F(x,y, 2)dxdydz ' 22)

6) Haxoswcoenue KoOpOUHAM yenmpa maxcecmu
Koopaurarel 0OEHTpPa TAXECTH IUIACTHHKM HAXOmATCsad no

bopmynam
(15 (x, ety [[27(x, y)axdy

Xe » Yo = > (23)
m m

rac m — Macea ruacTuHkH (hopmyna (21)), a BemrdrHb
M, = ([ dxdy, M, =[{x/(x,y)dxdy
D D

HA3BIBAKITCH CTATHCTHIECKHMY MOMEHTAMHE TUTACTHHKH OTHOCHTETHHO OCCH
koopakHaT Ox u Oy.

Anajors#gHO HAXOMSTCA  KOOPAMHATHL LIEHTPa TMKCCTH  TEna,
3auuMaoLnero obaacts G

([[xrcey sz [[[3(x,y, )dedydz

Ko = yc“
m m

szf(x,y,z)dxdydz
_5

24)

Ze
m

Beumaamnt M, = [[[xf(x.y, 2)dxdydz,
G

M_= ”I Vf(x,y,z)dxdydz, M, = JH zf(x,y, 2 )dxdydz, (25)
G G

HAZBIBAIOTCA  CTATHCTHYCCKHMH moMenTavu OTHOCHTEIEHO
KOOPAHHATHRIX NIIOCKOCTEH.



. B) Haxoocodenue smomenmos unepyuu. .

MoOMEHTHL HHEPIHH ILTACTHHKH OTHOCHTENBHO ocel Ox, Oy u Oz, nauana
kOOpAHHAT (), a4 TAKKE OTHOCHTENBHO KOOPJMHATHBIX ILIOCKOCTEH Xy,
x0z, yOz , Berancasnores o gopmynam

Jo= H'I'(yz + zz‘ Vf (\‘ Y, 2)dxdydz J =JJI(~Y2 +22)f(x,y, 2)dxdydz

(26)
T, =[]0 + 1)/, y, 2)dxdyedz
Jo=[{[ feey.Daayds T, =[[[y* f(x., 2)dxdyetz
¢ ¢ a7
1, = [ £ (e, 2yt -
Jo = [[[" + 3% + )7 v, sy (28)

JUns omHopoanoro Tena - f(x, y,z) =1
" Thpumep 15. Haittu maccy tena ¢ miotHoctero f(x, y,z)=x+y+z,
OTpaHHYeHHOTO WIockocTamMu X =0,x=1,y=0,y=1,2=0,z =1.
Pewmenne. TGIIO, Maccy KOTOpOoro Mbl HaXOAHM, ABICTCA

HPAMOYTONBHEIM Tapatienenunenom. Cornacuo popvyac (22) imeem

‘ _Em=_1[drjdyj.(x+ya.—z)dz—j‘dxj' ———(x+}}2+ 2 :)Cf}:
= }ijdx_l[[(x +y +‘1): ~(x+ ) ldy =
:éf[(ﬂyﬂf—(xw)s] ’;d’”:

- -lé-lj[(x £2) ~ (1) - (x+1) 2] =

30




¢

1 (x+2)" (x+1° x' 3
_6[ 4 2 +4]L"2\

OTser;

M| W2

Ilpumep 16. Haiity xoopaHHAaTHL USHTPE TAAECTH OJHOPOIHONO TENA,
orpaHHYeHHOro  mapabosomaom  y=3-— x*=z> ®m  IA0CKOCTBIO
y=0(y 20)(puc.20).

Puc. 20

Pewenme. Tak xak TCHo oaHopoaso, 1o f(x.y,z)=1. B cumy
CUMMCTPHH TE1a OTHOCHTEIBHO KOODHHHATHEIX Iuiockoctedt yOz u xUy
Y. =2-=0. JAna waxoxaenus ), HaHaeM Maccy -rena m. Beenem
IUITHHIPHYCCKHE KOODAHHATHI

X=reospz=rsme,y=y.

Toraoa umecm

53—

@Irdr Idy _[ gojr-y lj:a_rd = j qur(a—r )drA

ol—-.ulzq

do(5r - )

If
Ql—-‘rala




Id@ rdr J.yafv .

Yo =t f“'ﬁﬁj( )r

1::: ) - i a3 , N .
rz—jdw_"r(?;—r ) dr:—ﬁj?!dqy;!'@—r Yd(3-r*)=

- 37y Lﬁ 1
= do = —
IBEI ¢= 27r(0

2m

=1

[+

Orser: x, =z, =0y, =1

[Ipumep 17. BuMHCINTE MOMEHT HHEDUMH OIHOPOJHOH ITHPAMHIEL
OTHOCHTEMLHO KOOPAMHATHON mnockocTi xJy, €CiM MUpaMHAd OTPAHAYCHA
IIOCKOCTAMHE X+ y+2z=1,x=0,y=0,z=0.

Pemenne. CorpacHo c])opwvmm (27) umeem

-x l-x—y

[l —fa o Tt 2 |-

- X 1-x
= fax f0-x—yPdy=-—f(-x-p)* | =
3! !( yydy 12!( v) A
S N S
= l_ 'dx‘:—— 1-' - [ p—
12£( =g L 60
OTBETI*-L.

SAIKA‘IH N YTIPAJKHEHUA LU0 CAMOCTOHTEJILHOH
: PABOTHI

1. HpeactaBuTte ”f (x, y)dxdy B Buae aByxpartmoro, ccau obnacts
D
HATEIPHpORanyA [ OrpaHHueHa THHUAMH




La] y=xx=2xp=1
a5 x+y=Wr-y=d4 yp=0y=x
P x’ =y =dx+p=2(xz0pz0)
Aty ode e ~ ) <Bryrrvelx
I B ]
Tae) £y w3xgt oyt <43y

1. Mamenure nopagor HUTECPHAOBLHHY

..llﬂx .r"

a:nj.:& [rens jmjwuna&'j@uu Ve

HIRL
1 c

o fd [fede  » [de [ b [de] s
0 fﬁi‘ th-'f CT J'drffir ¥y + j'_ﬂ’:rw ]:ft'r Yoely

"1

BeuscumTE ABOHHIE TSP
3. H xvabredy, roe [ — oGnacTh, OTPAHHTICHHAN THHITMHE
b

P=ox, ¥ = Eﬂ.'rx,.l: =}

4. [F {x— iy e D - 0GHACTE. 0UPAHHICHAAT TAHHMMHA
o

y=0r=Lx=0x+p-=3

s H - 2idedy | rae D - oloacTs, orpaes4estas TR

L

= e e g

33




T ﬁfqr v+ A8y dedy | roe D o0nacys. OTPAHIMCHEAS THAHAME
a
!..r—.-.l.";__-..::--_l‘z,‘.'l:'-—]
._. ﬂ- 4y ddedy rae D xT oyt EdyEx
iy

M| D:Eﬁe‘x"+}="El___}'at,_r_*i*."ix
RV el T

|

Haitrn maoimaie, orpaETeHEYR: TTHHTWEH
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Rl L j-ﬂ{.x —Diedxefyeds - rae G ofuacrs. 01 paHHNMCHHEAR MTIOCKOSTEMT

X-y+Z=2xk=0v=0z-10
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Haikrsr 0fBey TEMA, CTRARIICHROT) BOBCPXHOCT TMTT

£19, 229 P ar+dy=12(p20)x=0,y=02=0
B2l r=0y=lz=x’ 4% o
. ¥4z =R x4 —_}:“1_}-7‘_}

—_

o Ik = 'rE.a._‘,.r+,|.i=4,z:3_}-':z+'D
HafiTe niiomars DoECPNAICTH

“Ty 23 macTh oncckocTit Gx + 3y b 27 = 11, SAKTHRIMEHHEOH 8 [EHS0M OICTLTS

‘B 14, uacTH KOHYGE 2 — X + 1, OTCOICHHON TICCROCTRIC £ = |

- -

i ! - -
Q.25 mapa &7V +2tca
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IJIABA I

KPUBQJIMHEWMHEIE MHTET PAJIBI

§ 1. KPUBOJWHEWHLIN HHTET'PAT DEPBOTO POJTA

1. TlossTHE KPHBONNHENHOIr ¢ HHTErPAJIA EPBOC0 POAA

flvere f(P)= f(x,y) ecrp ¢GyHxmms HEmpephiBHASK B HEKOTOPOH
obnactu Ha mnockoctd XUy H ! - HEXOTOPAs IUIOCKAS KYCOYHO-ITIAJKas
KpHBad, PacHOJFOKCHHas B 5ToH obmactu. PaszoOpeM kpuByio cuceteMoil
TOYCK Ha 31eMeHTapuvie gyru /[, .. [ Ha xaxaoii snemenTaproi ayre

1 (i=1,2,3,...,n) Bubepem npouzsoneHyio Touky £ (X,,V,) H YMHOKHM
snaucsne Qyuximy f B 3ToH Touxe Ha AMAHY AS, sneMenTapHo ayrd [,
CyMMa TAKKMX TTPOM3BEICHAN 10 BCEM JIIEMEHTAPHBIM IyraM:

"
Z f (R )AS i (1)
=1
HA3bIBACTCH unmezpanbnot cyymon. OGosnaunM max As, nanGonpuIyrO I3
JUTHH BCCX JIEMEHTAPHBIX JIYT.
Oupenenenue. Kpusonuneiinvim uHMeZPANON NEPEOIC podd I f (P)ds
I

om Qvuryuu f (P) no xpusoll I nazeisdemes npeder UHMeDLToHBIX CYMmM
npu ycaoeuu max As, — 0, T.e. IpH HEOrPAHHUCHHOM YBEIHYCHHH 9HCIA

IEMEHTAPHEIX AYT, KOFAa BCE ANEMEHTAPHBIC TYTH CTATHBAIOTCA B TOYKY:
n
Plds = lim P )As,. 2
J 7 (P)s= lim 3 f(B)as, @

2. CeolicTBa KPHBOMHHEHHBIX HHTETPANOB NEPBOTO POAA
Kpusomseiineiii  unTerpan mnepsoro poia oblajaeT CleovIOLINMHE
[IPOCTCHIIMME CROHCTBaMH:

D [ (Cf+Cofdas =0, fids+C, | fuds;

2) ecmn xpusan [ cocTout us AByX KpuBwx [ u [, , 10

[ 7(e)s = [ F(P)s+ [ 7(Pas:
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3) xpHBOMAHEIHLIN HHTErpal NEPBOTO POXA HE 3ABUCHT or HATPABICHIS

AYTH HHICTPHPOBAHT, TCJ. fP)cis I F(P)ds.

3. BorauciieHHe KPHBOJIHHEHHBIX HATEIPANOB NEPROT0 Poaa

Jlis  BHMMCICHMS = KPHBOMMHEAHOFO HHTEIPAsa NCPEOIO  POAA
Ob3YEOTCH O/TROM U3 CIEAYrOIHK GOpMY.T:
a) ecnH KpUBad 3a]aHa YPABHCHHEM ) = (a(x) (a <x< b), TO

ds=1+[p(F dr n | 7(PUs= [ e oW +lo(F e )
6) ecri xpuBan sasama napaverpuaccin: ¥ = (1), y = gt} (@ <1 < B),
w0 ds=[p(O)F +[¢OF dr n :

[ r(Ps = [ 7lpl) oWl OF + [#OF a; @

B) €CJIH KPHBasA 3aTaHd YPABHCHHCM b = r(q:i) ( (L1 (02) ,

To ds=+r* +{(r'Ydp u

| Lf(P)ds:I:f(r cosp,rsinphr’ +(r') de. (5)

AHANOTHYHO  ONPEJENMIOTCd  KPHBONMEHGHHBIE — HHTCIDANR  OF
HENMpEpHIBHOH B HEKOTOPOH NpOCTPAHCTBEHHOH 00macTH  (QYHKUIHH

f (M )= flx, v, z) II0 JTHHE Tyr¥ MPOCTPAHCTBEHHOH KyCOaHO-rTagKoR
kpuBoit L , pacnonoxkeHHOH B 3ToH 06aacTH, T.¢.

[ /s = tim 3 70, s,
Ecnn xprBas 3a1aHa NApaMETPHHECKUMH YPABHEHHAMHU

x= x(tl y=yt)hz=z()la<1< )

ds = \/[x OF +by (r)] +lz@f a

I 7 s = [ £l »(0), 2 t)]\/[x'(t)]"' +OF +OFe ©
ITpumep 1. Beraucaure J' m
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coemmaarommit Toaku O(0,0) m A(1,2). |
Pewenne, 3anumem ypasucHue npamoii [ y = 2x . llnxnaﬂﬂou TTHHHHA

ds=+1+2° dxz‘\/gdr.HpH,IBIrDKEHH}ICfrOKAJCMGMBTCHOTO,HO 1.
ITo gopmyne (3) imeem

I dg _jr \[gdr _Jg‘[ j‘

;Jx2+y2+4 ox? +4x: +4 oNSx® +4 O\Ix +4

5

1
x+1lx2+i 1+—‘—1 ~
st 5l

Hpumep 2. Bsrmcauts L Ny® +z ds, rae - xouryp oxpysuoctn

yr+zt =ayla>0)

Pemrenne. Beeaey nonspaeie KOOpIMHATEL
Y =FCos¢,z=rsin .

Y paBHEHME OKPYRHOCTH NPAHUMACT BHJ:
.77 =arcosg um r =acose,
Torza

5+3
—T i

=In

. 27 h 2 . 2
F=-asing un ds = \(a‘ cos” @g+a sin” pde = adg .
Tak kak OKpYHKHOCTb PACIIONKEHA B TOH 4acTH miockocTd Oxy, TAC

7 T -
y 20, 1o yron ¢ meuseTcs or -~ E Ho E [To dopmyae (5) umeem

7i’

=@t +a’ =2a0

fats

J: y2+z2a’s:F,rmd.,f.or-ar2 2 cospdp =a’singl?,

-
-

[NY]

-3

IMpumep 3. Bauc: i L (2: Aty }b rae L - myra KpHBOii,

3aaHHOI NapamMeTpudeckn: X = [COSt, Yy =#sint,z =¢ (O i< 27:).

Pewense. Tax kak ds = \/(x')2 +(yY +(2', dt=v2+dt, om0

dopmy e {6) umecm

(2 7 ox” +y° )dy I (2: -\/: cos’t+¢7sin’ t}\/2+! ot J- N2+t dt =
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§ 2. KPUBOJIMHEHHDBIIA HHTETPAJI BTOPOT'O POJA

1. IlouaTye KPHBOAHHEHHOr0 HHTErPAIa BTOPOTo poaa
KpuBomiHEHHEIH HHTErpan BTOPOro poja oT HEMPEPLIBHOH B HEKOTOPOI!

oBnacti nuockoctn OXy dyHKuun P(x, y)no KOOPAHHATE X BIOOb TYTH
IJIOCKOH KyCOMHO-IIAJKOH KpuBOH [, pacnonoxeHHo# B 21o# obmacrh,

CBA3AH C PaHEE PACCMOTPEHHBIM KPUBOIHHEHHBIM HHTEIPAIOM MEPBOTO
posa COOTHOLICHHEM:

JI Px, yidx = L Plx, y)cosads R

rae - yroia MEXKAy KacaTeJlbHOH, NPOBEJEHHOHW K KpHBOH B moboi ee
TOYKE, Y MOROKMTENBHEM HampasaeHueM ocu Ox (prc.1).

y 4
S
P Lo
*
A
S
0 ‘
Puc. 1
AHan0rmHo,

| O, y)dy = | O(x, y)cos A,

rac [ - yroa MexIy KACATETbHOM, NPOBEACHHOH X KpuBOH B Tr000# ee
TOuKE, H NONOKHUTEABHEIM Hampas:ienneM ocu  (Jy (em.puc.1). Ouesuaso,
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T .
uTO ﬁ:E—an cosf=sina.

OOChIUHO paccMATPHBAIOT CYyMMY HHIETPANOB [0 KOOPAHHATE X M IO
KOODJHHATE } | KOTOPAs 3AHHCHIBAETCH B BUIE

e Oy, ™

KpusomHHCHHBNIE HHTErpAiLl BTOPOrO pona o00majaroT TeMH Ke
TIPOCTEHINMMH CBOHCTBAMH, 9T0 H HHTerpans nepsoro pojsa. Oanako s
OT/HYHE OT HOCNEJHUX OHH 2aBHCAT OT BLIOOpPAa HANpaBICHHA 00X0mAa

KPHBOH, €CTM M3MEHHTE HAOpaBIeHHe obxoaa, 10 WHTErpan (7) memsser
IHAK, T.€.

LB P(x, y)dx T Q(x: yjay : _IB.{ P(JC, y)dr + Q(x, y)dy‘ .

2. Beraucnenve KpHBOHHEHHLIX HETEIPANOB BTOPOro, poaa

s paiaucnenns uaterpana (7) noaes3ykTed OFHON M2 CHSIYIOMHX
dopmym: '
a) ECUH KpWRaA 3a/aHA VPABHCHHEM V = qo(x) H NpH OEPEMEINCHHH H3
ToukH A B TouKy B X menacTca or @ 10 0, 10

[ pae=0dy = [ Plx, o0} Ol o)l (o ®

G) ecmu kpHBas 33jaHA  VPABHEHMSMH X = qo(t), y = gﬁ(t) H TIpH
TIepeMeTIeHHH 13 TodkH A B Touxy B napamerp ¢ mensetca ot @ o f, 1o

. Pac+0dy = [ (Plole). 60l () - Olio(0). 4(0)}p (e ©)

AHAJIOTHMHO OMpPEJSIMIOTCS KPHBOMUHCHHBIC HHTCIPAE BTOPOro Poaa
OT HEUPCPBIBHEIX B HEKOTOPOH TIPOCTPAHCTBEHHOH o0macTH QyHKuMi
P(x, ¥, z), Q(x, y, z), R(x, y,z), BAOJIb OYTH NMPOCTPARCTBEHHOH KYCOYHO-
rnaakoil KpuBoil [, pacronomkcHBO0M B 3TOH 00IaCcTH, T.C.

| PGy, 2t + O(x, y, 2}y + R(x, y, 2)dz.
Ecnn kpueas 2anasa napaMerprieckiM VPaBHEHHEM

x=x{)y=y)z=:() (@st<p),

TO

j; P(x, v, z)dx +Q(x, ¥, z)dy +R(x, ¥V, z)dz =
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= [1PL0) 0, A1 )+ QA0 10) 200y )+ REx), ), 20 O (10)

IIpumep 4. Brraucaurs L(xz —-2J&??.):’E|C+(z2 -—2xz}i‘:, rae !- xyra
mapaboms z = x°, mpoGeraemas ot Towm A(-1,1) mo tomm B(l,1)

(puc.2).

AL ‘2(11 R
! L ! -
1 5} 1 Tx
Puc. 2

Pemenne. Tak xak z = X°, 2'= 2X ¥ Npy ABYOKEHHM M3 TOHKA A B TOUKY
B x menserca ot —1 a0 1, To no dopmy:e (8) mmeem:

x? —2xzhbe+ (28 — 2z lr = [ {x? ~2x x? )+ ) - 20 x? Pxpir =
d =

3 i
:jjl(x3—2x3+2x5—4x“}tx=(x o 4x5J

3 2 3 S
1 1.1 4 1 1 4 2 8 14
R n R e L = e— e — = ——
32 3 3 2 3 5 3 5 15
IMpumep 5. Berumcaurs L_ xdx + ydy+(x+ y—l)dz, rae L - orpesox
OpaMOH, coeanHsolmni ToakH A(l,1,1) m B(2,3.4).
Pewsenne. YpaBHEHHC NMPAMOH, TPOXOAAIICH wepes B¢ JAHHBIC TOYKH,
HMEST BHA;
x-1 y-1 =z-1
= = ={),mm x=t+1,y=2t+1,z=3r+1.
— ==, y

-1

W | o=

.4l



IMpn nepeaBlxKeHUH OT TOIKH 4 K Touke B mapamerp ! Memserca ot 0
g0 1; mo dopmyme (10) uMecm:

[ watcs yady+ (v y =)tz = [ (e+ e+ (22 + Yo+ (e +1 426 +1- 13l =
L , )
'=£(l4t+_6)dt=(711 +6t]; =7+6=13.

§ 3. POPMYJIA T'PHHA

Tyers /- kycouso-rmazxkuii koHTYp Ha miockoctn xOy, a D-
OrpaHMYCHHAS ITHM KOHTYPOM 3aMKHyTas oOmacts. B obnactu D sanauut
HETPEPLIBHBIC (DYHKINH P(x, y) u Ox, y), HMEIOIHE B ITOH 00RACTH

HCMPCPLIBHBIE HACTHRIC NpoH3sogHelie. Toraa chpaeemTHBa (popMyna
['punHa

”\%A%{i}b‘@ = § P(x, y)ebx +O(x, )y, (11)

rA¢ HANpPaBJIeHHE Ha KOHTVPE / BBIOPAHO Tax, 9TOOHI MIPH ABHKEHHH 10
" koHTYypy obnacre [} Bce BpeMs octapanack cesa (puc. 3).

y Fy
F_— =~
1
% %)
\A\\"-\__//-‘
o
0 X
Puc. 3 -
Y COBHEM HE3aBHCHMOCTH  KPHBOIHHCHHOTO HHTErpaa

J; P(x, y)dx + Q(x, y)dy OT OYTH HHTENPHPOBAHHA ABIACTCH PABCHCTBO:
LY
&x &y
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Ecm ke, kpome Toro [ - KOHTYD 3aMKHYTHIH, TO
§ny)dx+0(xy)dy 0.

l'lplmep 6. Ipumernas tbopmyITy I'puna, BEHCITHTS

§ (x +y° )d\c + (x + y)2 dy,rae |- KOHTYp TPEYTONbHMKA C BEPIIHHAMH B
: , .
touxax A(1,1), B{2,2) u C(1,3) (puc.4).

Y&

4

Puc. 4

Pewenue. B naunom cyuae P = Z(x2 + yz),Q ={x+y)
aQ

P
—= 2(x + y),% =4y . Ipumenaa Gopmyny ['puna, noxygaem:

o
f(x +y e (e y)dy= [[(c+y)- 4yl

A4BC
quucm JABOMHOH WHTErpas, HAHICM

ale? s (x+y)2ay=zrmcr‘“‘(x-y>@=

1

=[x y)

-x+4

:—45 (x 2) dx =

L.J|.l::=-
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IMpumep 7. Borumemrms szdx+zzd2, rae /- BepxHAN TIONOBHHA

okpyxuoctTH X° +z° = 4 npoferaemas mo XoAy 4YACOBOH CTPENKH H
Aexamas s maxockocta X0z
Penzenne. B tammoym crywae P - x, 0= 27w Tax Kax —O!i = QQ— =0,
14 x oy
TO PE3VIILTAT HHTETPHPOBAHHS HE 3ABHCHT OT TYTH.

Hnterpuposanne 1o BepxHeH MOOBHHE OKPYXHOCTH 3aMEHHM
HHTETPHPOBAHMEM T1I0 OTPE3KyY OcH (X, COCAHHAMEMY TOWKH
nepecedeHna okpyxkHocTH A(-2,0) u B(-2,0) ¢ oceo Ox . Ha atom orpeake
z=0u dz =0, a xmensercs or -2 10 2. CneaosaTenbHo:

32
J‘x2€&+22dZ=j‘2 xzﬂf:};ﬁ :§.+.§.:£§._
' = 31,7373 3

+ yebx
Ilpumep 8. Burancouts f%rﬂe ! - owpyxnocTs
i

(x— 1) +{y—1)* =1, npoberaemas npoTns X0m2 TACOBOH CTPENKH,

X
Pewenne. Kontyp / - zamxuyteii, P =— —,0 = — Y — "
) X +y X+
cP 80 2xy .
= =y, TI09TOMY TIo popmyne ['puHa JaHHEIH HMHTErpan
ox oy (x‘ + y")
paBeH HYIIO.

§4. ITPAJIOKEHMS KPUBOJIMHEMHLIX MHTETIPAJIOB

1) Tlnowmans obpmacte [), OrpaHHYMEHHOI 3AMKHYTBIM KOHTYpOM [,
' HAXOMHTCA 10 POPMYIIE:

1
§ = §dy -y, (12)

rie HampasneHHe mytw obxosa xomtvpa / BoIOpano Ttak, 910 obnacrs
D ocraerca Bce BpeM4 CIeBa OT MyTH HHTEMPHPOBAHKA.

2) Tlyvcrs ! ecTh niOCKAA KpHBas ¢ THHCHHON MIOTHOCTRIO MACCH ry(x, y) .
TOrga
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a) macca m kpunoit / BEMmMCIseTCs 10 opmyne:

m:L nlx, y)ds; : (13)

6) KOOPAMHATH UEHTPA TOKECTH KPHBOH [ BHIAHC/IMIOTCE 0 (hopMynam:

Ji 2, y)s [, yale, »)ds
Xg =m0 Yy =, ‘ - (14)
m m
B) MomenTsl wHepmuH [ ./ wu [, cOOTBETCTBEHHO OTHOCHTENBHO OCei

Ox, Oy 1 nagana koOpIHHAT PABHEL

I, :_[, ynlx, y)ds, I, = j: xzry(x,y)cis,fD :L (x2 +y2)77(x,y)a{5 (15)

" 3) Iycers F = P(x, y)' + Q(x, y) |/ eCTh mepeMEHHA CHIA, COBEPIIAIOLIAN

pabory W saons myms {u dyexiun P(x,_y) 7} Q(x, y) HETTPEPIBHEL
Ha Kpusol /; Toraa

W= Ple.y)ds + 0le, y)dy. (16)

Hpumep 9. Boruucrmurs muomags o0TACTH, OIPAHHYCHHOH 3JITHIICOM
x=acosl,y =bsint.

Pemenue. Hz dopmyast (12) caepyer, aro

S :%ixdy—ydx: %j-:“(acostbcost+bsin tasin t)dt =

i

b 2 ] ) n b
:-LLJ‘ (cos't+sm‘t):it:§—b— ’ dt:?— = m1b.
2 0 2 w0 2
- a

Mpumep 10. Haiitn Maccy 4eTBepTd aMnmnca X = COSY,Z = Zsinf,

PACTIONOXCHAOTO B MEPBOM kBagpanTte miaockoctH Oxz, ecam nuHeHHas
TIIOTHOCTD MACCH 11 = 2. ’

Peisenne. U3 dopmynsr (13) cnexyer, wro m :.L zds . Uz ypasrenus

kpuBoil [ Haxoxum:
ds = +sin? 1 + 4cos? tdt.

T
Quesnano, 910 napamerp ¢ mengercs or 0 10 -E; TOFa:




-

. |
m :f zdds = FZsin f/sin’ f + 4cos’ tdf =

“er1+3cos fd(cost)m—7«/_£‘f—+cos td(cost) =

Tloaoxms cos? = o, momydm:

:-2«/_J.01#—+u du = ZJ_L —+ *du,

m=2+ (5 12)

IMpumep !1. HaiiTu KOOpAMHATH LEHTPA TEKECTH OZHOPOJHOH TyTH
uuknonam X = alt ~sinz), y = afl - cost), ecm (0<t<27).

Pewsenne. B cuny cummerpus xpusoil OTHOCHTEIRHO IPIMOH X = 7
nonywaem X, =& . Hafinem temeps m, a satem y,. Mz ypasnenna

| IMKTIOMABL HAXOAHM, UTO

ds = a2 —cosidt,
TOr 3 :
m= j; ds = J‘;Raﬁx/l—costd = \/Ea'[jxxflﬁcostdt =

3 4
FY S i
= 2aj- sin —df = —dacos—| =4a+4a=28gq;
b ¥3 2,

A
a = - - k) —
m Ra 2 2

’ 7z
- cos” — |
=——ar 1'—0052-"‘— ¢l CDSi = —( COS-'t-*'— 2 i —
0 2 2 2 3 J
0

1 4

o -1+l d
\ 3 3 3

Tpumep 12. Haifth MOMEHTEI HHEPIHE OTHOCHTETHHO KOOPAMHATHBIX

ocelf M Hauala KOOPAMHAT UCTBCPTH OAHOPOJHOH OKPYJKHOCTH
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y =2cost,z =2sin{, nexameil B iepBoM kBaapanTe mnockoct yOz.
Pewrenne. B cuiy OAHHAKOBOrO PACIONOKECHHS KPHEOR 10 OTHOMISHHIO
koopmuuaTHerx ocelt 1, = /. Tlo hopmynam (15) momyuaem: .

I,=1 = z%ds=4[7sin® (Vasin® t + 4cos* tat =
Z1-cos2t in 2t

R
o2 2

xi2

=27

>

0

I, '—-J; (x2 +y:)ds:4_[2’-:(0052t+sin:t)\/étsi1'1zz‘+4rcos2 tdt =

=8frar =8 " =4n.

Mpumep 13. Bramcawys pabory camm F = yzi + (y + z) |/ npH
MEPEMEIICHHN TOUKH Macchl 7 w3 Toukd (X0,0) B Touky A(1,1) o npamo#
z = y, nexaineii B riockoctu y(z.

Perwenne. U3 popmyme (16) cneayer, uro

W= L yzdy + (y + z)dz.TaK KaK Mbl HHTEIPHPYEM N0 MPAMOH

Z =y U NpH nepeMemcHuH U2 ToukH O B toaky A y mensaercda ot 0 1o 1,
NOIY4acM:

w={y yay+(+yh=[ (" + 204y =

3 N4
Y 11
=| ¥+ :4—{—]:

b o

(VRN

3ANAUM H YIIPAJKHEHHS UL CAMOCTOSTEJILHON
PABGTBI

BoIuBcInTD CIeIYI0NME KPHBOIHHCHHEIC HHTEIPATS IEPBOTO poAa:
L. _L y*ds . rae |- apka mixnouam x = a{r —sin¢), vy = a{l - cost)
(0<t<27).
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2. J; xds-, , Tae /- oTpeaok upamoit z = ;—x — 2, COCIHHAOMHAN TOUKH
A4(0,-2) n:9(4,0), Jexarmue B mnockoctn XOZ .

K} J; yzds, tae { - KOHTYp IpAMOYrOMEHEKA ¢ BepuuHamu B Totkax ((0,0),
A(4,0), B(4,2), C(0,2), nexamx B rockocTd YOz .

4. J-I yds,rae - xyra napabonst y° = 2 px | oTceucnnan napaGomnoi

x> =2py.

5. It (z2 +y2)"ds,rﬂ.e {- oxpyxsocts z° +y = a’.
6. J; \Jx* +y*ds tae I- ayra xpusoit

x = alcost + tsin 1), y=alsint—tcost) {0<1<2x)
7. L(x: +37 4 zg}if, rae L - ayra xpuBoi

x=acost,y=asint,z=bt (0<t<2rm).
BervucnnTs cnesyonne KpUBOTHHEHHEE HHTETPATbl BTOPOTO POJa:

.8. jz y dx+x’dy, rae | - pepxaas nonosuna smmmnca x = 2¢os!,

y = hsint, npoSeraemas no Xoay 4acOBOH CTPENKH.

9, L 2yzdy ~ ¥ dz, ecam | ~ OTPE3OK IPAMOI, COCMMHSIONIME TOUKH
0(0,0) 1 A(2,1), nexxame e wiocckoctH YOz

10. L 2xzdx — x dz, ecn [ - gyra mapaGonu z = i—xg , mpoBeraemas ot
~ touxa ((0,0) 1o Touxu A(2,1), xoTopete 1exkar B mnockocru YOz .

11. jl 2xydy —x’dy, ecn [- ayra mapabonst x = 2y°, npoberacvas  oT
touku (0,0) a0 roaxu 4(2,1).

3 L
12, £2 yzdy — vy dz, ecma |- noMamax IMHHA, HICPBOE 3BEHO KOTOPOH

coeaumsier toukn O(0,0) u B(2,0), a sropoe - Touku B(2,0}) u 4A(2,1),
Aexatnye B mwiockocta Yz .

13. j: €0s zdx — 8in Xdz,ecomn [ - OTpe30K NPSIMON, COSHHHAXOMEH TOMKH
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A(2,-2) u B(-2.2), nexamme B nockoctn x(Oz.

14. J; ydx + xdy,ecnn - qeTBEpTH IYTH OKPYKHOCTH

x =Rcost,y = Ksin!, 1examas 8 | ksagpasTe u npoeracMas npoTHs
X042 JaCoBOH crpemm

lsj'xafv yidx

,eciu [ - myra kpueoit x = Rcos’ £,y = Rsin’ ¢,
x* + y
npoberagman ot TouxHE A(R,0) 10 Touxu B(0,R).

16. £ ydx — xdy, ecau 1 - gyrasmumca x = acost, y = bsinf.
17. J‘Lyzafx+z1/R2 ~ydy + xydz, ecnm L - gyra xpuoit

. at
x=Rcost,y=Rsint,z = Py npoferaeMas OT TOYKH IIEPECCHCHHS
7

AHHHH ¢ TIOCKOCTBRI0O Z =0 AC TOUKH €€ NEPECeUSHHA C© NIOCKOCTHI)
I2=dd

18. Ipumenas Gopmyiry I'puna, BEMMUCHHTE:
| §(yz+y+z)aj)+(yz+y—
1

19. Mpumenas Gopmyay I'pHHa, BEMHCTATE:
§(xz+x+z)tbc+(xz+x*z)dz,rne /- oxpyxuoets X +z° = ax.
!

20. Jokaszath, ¥T0 HHTErpal J'I (2x +3 y)dx + (3x -4 y)a.'y HC 3aBHCHT OT

IIVTH HHTSIPHPOBAHMA, H HAITH 3HAYEHHAC HHTErPAId, HHTErPHPYH CHA4aIa
no gyre mapaboast y = x° ot touaxu O(0,0) no Touku A(2,4), a saTeM no
TIPAMOI, COCAMHAIOWEH ITH TOUKH,

21. Haiiti mnomass 00NACTH, OrpaHHYEHHOH mapabonol x = z* w mpaMoit
x = 1 (obnacTe nexcut B mockocry x0z).

22, Hafits niomaas obnacTH, OrpaHHYEHHOE KPHBOH

x=acos’t,y=asin’t (0<t<27)

23. Haiita nyomaae 08macTy, OrpaHHuEHHOH KPUBOM

x= a(2cosr ~c0s2t),y = al2sint—sin27) (0<1< 27).

24, Haitre Maccy vaacTka auEHM Z = In X , nexamceii 8 miockoctd  x(Oz
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MEXKIV Toukame ¢ abcudccamu 3 | \/g . CGCNH TWIOTHOCTh NHHHH B
KAXIOH TOIKE PABHA KBAAPATY 30CIHHCCH TOYKH.

25. Haiitu XOOpAMHATH IIEHTPa TOKECTH HGETBCPTH OKPYMHOCTH pajguyca
a (OKpy*HOCTE pacronoxena 8 1 keazpaare muockocTd xOy ;77 =1)

26. HaiiTH MOMCHTM HMHCPLHM OTHOCHTEIBHO OCEH KOOPAHHAT M Hadana
KOOPAMHAT Y4ACTKA OXHOPOIHOH mpamolt z = —2y +1, nexawmero moxay
OCAMH KOOpAuHAT B 1rtockocth yOz .

27. Haitru pabory cumw F = xyi+(x+y)jnpn nepevemesmn Touxu
MACCHL M M3 HAYAIA Koop,mmaT B Touky A(1,1):

a) no mapabone y = x*; B) mo nomaxoii, npoxoasmeii yepes Touxu 3(0,0),
B(1,0) u A(1,1), 3BeHbA KOTOPOW MapannenbHBl OCAIM KOODIHHAT, B) NO
MOMAHOH, TpoxoMmen uepes Touxu 0(0,0), C(0,1) m A(l.1). 3meHbs
KOTOpPOH HapanieIbHEl OCAM KOOPIHHAT.




TJIABA [I AR S

MMOBEPXHOCTHLIE MHTETPAJIBL. - -
TEQPYSI TTOJIS S

§ 1. MOBEPXHOCTHbIN HHTEI'PAJI ITEPBOTO POJA

1. Onpenestenne NOBEPXHOCTHOrC HHTEIPAJIA NEPBOIO POAA.

Myere 3apana raajikas NOBEPXHOCT S, T.€. TaKad MOBEPXHOCTh, B
KayKAOH TOUKE KOTOpPOH CYMIECTBYCT KACATENLHAS IUIOCKOCTL, MOICXEHHE
KOTOPO# HEMPEPBIBHO HIMEHAETCS BMECTE ¢ TOYKOH Kacamus. [lyets
dyuxuma f(M) = f(x,y,z) HenpepniBHa B kaxaoil Touxe M < §.
Pasofpem nosepxHOCTe § HpPOH3BOABHBIM 00pd?0M HA N YACTHUHBIX
nosepxroctel §,,7 =1,2,.. 7. OBosnHauum wepes AS, nnomame §,, 4, -

muamerp S,,d ~maxd;. Ha xaxgolf d9acTH4HON HOBEpXHOCTH .,

12i<n

BHIOEPEM MPOAR3BONBHYIO TOUKY M, 1 COCTABMM HHTETPATBHYIO CYMMY

> F(M)AS, | B

Onpeacnenne. Ecnu cvimecrsyver koweussli NPElCH WHTEPANBHOH
cvmmul (1) mpu  d >0 u OH HE 3aBHCHMT HH OT criocoba pasBueHws

noscpxHOCcTH S HA wactd, HM oT Bwibopa touexk M, i=1..1, 1O ero

HA3BIBAKOT TIOBEPXHOCTHBIM — HHTETPANIOM LEPBOTO pona oT (pyHKUUM
F(x,y,z) no norepxroctr S u 0603HAYAIOT

Jf 763,28 = tim > 1,85, | e

2. CBoiicTBA NOBEPIHOCTHLIX HHTEMPAJIOB MEPBOTO Poaa.

L [JUiGr Dt £(ey,20dS = [[ £ (e v.2)dS =[] £.(x,, 2)dS

2. f j K (x,y,2)dS = k[ j F(x,y,2)dS

5. 8=8US,,8.NS, =0, torm
[[ £ ey, 2dS = [[ £, 2)dS + [[ £ (x.v.2)dS
5 s s,

Lo
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d, F_[ Y =T, TIE 0 — AIOMATE HOUSPRECTIH &
3, BemucienBe DOBEPINOCTHL HHTCMPAI0E IEPROMD Poga.
Ilyets 5 DILAOKEY  OBEPXHOCTR, SANAHHAN  TAPAMETRHOSCHITE

YpaRHeHTaMI =x(i, v, = vk cosle ), (wovhe L) | overs  peips
S pz) semipepmena Ha 5. Torsa nosepxuoctunill HUMEIPLL LEPBOMD [RTA

or dvexone f{x, 1, 2) 0o noscpxEceTE S Mpeolpatvercd & aBoitmoi
MHTEIPELL 10 fiopmyie
[1ftm g 208 = [ fOrne 0 v v), 2 vIWEG - Fdudy (3)
= )

rac G RELEH &G, P IepesMein o ¢ onpeseaswTes fopdyaam
E={x)" - (3 ) +(zl),
G=(xY +( ¥ +{z), ()
Forx+yy +zz.
Eonu nopepxrocty 5 2374HA VPAEHEHWOM T=2(X, V), TO DORCPNHOCTHELL

HHTETPT NEPHITD PO4A MO 3TOH MORCPTHOCTH AMPARILTES TCpCl TROHAMON
HHTCTPAT o opMy.Ie

1703208 = [[ flep oo @Y -V day 19
L3 ey

rag 5 - MPOSKIAA DOBEpxocTH & Ha mieckoeTs Chey.

ARaTormmEn,  SCOW MORCONHEQOCTRE  WHTCTPHPOBRRHA S 3aoaua
ITEEHERHEM  XTHLZ] anfio PRI, TO  TORSIMHOCTHHE HAETETpO

H Flr w21 cromrtTen k auoiucuy mrncpasy oo Sopsy s

”}"{x Lz}d'a—ﬂfm".r R () ) * etz {4
rag N, — TPOCKTIHA TOBCONHOCTH 5 HA WIOCKOCTE Chvr,

(#0208 = { ree e 2d 2l #0001 (LY s (7

& &_ T

rAe N — OPCeXuME DORSPXHOCTH 5 HA OAOCKOCTS (o

e 4, Duiweciue NPHIDTKCHHE MOBCRANIKTHRIX HHTCTTRLTOR TTERROTD

paTa
H}'L_l'l': ‘; = MATSIHATRAAR NORCPNHMCTH C ]'[-I.'!"EI:]."."‘.‘(H{'."I:-T'H{Iﬁ O TOTHOC TRE)

=
=7
-



afr vz mromge A o & Toraa cupaseUiHpe CRe o qrapmyis:
ay M = J_[ x2S — macta noEepREOCTH,

o
@ M, = ” =l x, v 2)dl M_= J:f yelx, ¥, z)Es |
5 &

M, = _[F xpfx, v, 2l —  CTOTHUSCHHME MOMCHTH [OBGPXHOCTH
3
DTROCHTEMEH KOORIHHATHEIY mockacTed Cioy, O Oz
M M Mq_
B X o e ¥y = oo Iy T o e — KOORIHHETE BEHTPA THECTH
i, el Tkl
MOBEFHOCTH,
A ” " +zﬁ'jp{:|;, V. 2 iy MOMEIT HHCPUMH TORSPXROCTH
F

OTAOCHTERBHS 00w O,

1 S _IF:E;_J{I,_}', Z)dS  — WMOMEHT  ARSPUHH  DOBSPRUOCTH
5 :

OTHACHTERLED [CTOCKICTH G—TI-

ey f,= H':-"l 2 _!r'J P-::}I,L"[-t‘. Vo2l —  womesT  MBepuRn

MBSIAAGETH TEHOCHTLRNG HAYR 1A KOOPAERT.
Mpamep 1. Bemucnnms moBEpRuoCTHbE HETENPALL ”{I--- 21 oMy |
h

rae & — macTe mockocT obvbre b oescinae B onepeosd owrasre (x40, =0,
=,

Pemenne, FlorcpsencTs wHTEFpHpoRaHME § BoTh Tpevroiung AL
{pric_1}. |=

£ lefagy)

| XiywtE =4

/| ;

BOLE v




W3 ypaBHEHHA MIOCKOCTH BHPAa3HM 2 qepez'x y. 7=l-x-y. [lpeobpazvem
3aJaHHbIH nosepxnocmmu m’:rrerpa:l B JBOMHOH HHTCIPAN, HCHOIb3VS
dopmymny (5): :

H(x—2y+z)dS=Ij(x—2y+l——x—-y)\/1+(-1)2+(—1)2dmb::
=\/§ J.J'(l—?» ydxdy, rtoe ‘S;y— ﬁpoexum S Ha MIOCKOCTD Oxv,

_ [EPCACTABIIIOINAA coDoH TpeyronsHuK OAB. ‘
BriuncmiM nmosyvaeHHb# IBOHHOR HHTErpAT o

V31J1 -3y =3 [ [ 1332y =3 v

o[ ¥=l-x

=ﬁ!(l-x—%(]—k—ff))aﬁr:«,E!'(Qx—%—%xz)dx=
. 1 X 1 1.
=5 (x S5xm Tl =30 o) =0

Onser: H(x —2y+2)dS =0.
N
Npumep 2. BuiuMcIHTh [IOBEPXHOCTHBIH HHTErpan H (x* +y°)ds ,

- 2 2 2 w
rae 5 — HACTH KOHHYECKOM MOBEPXHOCTH 2~ = X~ + y , JAKIKYCHHOH
MEIKTY IIOCKOCTAMH z=0 n z=1.

Pemenne, Ioctpous 3amassyio HOBEPXHOCTD (pHL. 2)

=z

~
"




BoipasuM z ®3 ypaBHEHMA NOBEPXHOCTH, VYHTHIBAS, YTO 110 YCIOBHIO
220: z=qx"+y° . Ilpoexmms S, KOHEMECKOH TMOBEPXHOCTH Ha

mnockocTe Oxy mpeacTasnser coboit kpyr X~ + ¥~ <1. Tlo  dopmyne
(3) nomyuaem

2 23dS = 2 2 + ot y_.__aﬁcz
Lj(xw) g(xw)l el I W rcwes dy

=:!:!'(x2 +y2)\/1+xziy3 + Y —dbxdy = JQH(x + v dedy

x+y

[Nepexons k NOMAPHEM KOOPOWHATAM X = F COS go, y=rsing uceoas
ABOHHOH HHTETPAI K IOBTOPHOMY, HAXOAHM
x4

«/Esﬂ(xf + v Yebedy = \/Ezfdgpiﬂdr = ? Jdp="2%

0

Orser: J’j(x +y )d‘;-”‘/—

TMpumep 3. Briuucauts MOMEHT nHepuun /. oTHocuTenbHO ocH Oz
s s 2 2 2 2
omHopoanoit  chepudeckoil 00009k X +y +z =a,zz0
HOIOTHOCTH f, .

Pewenne. Mmeem [, = ﬂ 02, (x* +y*)dS . Henomssys coeprrieckue
S

KOOPIMHATH, 3AMHLIEM MAPAMETPHIECKHE YPABHEHHS AAHHOH Nomychepsi:
x=acos@sing,y=asingsind,z=acos8,0<p<2x0<8<7/2,
[To dopmyaam (4) Haxoanm

E=a’cos’ gcos” B +a’sin” pcos’@+a sin*G=a’,
G=a’sin’ psin @+a’cos’ @gsin’ G =a’sin’ 8,
F =-a’ cosgpcos@sin @sin @ +a” sin @ cosf - cos@sin & = 0,

orxyma VEG - F* =a’sin 6.

BripasuM MOAMHTErpadbHYIC QVHKIMIO B NEPEMEHHBIX 1.V. NOIVIHM
x*+yi=asin" 6.
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Bermemoa wererpat £ oo gopuyns (31
s o7 SR
o= ,r:r“ﬁ a® sin & - sin e = pa | de Isirﬁf’ifﬁ =
n T: a

T : gog d .
=2 j{‘l - cos” (- costy =23p.a’( ; — - Cn E'j'l__l =
[F]

1 S
—+ 1y =—mpa’
3 3

4
Oreer; /. = E?i!}:’.!'ﬂﬂ'

§ 2. IOBEFXHOCTHLIH HHTEIPAS BTOPOIO FOIA

L. [TonwrHe CTOPONLI HOBEPYXHOCTH.

Boipmem pa  romocoil nopepxdocTa 5 Oposapoibiyss Todwy A H
TPOBEIEM HUped MO HOpMATE K moagpxHocTo NOW. [ToeepwaocTe 5
HESEIBACTCN  ABVCTODOHHR, ¢QUH 738 JRDOTD  SMEHYTOTD  KOHTY]A,
APCHOTANMETO N0 ACBCLXHICTH Y H HS TICPCCCRARMTICOOCS © FPaHNIeH
HOBEPRHOCTH, d-0pauaee o rouxe M uanpas eHie HoPMALH, HCHPepelBig
MEHSHCL  LP JBHMESAH  TOMKH [0 ECUTYPY, 16 HIMEHHT SUO0SLO
HAMPARIEHHA (HE MROTIROTIOIOWHACH MYH BOSENEINENHE B Todry .

B wawmaod tomxe M ORYCTOPOMACH MOBEPNHOCTH MOWHO SATATH JBA
BOETOPA HOPMATH, TPOTHEOOOTOMEMX o Hamparmceni: MM w1 M6
iprz. 3 BRGWDAT O0FH #3 3THX BONTOPOR, WRI ToM COMEN REOMpacs
CULHY H1 BN CTORON OB PXHOCTE.




ECnH NOBepXHOCT: OrpaHHHMBACT HEKOTOPOS TEIO, TO ¥ HEE PazTHIAIOT
BHEDIHIOKD H BHYTPCHHIOK CTOpOHBI. [IpHMepoM Takoi IIOBEPXHOCTH
sBaserca cohepa. Ecmu rosepxyocTs 3ajaHa vpaBHEHHEM 2=z(x.)), TO ¥
HEe PasHYalCT BEPXHIOK H HIKHIOK CTOPOHHL.

BexkTop HOpMANH, COOTBETCTBYIOMHN BEPXHEH CTOPOHE ITOBEPXHOCTH,
onpenenserca hopmy:10i:

Noty= 2, (M),~z, (M)} (8)
Harmpasmnoumse KOCHHYCEH HOPMAIM B 3TOM CTYYAC HAXOATCA TaK:
z! z!
cosa = - ==, C0Sf=— e,
J+E) +(2) S+ +(z)
cosy = 1 . ©)
' \/1+(z;)2 +(z,)

2. Onpegenente NOBePXHOCTHOIO HHTerpana BTOPOro posa. -

TIyers S — rnagkas waM KyCOYHO-TIIAAKAS JBYCTOPOHHEA NMOBEPXHOCTE,
BuGepem omuy M3 €€ CTODOH, OAPERETASMYIO BexTOpoM HOpMain N(M).
IMycrs a{M), B(M), y(M) - yram, koropmie Bexrop N(M) cocrasmaeT ¢
OCSMH KOOPAHHAT, H TIVCTh HA MOBEPXHOCTH 5 3aJaHEI TPH HEMPEPHIBHBIC

ymann POM), OG0, ROM).
Ompenenenne. [ToBepxXHOCTHbBIC HHTErPANEL IIEPBOT0 POAA

I = HP(M)cosa(M)dS, , = _UQ(M)cos BM)S .
5 5

I, = [[ R(M)cosy (M)dS

HA3B/BAKOTCA  TOBEDXHOCTHBIMM  HHTErpanamMd  BTOpPOro  poja
cooTBeTCTBEHHO 0T dvukun# P.O.R no seibpanHOH CTOPOHE NOBEPXHOCTH
S.

Onn 0003HaYAIOTCH TAIOKE CACIYIOMMUM 00pasoM:

1, = [[PoMnavez, 1, = [[oM)axdz, 1, = [[ R(M)dxdy.
§ 5 5

Takue obo3raueHHsA CBSIAHB C TEM, YTO 3JIEMEHT IUIOWAmH dvdz
MOMHO PaCCMATPHBATh KAK MNOMAMS NPOCKLMMA 3IEMEHTA MOBEPXHOCTH C
mIomaneo dS HA KOODAHHATHVIO ILIOCKOCTL Oyz, T.e. dydz=dS cosa u,
AHATOTWYHO, dxdz=dS cosp, dxdy=dS cosy. .

W3 onpeaencHua CneAyeT, Y10 MOBEPXHOCTHBIH WHTErpal BTOPOro poaa
3aBHCHUT OT BhIOOpA CTOPOHE! MOBEPXHOCTH. EcnA B3ATs APVTVIO CTOPOHY
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MOBEPXHOCTH, 1O Bektop N(M) H3MEHWT  HanpasicHHME  Ha
TMPOTHBONOIOXKHOE,; HO3TOMY HAUPABNMIONIHE KOCHHYCHl BEKTODA N(M) a
cienorarebHo, u wurerpamst [, [, [, wamensr 3pax. ' 3

Cymma
I+1,+1, —HdecL+dedz+I&ixa§1-

= H(P cos@ +{2cos f+ Rcosy)dS .

HA3BIBACTCA OOIHMM NOBEPXHOCTHBIM HHTEIPAIOM BTOPOTO POAA.
3. BorHCIeHHe NOBEPXHOCTHLIX HHTEIPANIOB BTOPOT0 POAA.
Ecam nosepxsocts S 3amana ypasHenueM z=z(X,y), TO NOBCPXHOCTHBIM

MHTErPaT BTOPOrO poja HR(M Ydxdy. Buipaxaercs ucpez ABOHHOMH
5
HATErpan uo GopMyae

[[ Rx,y,2)dedy. = +([ R(x, y, 2(x, y))dedy (10)

rae  §,, — mpoeKuMs noBepxHOCTH S Ha Itockocrs Oxy. 3mak “+7

‘BH6PIpaﬁ'I‘CSI MPH HHTEIPHPOBAHHEM 10 BEPXHEH CTOPOHE MTOBEPXHOCTH, 3HAK
* IPH HHTErPHAPOBAHEH 10 HIBKHEH CTOpOHe.
AHATOTHTHO, €CAM [IOBEPXHOCTD S 3aJaHa YPaBHEHHEM x=x{}.2), TO

ﬂ Plx, y, 2)dydz. = iﬂ P(x(y.2),y, z)dydz (1)

rae S, — MpoeKuMs NOBEPXHOCTH S Ha mockocTs Oyz.

Haxonen, B cry4ae, KOraa UOBEPXKHOCTE S 334aHA YPaBHEHHEM Y =W(X,Z),
TO .

[[0Ge, . 2)dxdz. = =[[O(x, y(x, 2), 2)dbeddz. (12)
5 S,

rae S, — Opoeknms HOBEpPXHOCTH S HA mwIockocTs Oxz.
xz P

[lycTe MOBEPXHOCTD UHTErPHPOBAHHA S 3aJaHA YPaBHCHHEM z=z(Xx.y) u
BRIOpana BEpXHAA CTOPOHA NOBEPXHOCTH C BEKTOpPOM HopMami NM)=

{"— . (M)—-z, (M ),l} Torna ofmuil NOBEPXHOCTHBIH HHTETPAn BTOPOLO
pOAa CBOMTCH X IBOHHOMY IO (popMyne
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|| vtz + Qcbedtz + stabedy = {J{-P{x, v, 2(x, ))- 5 ~
E 5 (13)
- Ofx, y.2(x, ¥))- 1, = Rix, y.z(x, y)) ey

4, ibppmyTa Crokca,

MNoBCERACCTHETH WHTCTAT A0 HCSAMEWYTOH NOBCIMADETH & CEAZAH

EPHRQTARGHHEIM WHTCTPAIOM 00 FpARCGH [, OTPAHATHEARMENR 3TV
nﬂ!ﬂp.ﬂ-l.ﬂf:lh dopsayoi Crosca

] ‘o A
ﬂl ER &L W --.|.5 f LR]‘_E,:'LI-_; b_ﬁ_iwm{{p =
oy | ox oy )

:fmr.g@md:

B EY

rae dvosnmn Py O 2 R MooMx YACTRWE  UPOMIR0IHEE
TEBOTD TIOPHIKA HENPEPLEHE! B HEKOTOPOH TPOCTPAHCTECHHON ODI30TH
{7, CoaEpwELEi EDBEPXHOGTE &

Hanpaeaerwe obxona kpHeqii [ W cTOPORS MoRSPXHOCTH 5 B fapeyde |
Cromcd  COTAACYIOTEA  CICAVINmIM  ofpajod:  comM  HabmOdaTenn |
HANDINTCH Wil BROPEMNOA CTONOHE DOBEPRHOCTH (T 6. HANPEBISHHE OT HMOr :1 :
K TOOOBS CORTNATAET & HANMPABREHHCM BORTOR FII.'!I]_'I"nE.I'[H} T OPH l:ﬂli‘iﬂ.![ﬂ “n
KOHTYPA e STAHAGM HANPABRICHHE OH OCTARTACT MOBCPNEOCTE CICBI 'H-"|
oT ccha (prHe. 4). ]

5, onpmyaa Ocrporpanckoro-1 ayoca,

ORCEHHOCTHETH HHTCTREN RTODOTO POIA B0 SAMEEYTOH ToRepxHOCTA 5
WMOMHO  MpeafpEioBaTe B TPOWHOR TWHTCCPAT MG (POCTPRHCT Belndi
afctacTe {r, OTPANMTICHHOH TORCPXHOCTEIC 5. 8 HAOBOPOT, ¢ TOMOLNED
opavae Oorporpasceoro-l avoca

L]
o



HdecL+Odrdz+Rcbtdy Hj[ax > az}fxam (15)

TA¢ NOBEPXHOCTHRIH MHTErpan GepeTcs ro BHELIHEH CTOPOHE NOBEPXHOCTH.
GOyrmiamu P(x,y,z), O(x, v, 2}, R(x,y,z) 1 BX 9aCTHEIC NPOHIBOAHBIE NEPBOTO
TNIOPARKA JO/EKHEL ORTh HENMPEPHBHE B 06acTi G.

\‘ Tpamep 4. Brrmicnwrs NOBEPXHOCTHEIN MHTErpan ETOPOro poia

I= Hzakajz, rae S — HEDKHAS CTOPOHA 9acTH KOHyca Z = 4/X° + y° npu

0<z<1
Pewenne. TIpoeximeH aanHOR gacTH kxoHyca Ha mnuockocTs Oxv

ABIAETCA KPYT S, x* +y* <1 (om. puc. 2). [Tonp3yscs dopmynoi (10),
CBEIEM  TIOBEPXHOCTHBIA wHTerpan [ K JBOHHOMY  HHTETpany:

I= —qug +y dedy.  Tlepexoms K  TNONADHEIM  KOODIMHATAM
SW

X=rcos@,y=rsin@ u CcBoAd ABOHHOH MHTEIPAN K IIOBTOPHOMY,
HaXOIUM

—!Iq/xz +yidxdy = Idgpjr dr = ——jd 23”.
Otser: [ = ——.

IIpamep 5. BruucIHTE DOBEPXHOCTHBIH MHTETpan BTOPOre posa
szzaﬁfdz—-Zdrdz +ydxdy, rae § - BHYTpEHH:X CTOPOHA HacTH
8

napabononaa z=x" + y pacnonokeHHas B nepBoM okTaute x20, 1=,
220, npuvem 0 <z < 1.

Pemienme.  3amaHHnii  TOBEPXHOCTHRIH — HHTETpan  ABMACTCA
MOBEPXHOCTHBIM HHTErpajioM OOMEro BHAA. 30CHOABIVEMCS (HOPMyJIoH
(13), yuuTEIBas, ITO HHTErPUPOBAHHE MMPOBOJHTCA TO BEpXHell cropone
nosepxdocTH {pmuc.5). [lpoeximesi nanHOH wacTu napaGomompa Ha

II0CKOCTh OXV ABAMETCSA YETBEPTh KPyTa Sly xt+yi<lx>0,y20.
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Tlcpcxcu,:w K TKUTAPHBM KOOPIHHATAM X = 7 CO%40, ¥ = P SI0 @, naxomes
|

Ll'r—zf 20 + Syldedy - j-dq.':'[ (—2r" pog o— 20" Cos’ pn” @

ez

~ Srgingerdy — 1d¢|ﬂj| 20" cow’ gr (oog g1 st @) + 3 sioglfr =

b o o’ - T & =1
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e

=g
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Mpamep 4. Motesvsce spopmyaoid CToRca,  BRYWSTHTH
KPHICIHHEA BT HHTETRAN §_w£r-i— Dy +rde. rae L - oxpyvamocts,
T

no  korTopoi nepecewuorex chepa ¥+ 27 =4 W nnocmocTs

3 -.."5 . TMPHICH HANpasuenye o0xond mormpa L saOHpasETos upoTHE
NI HACOBOHE CTPCNKH, SRR CMOTRETE M3 Tomwm [1.90,2),
Pemenme. Mockanexy Py iR HMEENT
Eﬁ"f E’:—':I— T .E?P-- E}E: I E_E: 1
dy = Y B oy
A MOACPXHOCTHRE HHTCIPAL propord pota B dopsyne T roesa pasen
- H 2zl + Dxcbeds +adiedly |

B kamseree npEcpxHOCTH N MOWHD BIATR ROPNHEMG CTONOMY TACTH
(i3 3 1
nnockooTR = = Y3 mpE xC 4+ ¥ 2 1 moropoy COrNACORAMA © VIEIAHHI
B VENBHA HAMPEBNUHWEM 00X0nA moHTYpa L (pHe, 6],

Pacé

Myere n={cosacosfoosy} — SAWAHTHEH RCKTOD HOPWANH BCpXHCH
CTOPQHM NORCPXAOCTR 5. 14 CpXHCH SACTH MIOCKOCTH © = /1 WMccw
nek cosa cosf 0, cosy=1. TToomony

§de o+ 2ady | xidz = IJ-E:J'.&_'F{."_? b Dz |+ dedy =
L =



_F.:irc.ﬁr —anfr.:zj jarqnjmtr T
L Ormer: §ydx~c'dy+x°ds = -

Mpuaep 7. Nogpsvect  dopmyned  Oorporpraceero-Taveea,
BR/SWLIATE HATCTPAN Hx"ur{w.l': -'-y’nﬁ:dz+:kris:uj.i._ e N - pHELEN

Crapsina Shop l{x_—i_‘;" _,_},: +=F = g
Pemenwe. o dopryne Qorporpageroro-Caves neen

fjrmﬂéﬁfﬂ'—},’-(ﬁ{fg ;3-.:1#&!}, i j}' (Zx - 2p lfjiil‘if_].-'r'..n'.'z,

" A Z z I T
rag O —umap {¢ 1} Fp” 27 2 K% I budHCUSHHN Murerpina
UEPEACA K SPPHYSCEHM EOOPIHHATAM
x- I =reosgsin ¥ = ryinesn @, z =roosd,
02 ip < A, Osd=rx

ApoBuan uepentaa pases T 8in (| Vpansern: TpaHERIH 0GNG0TH £ BMOCT
riT =R CacoeraTomsg,

ﬂ.{rzﬂ'h 22 Jedvlz = Jd smfkffjj' [+ r{cosgsin & +

e

] Ll

+sin sin 6 + cosFYdr = 2 _[.-.i{:r j' sind[ "+ E-{mﬁqﬁﬁln i+

B

- sin psin &+ cos E-"Il}:l F{-fllﬂj smE[ F % fenspsind -

P FAS iR dophdy
=8N pin € - cusgE — 27 j'dcpl sinéidf) == J (cosa+

fl

i &in m]d;;r}]ﬁ':f:- e R?--j.dmfﬂin & pos e = ﬁ{—cﬂsé‘ﬂ: +

e
+ =F

-~
£

sin S5 - (sin @ - cos @) I-E]:df.-ljlmn e = 8l +
it 4 ! 3

o —




4 3
+%(—~00529)RZ = —8-7@-

Mpamep 8. Boraucaurs wnrerpan / = Hx’f_dydz + ydxdz + 2% dxdy
M

rae S - w9 cTOpOHZ wacTi mapaomouza T = X+ ¥°, orcexacMaa
ILIOCKOCTRIO Z=2%.

Pemrenne. [ononsum noaépxuoc"rb S g0 3aMXHYTOH YacThio
wiockocTd z=2x. OG03HAUHM IIOCKYHO YacTh depes S, U BuibepeM cc

BEPXHIOI) CTOPOHY (puc. 7).

= Y 2
2iyiox
'
7, _
ey ni
7/
i PaeT T ' Puc.8

Jli% BRIYMCACHMS KHTErpaga No  3aMKHYTOH  KYCOWHO  IIaaxkoH
nosepxaocTH S+, npumenanm dopmyvay  Ocrporpaackoro-Iayeca.
Toraa ans ueTerpana f nomyuum

= _fﬂ(Bx: +3y° +2z)wcaydz-£jx3@dz + Y dedz + 2 dbedy

2 2
rae G - Teno, OrpaHHYICHHOS IOBEPXHOCTAMHY Z = X~ + V', z=2x.

BulukcnaM TpOHHOR HHTCIPANl ¢ NOMOINBIO IOBTOPHEIX HHTErpacIos.
O6Gaacte G npoekTHpyerca Ha miaockocTe Oxy B obiacte D, rpamuueti

KOTOPOH ABIAETCS OKPYRHOCTD 2X = X° + ¥° (puc. 8).
Jaxonum

[[[@x* +3y* + 22)dedyedz = ([ aixay qT[3(x2 +y3)+2:z)dz =

.
XU pT

= [ft6x(x™ + y*) +4x* - 4(x* + y*) Jdxdy
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JIBOHHOK HHTCIPAN SEIMHCIAM, (ICPEHAAS K MOXIPHBIM KOODAMHATAM
x=rcos@g,y=rsin@0<@<27. B nomApHBIX  KOOpPAHHATAX
YPaBHCHHE OKPYXKHOCTH MpUMET BUA ¥ =2CoS@—n/2<@<x/2, n
MO3TOMY JBOMHOR HHTCIpAT pascH

xi2 2008

J'dqa _[r[6r’ cos@p+4ricos’ @ —4r'Hr =

-x/2 Q
a2

2 r=2cos @
I (—r’cosg+rtcos’ (o———s—r ) d
-x/2
il xi2

8
=16 I (—cos® @ +cos® @ - —3—cos6 pYdep = 11?—6— jcosf’ odep =

—mt2 -mf2

176 1 3 | B w2 11
= -1-5—[—@40 +Zsm 2¢ +—ézsm 4¢_2§SIH 201, = 3
BriuMcIMM MHTETpal 0o BepxHeii cropone o6mactu S|, yauTbiBas, 910
BeKTOp HOpMamH N K ILTOCKOCTH z=2X PaBcH {-— 2, ,—z;,1}= {~2,01} 1o
dopmyne (13) smeem '
Hr dydz + ydxdz + 2 ddy = H(—Zx +4x)dedy, rtme S,
Si-v.v
IpoeKIHs 5, Ha mIockoeTh Oxy, KOTopas CoBnagaer ¢ odnacreio D.
Tepexons 1« NONSPHBIM KOOPAMHATAM, TOXYYHM

o

ml2 leosg

H( -2x° + dx* Yedy = ja‘@ _[( -2r’ cos’ @ +4r’ cos® pyrdr =

—-xi2

Ti2

64 3
J- (——5—cos go+16cos .gp)at’qp——zJE
—x/2

-

lr 3z 13z
Takum 06pasom, JaHHEH HHTErpaN [ pasen — — — =

3 2 6
137

Orger: [ =

.65




§ 3. CKAJIHPHBIE H BEKTOPHbIE 110,15

I, Craispuoe mojie,

Iyere & - - ofl110Te B TRPEXMEPHOM MPOCTPAHCTEE (M HA MLIOCKOGTH],
[opopar, wmo p obiactn (¢ 390AHD CRAMADHOS [HMNIE, ©COM  KEMC0H
ouke A € (7 D0CTaRAERD B COOTRCTCTRHE HOROTOROS MHenG w3,

DHIHHECKHE NPHMEAL CHANHPHBEIN MOMER D012 TEMOEPATYVY EAKOM-
mufin TERA; TONS TACTHOCTH 2RPAI0A HA KARDH-THOO TOBCOXHOCTH WIH B
CTTROITHOH CPEAE; TN TOMOTHCSTH MACE EAROTO-mHDo Tema!

MoscpxaocTs (HEA) Ba soropod dynkuns #04) npamasaet Hocmo-
HITHOE IHAMEHME, HAIRIBASTCA TOBCPNHOCTRID {(THHWCH ) YPORRE CHETHPHOTO
TIONS HATPHMED, MORCEVEGCTE MITH JTHEWY I0CTOMHHON TEMIepaTYPh).

Ecnw B NPOCTPAHCTRC BHEAEHA LpasOyUQILHAL CHCTEMA KOODUHHAT
Chgz. TO CEANMPHOS OONE OMACHBAETC Q/yHESHEH TPEX MEPEMEHELN ¥ -
~ufeyz). fopzle (G

2, BeRTopnoeE Loue,

['oRopaT, Tr0 o OGIACTH O 900AR0 BEKTOPHOS NOUE eCHH  KiNcIol
Tomke M £ (F NOCTARICH B CODTRETCINME HEROTOpmE sexrop FOU,

MUEECKNE  MPWMEPR ROKTORHWY  TIONCH  3OCKTPARICCROS  TIOAC
CHOTEME IMSETPATCCIONG SAMEI0E, YApIRTEPHIVIOMECEs B WKLol TOuKe
BCETOPOM  HApuwseHooctw K, sMarudTooe 0o, COLIABASMOE
ITCKTPFMCCHI TOROM 1 XADAKTERHIVICNESSE B WLKION TOIRE SCETODOM
MEII!IJJ-:I.'J.'J‘.IUri HELAYKLIFHH H-', TIOMNES THATUTSHHA, COMEABHE M L'HL!TI:MIZZIIE-II MALCE W
HAPAKTEPHAVHMEIGECA B RARIOH TOMKS ACKTOROM CHOM  TEroTcHHa F,
ACHCTEVIOMEH B 3TO TG HA CTHEFTHYE) MACCY. TOTS CROPOSTEH moToka
HHAKMCTH, OTTHLCEIRICMOC B 'KE.'.l.','[I:Iﬁ TOTRS 'HI:EFI"CTN“T E‘HE!I]:II:H:"I"!-T .

Fomi B ApOCTPRRCTAC BECACHA NPSMOSTOTEHAT CHCTEME KOOPIHHAT
e o ecrropuod node FAD ouscwsacres  sexrop-hvHEDRER 1pex
TepoMCcHERY  Hix v.z) HTH 1PeMy  ClUMpimse  fyHEisamMa v
KO A TR

Flxe v =Pl ) (Ha g z) Bx v}

¥aonofl reoMETPUHGCHOR NADAKTEPHCTHENR BeRTUpHoro mana FlAS)
CTVEAT BSRTOOHRIC JWHHH — KPHBRIC, B RAHRIOH TomRe A ROTODRX BORTOR
FiA) maopasnen no ermemenof & kpaeoil. BexTopese amud (o
THIUTTHHA, 3ﬂﬂ}FFFIHLlﬂ:J{E‘TIZ] H MACHEATHOM JJIiJ.I.["E.Il HAARIBAMITCH CHIIOBRIMH
JIH!‘.LH.H.M.LL A B0 L.I:EI.J'FI'CIL I:Ii-!l STHMHHMEMN TORL.

B crcreme xnopaEsaT (0T BEKTORHEE JMHHH OMPEIETANTEE CHOTEMOT
ANEREHU AL TEHETY VP ARACHITH

1!



edy -
s e
I JIponIsoaRas no HATDARNEHITH).
CramapHot M BERTOpHOC nomd wiMdl—uxvz m K = {Pros)

Chiewzd, Bxyzl  saskesawreca  JeddepeHIHpyeMEME T pas. CLTH
dryeeectrrei a2 vl O e zf, fix bzl nedbepenuypyven # paa.
Ivete will — ceageprce Doome, =TawAocc R ofnmactn (6 1 —

EMAAHLTH PHECHPOBATHE BerTop, A — dMEcHpOEARHAT Towma; M —
s T 1 Cr, orossHag o7 MO Takak, e sektap MM oo (Eenpe
I; MW" — AenMEmiHG HANMAEMEHHOND OTRYEHKE.
Omegencsme | 1 IpomsEomHo craTIpRoro moa &) 1o FanpaRmHEAn
| o 1ouwe A HIIWBIETCH CRETVHOLIET 1IPeBeL;
i - uid ") :.:{_M}
7 e, AT

o
MMponiBoIRanr no  HANpaBTEHicD = NAPAKTEPHIVET  CHOPOCTE
i

MEMEHER RS diyieae 1000 oo nanpasieésnn | e vodies M
Ecam & mpmyoyromeAoit cretomc roopmeHat Cogr | = {voso, oosfl
SOEY L, TO

LT e on .
— = —GOS r—Q08 - ——cnsy. {17
A iy &z

B 9acvHocTH, S0TH BCRTOR | COMATRARICH ¢ OTHCH Wi KONDIHHATHELK
ooefl, TO NPOMIBATHAT TIO HAMPARTCHIK | CORTARACT ¢ COOTECTCTRYKILEH
wACTHON NpoEIe0rnol. Hanpssep, comml = 11,00}, 1o

4. I'pamyenT CRATAPHOTA TIOA4,
OmpeacmeeEs 2, [PATACHTOM CHATADHOTO TORT u(X ¥ HASEBACTCR
BERITR -V HRLEE

= ] e = = - '|
e, oW, it L T )
grage= L= jr o k= —.——:?
i oy i | ' o |
Mz parcrcma (1 7) crgTyeT. o
o _
ﬁ- = (grady -1} — grcrﬂ'u|-:|:|3r_.:r. (13}
£
a0 | — vroT wowTy eerropave | o grad o e tovke M OQuespann, qro s
L

o7



TPHHHMANT HERGONRNES SHATCHAC WpH 0=l T.c, B HampaRIcHHE grad & R
JARHOH Tk, MAaas ToBopa, seErsp prad ¢ B JAHHOH TOWKS VEASBIBIET
HATMPABRTCHHE MahonLItero pOCTa (iyHELsY & 8 3Tod ToMKe, 4 | mad & eere
CROPOCTE POCTA QRVHELIMA W B 3T0W HAMDABICHHA.

5. TlaTenunansHoe moTe,

Onpencackme 3, Hewmoproo rone FiA) SaasracTod MOTCHITHARRAEM B
0ONAcTH (r, CCIM 810 MOMHO LPEICTABHMTL & 106 0ONacTH ki rpaIHenT
HEROTIPOrD Ciaapis mond sl b}

F = grad u (1M
drarma w{\f) HATHBACTCA CRANNDHLM NOTCHIMEATOM BCKTORHOTND IO
F{A), Bema F={F, . B}, 10 11 pasepcima (19) coeayveT. aro
po {]:E, Rt
& Ui oz

paETCoRAE TPEHMCPH  U0TeMUMATEHENY  OORCH  DONC  TATOTCHES
TOMCTHM MACCH M1, BICKTPHYECKOS [0 TOUSYHORS SARAIE 2.

AbeeTe obuacrs 77 - UOBEPXHOCTHO-OUUGCENINAN, T.2. UL odors
FEMEHYTOM sonnypd L. mesamero B (5 poyrpe obiacte O wadaerce
UOBEPNAOCTE.  OrpaimMysniay  woHTVpoM L. Torua oorengman wicyz)

nmoteHnpanesorn mans Fix, p, ozl = =P i + 0 j — & k B ofmacmw (7
RRMHACAACTC TG POy TTe
rrur
w(x, v,2) = J'x*;tu Oy + fiedz {20)

CAg Faaep)
6. Jreepresuna.
Onpegensene 4. [Jwecpresmmct sermoprern noma F o= Aacyzh -
=% v ozl j+ R, p ozl k naaweacTer ceaTapHAan fiyHKTHRS

3 3
cﬁvF=@-+iﬂ+r’ﬂR.
£ i A

Coopo  "aWBepreHuaa" oiHauser CpacvOaMMOCTE  (MpacaoskTerme)
JnpepEcilomEs SAPAKTEPHAYED TUIDTIGC L HETTAELHKOD FAHHOIT BECTOPLOED
1AL B PACCMTTPHBLEMUH TOYES,

7. PoTop.

Onpeacerme 5. Potopom (Wm BHMpoM) BoETOpHOrD Iona K
=Fir el - —0 v zij + A 1 2) K HRnkIRASTEs BOETOD- Iy HELMA

i i k
S om =l s R O %
7 T i R IR D o S |
e b | +1L R ==
ge B ol Ldy e
0 R|

e ]

® GEd ik o)
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Fomop XApasTCpHIyeT JABEXPCRRCCTE T F 6 IaRHOH 1ok,

Povop jooboro DOTERURAIAACS RO pasen mvine. osmomy rosopsT,
T MOTEHOMETLHOS NO0E HENRETCH OcaBuxpesnd, Yomoswe tor F =
ABMACTCA ALOOXOMHMEY W TOCTATOTHEIM VCROEHCM  IHOTeHINA TEHOCTM
ECETOpAOr: mong ¥ B NoBCprHOCTHD QTHOCASIHOH OOTACTH.

B, Coneuomassmoe moue.,

Bemmopuce 1moue FUA) HatkpaeTes COREHUMTATEHEM B 0OnACTH Cr, BLTH
B arpi ofmacty divF = ). Tak sar div F xapapmepronver maomHoCT
merovHARCE nor F, to B Tof ofinacTi rie nonc B coleHORMIANBED, HET
LECTOMMMEDE TTOLD 0L,

Hanpesuep, 3nestpuqeckns nome E ToqemAoro sapang comeHOHILTEHO
(vrosacrRopseT yomormo divE = 0] scioay sie To9KH, TS HAKOAETCH
Japua (e 310l ouke divE = o),

4, Oneparop TamaasToRa,

Hreapw mexTopHu onepaTop Haina", mme oncpatop [ avmmeToRa;

Ao A B
'E'T,—iu--'-ju.;“_u_l': L
Fi i | ="y dz |

C NMOMOmMEBRY STOTO CHMBOAHYECKOTD [oRcpatopHoro] “eerropa” vapGHo
HMHCHEBATE W BETHANTARTE ONCRATAH BCETOPHITC ARGTHSS.

B poovIeTaTe YMHOMCHES BOKTOPE V' HA CRLAPHVIG IVARITIO
wir o L s:m-;] u

.-' ! l""il'
V- —1—— == '- j r—k = gradu
| ki |:H s
CrRspios NPOHIBEeREHHE MEIc0p ‘F na perrop-thyasusus Fla v, 20 —
=Pi-(]— Rkagperdiv F;
p
k=" Pt r:a+ 5 R — v
i e 7 AR -
Bexropso: OpoMIseIeHHE BeKTOpAa Y HA  BETOP-YHKLMIO
Frovzl — Fi -0 j+ #k gact rot F:

& R |£|
VeF=ie = —al—ma'l'
: e:}!- :'hﬂ'
s

0, AduddepeHiHANEHRE OTePAUHE BTOPOTG MOPEIKL,
[Bem B odaacTl (r JAT6HN CHRATIPHIS OO0 MY o BRIOPHCC Mo
Fid) = (¥ GH) ppymes Qvdmams o F 0 8 wdcior & obracTH (7
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HENPEPHIBHBIC YACTHHIC MPOM3BOAHLIE BTOpOro mopsaaka. Toraa grad u(M)
a rot F(M) ssnmores nuddepeHImpyeMbIMi  BEKTOPHBIMH - HOAMH, a
div F(M) — madwpepeHtmmpyemMuM CRATAPHIM [1OTEM.

K BextopHniM momaM grad w(M) u rot F(M) moxHO npumenuTs
ONEpalHH BRIMHCICHHA IUBEPTEHIMM H POTOPA, 4 K CKANSPHOMY MO0
div. F(M) — omepaumro BaaucieHms rpameHta. Takum 0OpasoM.
NOTYY3EM MNOBTOPHEIC omneparmun: div grad u, rot grad u, divrot F, rot rot F,
grad div F.

Oneparmro div grad ¥ HAZRIBAIOT OTIEPATOPOM )Iannaca H oﬁoanaqam
CHMBOIOM A! ‘

div grad « = Au.

C nomomplo onepatopa [aMumbsTONa crieparop Jlamnaca zanuceiBagTcs

B BHRC
Au = divgradu = (V- (Vu)) = Vu.
Vuirrersad, 910

c . 3 o* 8 8
Vi = —1+rg-j+£—)k =t —,
ox iz ox* oy az”
MOIY4aeM
'u O'u O'u
Au=Viu=—+— ~

ot &y e
Onepauan rot grad # u div rot F npuBoaaT x Hyam0:
roteradu = (VxVu)=0
(motenuHansHOe BeKTOpHOE ntoae grad u ga1seTCes GEIBUXPEBBIM) H
divrotF = (V- (VxF)) =0
{BcxTOpHOE NoJIe rot ¥ 9B/14eTca CoNeHOMIRTbHEIM).

Jee ocranpiule nowTopHule omepainu rot rot F u grad div F ceasamm
COOTHOMEHHEM

rotrotF = V x(V xF) = graddivF - AF = V(V.F)— AF,
rac AF = A(F + 0] + Rk) = APi + AQj + ARk — sextop-dryHxums,
KOOPAMHATAMM KOTOPOH ABLIOTCA DelyNbTATH  TPRMEHEHHA OnCparopa
JNannaca x gynkimsy P, Q, R..

pumep 9. Haifty TpaguenT CranspHOro nois ¥=xyz B Todke M(-2,3.4).

Yemy paBra B 3TOH TOYKE NPOH3BOIHAA TOMA M B HaHpaBJ'IeHHH BCK’I‘Opa
a={3,-4,12}?
Pemenne. CornacHo ONpeacIcHUIO rpafHeHTa HMECM
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LA : i Bu PR % . au
© gradu(M) = (M) +%(M).| Mk = (=32, )|

M(-2,3,4) =
= {12,-8,-6}.
Haiizem Terneps Mpon3soAHYIO MO HANPABICHHIO. EAMHIIHEIM BEKTOPOM
' 1
COHAOPABJICHHBIM ¢ 4, SBIAeTcA BekTop 1= L. —13,-4,12} . 1lo

4

_1124._4_3__1.25 4

(l)épMyﬂe (17) noxny1aem
T TR TR T

al, 12 13 13 13’
TIpumep 10. Hairi rpafuénr chepruéckoro crcamrpnoro nons u=o(r),
¥ = ﬁx “+ y +z° (r.ec. 3aBncamero TOMBKO OT paccrosnms: TOUKH (X, 1,2)

10 Ha4ana Koopmma"r)
Pemlenne. Cornacro onpeneneHHIo rpajHEHTa HMEEM

grady(r) = %@(r)i + %w(r)j + §¢(r)k -

- {m'(r)@,a'(r)i‘i,co'(r%}

ST ‘ : ox oy
54 X
YUUTBBAT DPABEHCTBO — = —+/X" +y° +2° == ¥ aHaNOTMYHbIE
, ox Ox r
or y or z
PaBEeHCTBA —— = * | = = —, IOJIy4aeM
r oo r

IR r
gradp(r) =19 () 5,00 2011 Hy = P () = ‘”“
le—mep 11. Haitrn AHMBEPTCHIHIO BCKFOpHOPO - nons
F=xi+y’j+z°k aroqxeM(-245) -

Pewsenne. Cornacho onpesencHuio ,msepremmu BCK’I‘OpHOI‘O 0.1
F={P,(,R) naxooum

M- "45)

di\zeﬂ—(M)+—"(Mj —(M) (1+2y+ z? )1
ox Oy

w . . '

=1+8+75=84 L
Ilpumep 12. Halitn nueepremipmo cepHIECKOro BEKTOPHOTO MOAA
F=f(ryr=xi+yj+zk,r :fr|.
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Pemtenne.  JawHoe noge B Koo‘p,z(maa'rax HMEET  BHA
F=f(ryxr={f(r)x, f(r)y, f(r)z}. Cornacno OTIPEACICHUIO
JHBEPreHLMH HAXOTHM

avF =2 (r)) + %(f(r)y) +2 ()=
“f(r)—+f(r)+f(r) +f(f)+f(r)ﬁ+f(r) S +37().
Tpumep 13, Jano sextoproe mone ¥ = z i+ x”j+ y*k . Hajitu rot F

B Touxe M(1,2,3).
Pewienne. Cornacno onpeeeHIO poTopa HMeeM

i j k
- 2 2 a2 2
rotF(M) 0 & o o g fE ¥,
x o & \o & o
iz x* y?

o oz’
+k| Zo - E | =24 2zj+2xk|, = 4i+6j+ 2k
Cx ay M
[Ipumep 14. [loxkazats, 4910 Ccepuieckoe BEKTOPHOE  TIONE
F=/(rrr=xi+yj+zk,r= ll'| NCTEHIHATHO.

Pewrenne. llone F onpexeseno so seeMm npoctpanctse. [Ipocrpasctso
AB/IACTCE MOBEPXHOCTHO OJHOCBAZHON ODNIACTRIO; OITOMY HEOOXO0IMOE U
AOCTATOUHOE YCHOBHE NOTeHuUMambHOCTH nojist Fowmeer suy rot F = 0.

Haxomum

k
rof¥ = -ﬁ

=1 9_ ,72_ +
.= [@)f(r)‘- a_c_f(f)y)

\S})[Q)G—-

1

9

Ox 2
frx firy f(r)z

+J‘(§;f(r)x*§;f(r)2}k[ fo)y @r;)"}w

:if'(r)({f Jlﬂ)[i—"—‘}ﬂgfm( —?]—0.

CregosarentHo, F — notenmuansioe noe.
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ke
Ilpumep 13, Jokazars, uro 3aexrpadeckoe noae E = — T TOYEHHOrO
r .

3apaga e, MOMEIEHHOND B HAaJalle KOOPIWHAT, CONCHOMAANBHO B OGO
TOHKE, KpOME Hadana KOOpIHHAT. )
Pemenne. BocnonbayeMcs YCHOBHEM CONEHOMAAILHOCTH BEKTOPHOTO

neas F: divF = 0. Jlamnoe mnome B KOOpJHHATAX HMEET BHI
ke ke . :
E= r—3r = —?{x,y,z}. Haxomm
8z
dIVE kel — ___y_ + 2 Ey]
( A (r3) az(rg)}
.4 ;
_r x-3r ax r’-3xr ri-3xt
TaK 'Ka"K “—_(_3)—‘ r6 - rﬁ - —. | r5:-7!» '_1-'.-1’1:
o *-3 0,z -3z*
AHAIOrHYHO, ——(—3)— 5)’ \ (—3)*———-—-—-—#,113
r oy r r
divE = ke 30 HY R
r

(mpu r # 0 ). PHIMHECKA 3TOT Pe3y.ILTAT OIHATAET OTCYTCTBHE HCTOYHUKOR
mons B moOOH TOYKE, KpOME Hadala Koop;uuar. B nawaic xoopausar
divE = a0 .

i ‘ 1 el el el
Mpumep 16. Beruncauts /_\.(—], FAE F = A/XT + Yy 4z
r

' o1 1 or 1 x
Pemrenne. VuMThiBaa papeHCTBO —| —|=———=~-—— H
e\ r roox. cror
. {1 1y 5] 1] 1z
aHAJOrMYHBIE  paBeHCTBA —| — |=-—%, —|—|=—~——,
r ror oz \r ror

HAaxXOoOHuM

m aﬁm azm alm a( | x a( 1y]
A~ |=——1+— = | = |+
r) &x*\r) &\r) &*\r) o\ rr) &\ r*r

B

Il

.
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§ 4. HHTETPAJILHDBIE XAPAKTEPHCTHKH
BEKTOPHBIX ITOJIEW

1. TloToK BEKTOPHOrO TONA.

Pacemorpum BCKTOPHOG oS FM), OIMPEIEACHHOE B
MPOCTPAHCTBCHHOH ofmactn (G, M HEKOTOPYID KYCOYUHO TIIAIKVIO
JBYCTODOHHICIO [IOBEPXHOCTL., Ilyers n(M) —  copnuuHmA  BEKTOp
HOPMAJTY Ha BHIOpaHHOH CTOPOHE TIOBEPXHOCTH .

[losepxHocTHH uHTErpas1 [l = H(F, n)dS HaswBaeTca nomoxom
s
gexmopnozo noas F(M) vepes euiipannyio cmopony nosepxrocmu S.

Ecrmu B3aTe ApyTVIO CTOPOHY NOBECPXHOCTH, TO BCKTOP R HM3MCHHT
HANPABICHHE HAa MPOTHBOIOIOKHOE, NO3TOMY CKAIIDHOE MPOM3BCACHHE
(F.n), a 3HAYMT, M NOTOK H3MEHHUT 3HAX.

- Ecm s cucreme koopmusar Oxyz F = {P. 0, R}, a n = {cosa, cosf,
| COSY}, TO BHIpAKEHUE A1 NOTOKA BekropHoro noms F(A) Moo sanwcars
B Bie ‘ :

11 = [[(Peosa +Qcos B + Reosy)dsS = [[ Pdydz + Qczdic + Ry, 21)
) 3

2. ®opmyna Ocrporpagckoro-Fayeca B BekTOpHO#H dopme.

[yers B oOnacta G onpeaeneno sexkropuee noac ¥ = {F, O.R};, § —
3aMKHYTAA NOBEPXHOCTH, OrpadHuuBaiommat obmacte G; n(M) = {cos a,
COSf. €OS Y} — CAMHHYHBIA BEKTOpP BHCINHEH HOPMATH K IOBEPXHOCTH S B
TOuKE M.

Toraa cipaseanusa dopmyna Ocrporpaickoro-1I aycea

jj (F,n)dS = H j divFdV (22)

Dusuveckusi  cmvicn  gopmynss  Ocmpozpadckozo-l aycca:  TOTOK
BekToporo mons F uepes 3aMKHYTYIO IIOBEPXHOCTh B CTOPOHY BHCITHEH
HOpPMAIN DABEH TPOHHOMY HHTErpany no oOnacrTH, OrpaHHYCHHOH 3ITOH
NOBEPXHOCTBIO, OT AMBEPTeHUHK BexTOpHoro nons K. Yrober norok O -
OTIMHMEH QT HYNSA, BHYIPH OONAcTH (7 AOMKHEL OBITH WCTOUHHKM (HIH
croxu) nong. U3 dopmynsr Octporpaacxoro-l'aycca cneaver, 91¢ Toraa u
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div F byaer ormma or vyns. Taxmm obpazom, div F xapakrepuaver
acrousukd moiad. Camo BeKTOPHOe MOfe KAk ©Oni  PacXomures oOr
HerodHnKoB. OTCIO2 ¥ NPOHCXOAMT HABAHME 'DACXOTHEMOCTR" HITH
" MUBEPreHuH .

3. upkyasanua BeKTOPHOro MOJs.

Pacemotpam BEKTOPHOE nonie F(AD, onpeAeNeHHOe B
OPOCTPAHCTBEHHOH obmacty (G, H HEKOTOPYI0 KYCOTHO FIAJKYIO KDHBYIO
L e, na koropodi yxazamo wnanpasnemme obxopa. Ilycrs t(M) —
€IMHITHEIH KACATENLHBIH BEKTOp K KpHBOH L B Touxe M, HanpasneHAwi B
CTOPORY 00X0N3 KPHBOH.

Kpupomuneiinmii wxrerpan [ = I(F, 1)d! wuasusaercs yupxyisyuett
L
gexmopnozo noaa ¥ edone kpusoti L & 3adannom nanpagnenuis.
Ecom BagaTy apyroe Hampasiaeune obxoga KpHBOH, TO BEXTOP T H3MCHHT
HANMPABACHHE HA MPOTHROIMONOKHOE, MOITOMY CKLIAPHOE IIPOM3BCICHHE
(F,7), 2 3HAYHT, U NUPKYIALAA HIMEHHT 3HAK.

Eciu F — cHJOBOE BEKTOPHOE R[OME, TO LIMPKYIALHA I(F, 1)di
HpeIcTasiseT coboH paboTy CHIOBOrO BEKTOPHOTO TOJE BAONL KPHEBOH L B
© 3ATAHHOM HAIPABICHHH. :

Ecnu B npsmoyronsHoii cucteme koopauuar Oxvz F={P, QR}. ar =
={cosq, cosp, cosy}, TO IHPKYISIHIO BeKTOpHOro nons F MokAO 3amacath
B BHIC

= I(Pcosa +Qcos B+ Reosy)dl = Ide+Qdy+Rdz (23)
L L

Ecin BBectu Bektop dr = {drdv.dz}, o dopmysy (23) moMmo

NEPEMHCATD B BEKTOPHOM Buge [ = J'(F, dr).
L
4. @opmysa CToxca B BeKTopHoil opme. -
[lycts B obmacte G onpezeneso pextoproe mong F ={P.OR}; L —
3aMKHYTBH KOHTYD, Jnexaumud B obmacth G; § — mpomssonbHas
MOBEPXHOCTE, rpaHmied koropoil aengerca xoHTyp L; § C G (roBopsr:
noBEPXHOCTE S HaTaHyTa HAa KOHTYP L), n{M) = {cos a, cos . cos y} —
eJUHHYHEH BEKTOP HOPMATH HA BRIOPAHHOH CTOPOHE IOBEPXHOCTH 5.
Toraa cripaseamusa dopmyna Crokca

jﬁ (F,t)dl = jj’ (rofF,n)dS, (24)

HITH
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BT

- fF.ar) = [[rommas - EeT

' Dusuneckuti cmbica Gopmyast Cmoxca: IHPKYNSUHA BEKTOPHONO MO
F Baoan 3aMKHYTOrO KOHTYpa paBHA NOTOKY poTOpa BEKTOpHOro moms F
9EPE3 1I0BEPXHOCTD, HATAHYTYIO HA 3TOT KOHTYP.

Yrobur mupkymiut O OTHYHZ OT HYIA LT MAZOro KOHTYPA,
OKPYKAXOMETO HEKOTOPYIO BHIOPAHHYIO TOWKY TIOBEPXHOCTH, rione F goms-
HO TOBOPAYHBATHCA (HMETH 3aBHXpeHue) BOMA3M sToH ToMKH. M3 dopmynnl
Croxca cnexyer, 410 toraa # rot F p6miza atoii Touxu Gyaer ormrsen ot
Hyns. Taxum obpazom, rot F(A) xapaxrepr3ver 3aBHXpeHHE NOA4 B TOUKE
M. Orcrona u npoucxonuT HaszBaxue "Buxps” i "porop”.

 Tpumep 17. Haiitn mpxy:smuo sexropa F = yi-xj+ak (a=const)

BIom  okpyxmocre  L:x*+y'=lz=1 B  nomoxeTeInHOM

HAlIPaBICHHA. | ‘

" Pemenne. 3amimem napaMeTpHYecKHe YPABHEHUS OKPYKHOCTH L:
x=cost,y=sint,z=10<1<2x

i

Mool .

Ho ornpeeneHuIo unpKyIIUHE HMEEM

If = [ Pac + Qdy + Rdz = | ydx — xcly + adz
L Log ] .

Tax kax

dx = —sintdt,dy = costdt,dz = 0,

1 :chbc—xdy+a z = Isin t(—sin 1)dt — cost - costdt =
C 0

2

= J(sin *f{+cos” 1)dt =-2r.
: .
Omser: 1] =27,

., Tlpumep 18.  Ha#irn HUpKYILHKEO BEKTOPHOrC 1O
F=(x+3y+22)i+(2x+z)j+(x— ¥)k 1mo koHTYDY TPEYTONbHHKA C
sepumisamMu A(2,0,0), 8(0,3,0), C(0,0,1), 06x0oaHMOMy B DONOKHTEIBHOM
HANPABNEHHH, ' ‘

Pemenne. /Ina BaxoxjaeHHA UMPKYISIMH BAOML 3aMKHYTOIC KOHTVDPA
Tpeyroasuuka ABC socnonssyemcs dopmynoi Crokca

76




i

IR

I =§(F,dr)= | j (rofF,n)ds.
4 5

rae L — xorryp Tpeyromauka ABC, a § — noBepXHOCTE, HATIRYTas HA ITOT

KOHTYD. _
O=mepuano, 4910 Tpeyromsauk ABC  AeXHT B TIIOCKOCTH
z o '
%+§+T: , orcekawome#i Ba koopmuHaTHHX ocax Ox, Oy, Oz
COOTBETCTBEHHO OTpeskH 2,3,1 -(pnc.9). G gia- e LR

z ” PR
= F SRt P ¥R

R L S Lo

-

34 noBEpXHOCTL S GPEMEM 9acTh 3TOH NROCKOCTH, ICKANIYI) B ICPBOM

- ‘ R
OKTaHTE, T.€. :§+~;ﬁ+—:-: L,x20,y20,z20. e
Haiizem porop Bexrophoro nons F: T e e

i j k
rotF = s 9 e i a(x“y)mﬁ(?x+z) .
Ox dy 0z dy &

x+3y+2z 2x+z x-—-y

+j[6(x+3y+2:)_ 8(x—y)J+k(6(2x+z) ~ 6(x+3y-+2::)]=
oz ox . ox oy
=-2i+j-k={~21-1}. = = =T~ 7 o
Tlepenyimem ypaBHEHHEE IUIOCKOCTH B BUAe 3x+2y+6z=6. Bmibepem
BEPXHIOIO CTOPOMY ILIOCKOCTH, COTNACYIOWIYIOCA C DONOMHTEIbHBIM
HarpasiaeHueM o0xoma xouTypa L. EMMHUNHEI BekTOp HOPMAanH n Ha
3 2

V3 r2i 167 V3427467
.o

BEPXHEH CTOPOHE paBeH {

bt



|

T e

: ' a l :."-_‘!,; R
6 - 326 :
—————— = {— —~ —} HMeem ' X
V3 +22+§} {77 #- A EE

2
7

-J|m

| H (rotF n)dS—H({ ~21,-13,{=,

Crrpoem{pyem TIOBEPXHOCTE S  HA ILIOCKOCTB Oxy B TPCYrONBHUK

Sw:£+isl,xzo,yzo. Veuurnsas, uwro dS = P :]—dmb/,
SR Tl ol cosy 6
IIOIIy'-laCM .

10, 7 5 51
j'j'(— —)dS = H(‘“)”" ay:—ggjm:-g-g-z-sz-s.

ocne qumsi nmerpan Haﬁ,nen KaK TUIOmMaAb HPAMOYTONBHOIO
TPEYTOIRHHKA C KATCTaMH 2 ¥ 3. T
Oreer; LI=-3.

IIpumep 15. Haiitu TOTOK BEKTOPHOIO nosns
F=(2z-x)i+(x+22)j+3zk uepez cropomy TpeyroieHuka 5,
BRIPEIAHHOTO H3 IUIOCKOCTH x+4y+z-4=0 KOOpAHHATHBIMH NMIIOCKOCTAMH B
TOM HATIDABNEHHH HOPMATH K ILTOCKOCTH, KOTOpas obpasyer ¢ ockio Oz
OCTPHH YTON.

y+i=L
OTKYJa BHAHO, YTO OH4 OTCekacT OTpeskn 4,14 COOTBETCTBCHHO Ha

KOOpMHATHEIX ocsx Ox,Ov. Oz (puc.10).

x.
Pewenwe. llepennimem ypapuenne rnnockOCTH B BHAE Z+~—

VL OT, RIS

SRR & T

w=— == o= Ppe. 10 sy heepr 8 nvdi

g})dS jj(——)ds




e A S I n
- [ SO -
2 EauHHTHEL Betcmp HOpMaJ'lH K nnocxom x+4y+z—4-0 oGpazymmm c

oceto Oz ocTprii yron (cosy>(), mveer Bag 0 =
r r T

o~ COrNacKo ONPEETEHAIO IOTOKA HMEEM _
- _U(F n)dS J'J‘({(zz ) (x+2a)3‘} { J_ f* 1/_})4:1&~

132 +3x)dS “# #H4. L
J_H ﬁgL,[( “
CopoexTHpyeM HOBEPXHOCT: S A nuockocte OJxz B TPEYTONLHHK

dxd.J_

(2z x+4x+8z%+ 3:)dS =

S x+2<4,x20,z20. Vuurssas, m ds =

cosff 4
- . E PR . Al L
GEIE  M ' R A A LT "R - EFRL L
nomydaeM: -FR : LR !
T e P = EURERTIRT TS T 1 PR N

L (fasz+30ds =1 do = L [(32+30)dz =
ﬁgm +3.’x) 4!!(132+3x)f§c 4! !( +x.):‘

R

_—J.(l_»—2—+3x")l e = j[13(4 2") +3x(4— x)]dr—lzs
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Mpumep 20. BpMUCAHTL HOTOK  BEKTOPHOTO RO

F=x’i+y'j+z°k yepes BOKOBYIO HOBEPXHOCTH S, KOHVCa

z=4/x" +y’ 0 <z <h BcropoHy BHEIUHEH HOpMATH. |

WOTTFETR

|




Pemenne. Yrobel mpumenurs dopmyny 0;:1'porpa.acxoro-l'"aycca UL
BRIHCICHHS - HCKOMOTO [TOTOKA, JOMHONHEM 33JaHAYIO MOBEPXHOCTE I, 10
3aMKHYTOH xycoquo TIAKOH MOBEPXHOCTH S ocHOBaHmMEM KOHyCa —
wpyrom S, 1 x% +y* <h* z=h (puc. 11).

Ipumeryv tenepe. dopmyny Octporpanckoro-Taycca x ofmacre G,
Ol"pﬂ.HH'-IBI{HOH JAMKHYTOH TOBEPXHOCTHIO S:

H (F, “de + H(F n)ds = ZJ.H(x +y+ Z)dxdydz .

HalcpyreS :meemF - x%i+y*j+ Ak =K ; mosromy
jj(Fn)ds ﬂh”dS hﬁdS B =t

- ey }
I]ocnemum HHTErpan Haaneﬂ Kak nnoma,sz Kpyra pagHyca h.

Hns BbiMHMCICHHS TPOHHOTO HHTErpajda HEPEHAEM K IUTHHAPWHECKUM
KOODAHMHATAM. X =FrCOS@,Y=rsin@,z=2z. VYpaBHEHHC KOHHYECKOH
[OBEPXHOCTH [IPHMET BHI Z=7. Tamm oOpazoM,

2!”(x+y+z)dxaj:dz ZJ'dqa_[rdrj[r(cosqa«i-smqn)ﬂ- zldz =
. ‘\\ :2_!d¢£[r(h—r)(cos¢+§n ¢)+%i—%i]rdr=§—h4; : i

Hexomsiii wprerpan 110 OOKOBOE [OBEpXHOCTH ., KoHyca paBeH

PA3SHOCTH TPOHOTO HMHTErpanad ¥ MOBEPXHOCTHOTO HHTErNPAa MO KpPVTY

-8, , —_—
. . ' R
¢ H:.U(F)n)dS: *T. - I. T E -
B ' 5 - e -
. : 3
O“raer H——%.U_

L4y

" 3AJIAMM W YIIPASKHEHUS ISl CAMOCTOSATEIBHOM
PABOTHI

1. BOi9HCIHTS TOBEPXHOCTHBIE HHTETDATH MEPBOTO POAA:
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; 4 - o
@ a) H (2x+z +'§}’)dS , tie § - wacrs TUIOCKOCTH Gx+dy+3z=12,

JISKANAS B TIEPEOM OKTAHTE, _ . .
‘) 6) _U(éx +4y+32)dS, tme S ~ wacts mnockooTH x+2y+37<6,
: .

PaciionoKCHHaA B TICPBOM OKTAHTC.

@B) H l—x’l#yldS,'f,EleS—no:[ycq:.ep z:m’;:;-
s ;

‘}L r) szyldS,r;lesunony@cpa R e A
g , s

o) H (x* + y*)dS , rne S — MoBepXHOCTD, OTCEKaeMAs OT Hapabononza—>-7

T

!

\[\23:x2+y2 ANOCKOCTb z=1. S e
as R .
e) I —————, TAe § — mwmHgp X + )y =1, orpaHWy¥eHHBIH
D vyt Hal T e e g

TI0CKOCTAMHE 2=0 2z=1. . " _? T
2. BBMHCITMTE HOBCPXHOCTHBIC HHTETPAJIBl BTOPOTO pPoJa:

(L a) H(Z—X)dxa}’, rae S - BepXHAA MACTh TLIOCKOCTH x+2y+z=2,
3

© 5

PACHIOIOKEHHAS B IEPBOM OKTAHTE,  + +— . ' an
(&6) H x“yizdedy, rae S - BHVIpeHHas cTopoHa moavchep
5 T

©oxt +y2 +Zz :LZ <Q. h O T L el s T T e ?;w
v e H(yfz)d})dz+(z—x):ﬁcdz+(x~y)cbcd)), rae S — HwKmAN
’ s

. .2 2
CTOPOHA HACTH KOHMYECKOH [TOBEPXHOCTH Z = /X" + ¥ mpu 0=z <l

3. Ilonpaysacs dopMyI0H Octporpanckoro-I'aveca, BurauciuTs
DNOBEPXHOCTHBIE HHTEIPANbl IO BHEINHCH CTOPOHE IIOBCPXHOCTH S (eciH
TIOBEPXHOCTE HE 3aMKHYTaA, AOTOIHHTE 8€ 0 3aMKHYTOH):

'\"iT @_T L_[xafydz + ydxdz + zexdy . rae S —chepa x° +y  +z7 =1. ‘ n

{

RO SEN

@Q [ = 2)dvez + (z - x)dedz + (e~ y)dedy . r10 S — acms o
‘\ s i . - ' . _ )
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“ A > -
KOHMMECKOH MOBEPXHOCTH X~ + y* = 2" mpu 0 <z < 2.

D B) J j yzdydz + xzdxdz + xydxedy , tae S - rpaHdNa LMIEEAPHEECKOrO
5

Tena x° +y  sa’0<z<h

/D r) ‘nyaj/dz + yzdydz + xzdxdy | rae S — NOBEPXHOCTh NHPAMMIEL

o

e
orpaHquHnou IUTOCKOCTAMH x+y+z—1 =0, y=0, z=0.

H xdydz + ydxdz + zdxdy, rme S -~ noBepxmocTs Xy0a,

e

oﬁpasonaﬂﬂoro maockocTaMu x=0, y=0, =0, =1, y=1, z=1.

@}Y\‘\ e) Hx ‘inZ+y3d¥dz+Z’dmji roe S —cdepa x° +y° +z° =

4. ﬂOJIb3y5[C]: opmynoit Croxca, BEIMHCTHTL KPHBOMHHEHHBH HHTEIPAT:

a) §ya§c+za§2+xck,rneL—0prmHocrb X2+ yT +z7 = 4, xtpHz=0,

npoGeraeMas MPOTHB YacCOBOH CTPENKH, €C/TH CI1OTPeTEk H3 TouxH (2.0,0).

\3‘\ 0) ﬁ(y~z)dx+(z—x)aj!+(x—y)dz,rncL—am'mnc x*+yt=1,

=

_ x+r1 npoderacMali MPOTHB YACOBOH CTPENKH, €CAH CMOTPETh M3 TOMKH

(2,000,
B) §(y ~zde (20 - xDdy +(x* -y )z, tae L - rpammma

ceteHu kvba 0=x<I, 0<y<l, 0<z<l mIOCKOCTBIO X+y+z=3/2,
npoberaeMas IPOTHB YaCcOBO CTPEIKH, €C/IH CMOTPETh M3 Touxu (2,0,0).

r} §(y2—Zz)dx+(,z—xz)aj}+(x3—y2)dz= rie L - xourvp,
L

orpanuuMBaommit vacTe cheper x° + ¥’ +z7 =1 mpu x>0, ¥>0, z>0.
Hanpasnenne o6xona kpueoii L Geperca HpoTHE X043 9acoOBOH CTPEKH,
€CIM CMOTPETh H3 ToukH (2,0,0). ey B

S. Beamcnute Maccy uacTH mosepxHocTH X +y° =2z wpu z <1,
ILIOTHOCTE KOTOPOH B TouKe M(x,),7) pasHa z.

6. Burmcnute Maccy noayedepst x° + y® +z° =a” mpu z>0, miotHoCTS
koTOpoH piM)=z/a.

7. BoIMHCTHTD CTATHIECKHE MOMEHTEI OTHOCHTENBLHO KOOPAHMHATHBIX
MI0CKOCTEH OJHOPOAHOH TPCYTOMBHOH MIacTHHKH X+y+z=l, x=20, y=0,
z>0 mnotHoCcTH p(M)=1.
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8. BplupcIuTe KOOpAMHATH  LCHTPZ THAMECTH YacTH  OJHOpPOIHOMR

KOHMYECKOH MOBEPXHOCTH I = \ﬁcz + v’ , BHIpEiaHHON IHITHHAPOM
' +yt=2x.

9. BeIMHCTHTE MOMEHT MHEPHMH OTHOCHTENEHO 0cH (JZ 4acTH OJHOPOAHOH
KOHEYECKOH  HOBCPXHOCTH x*+z27 =y, »0 nmaommoctn pM)=1,
JAKMIOYEHHON BHYTPH UUIHMHApa X~ + y° = T

10. BeMucIHTe MOMEHT WHEPUMH OTHOCHTENBHO H&'-I&J"Ia KOOpAMHAT

OFHOPOAHON MOTHONH HOBEPXHOCTH IHMMHHApA X~ + y <40=z<1,

€C/TH NOBEPXHOCTHAS MIOTHOCTS p(M)=1. . -

11.HaiiTi mpor3BOAHYIC CKRILIPHOTO [IONA ¥ 110 HANPABACHHIO | B ToTKe M.

a) u=x —3x"y+3xy° +1, IEMN, M(3,1), N(6.3).

E) u=x"—xy+y, l=6i+8j, M(1,1).

B) ¥ =Xy  +2 —xyz, M(1,1,2), pextop | obpasyer ¢ ocsmu Ox, O,

Oz yens coorsercreento 60°,45°.60°.
12. HadfTi rpaqeHT CKansIpHOTO TOJI: T

a) u=xy’z srouke M(1,2,3); <7 ',':}? i ) .

6) u=(x-y)y-2)(z~x) srome M(3,1.2). ¢ .0

B) u={x-D){y-2)z—-3) srouxe M(2,3.4). ..
13. B kaKkux TOIKAX MPAIHEHT CKANAPHOrO Mot # = X~ +y° +12° —3xyz:

a) mapanienct ocx Oz; 6) neprenaukyiaped ock Oz, B) papen Hymo?
14, B Kakix TOUKAX CPAHERT CKATAPHOTO nos # = X + y° —2xy:

4) MepneHIHKY/IIPEY IpAMoi y=x; B) pasen Hym0? ,

15. Haitru yron Mex Iy rpajueHTaMH CKaNgpHOTO Do # = —————————
XT+y +z°
B Toukax M{1,2.2) u N(-3,1.0). T
r 1 r
16. [Hoxasate, wro a) gradr=-—; ©0) grad—=- )
. r ¥ F

) r .
gradsinr =cosr—, rpe r=xi+yj+zk,r = \r|
r

17. Haitte mueeprernmio sexropaoro noms F. ecmu
a) F=(x=y)y-2)i+{y-z0z-x)j+ (= x)x - yk;



18.

19.

20.

21

22.

23.

24.

6 F=(y +z° )(x+y)1+(z +x” )(_y+’)J+(x +y° )(‘._+x)k

B) F=(x"+y" )y~ i+ + 27Nz R RACREE ) - yk.

Beraucmurs: a) div r;  0) divw; B) div(r'r), rme
r

rexi+yjrok =l

[IpoBEPUTD CONCHOMIATLHOCTE CACIVIOIIAX BEKTOPHBIX OTEH:

a) F:(xlyz+y3)i+(xj/2z—x3)j—2xyzzk.

6) F-i+ y,l +ylnzk. SRR S
Yz Xz 2 S it e

Sy -- - "*lf‘
SYS T S S (x* -y*)z .

J
,fx2+y2 Vx +y? J(x + 3y

HOKB.SH.TB, 9710 MAarsdTHOC TIonc HAOPDKCHHOCTH

P

H=———-(—)i+xj), cosmaBaemoe INEKTPHYECKUM TOKOM I,
x“+y”

TEKYIHM 710 OECKOHEUHOMY MpoBOAY, CoBrajawomeMy ¢ ocelo Oz
COJACHOMIATBHO BCIOAY, kKpoMme Touek ocu Oz,

Teepaoe Teno Bpamaerca Bokpyr ocd Oz ¢ HOCTOSHHOI yFJIOBOH
CKOpOCTEIO @. TTone cxopocTel TouYek Tema ompeaenieTcs (QOPMY:ITOH
v=mxr, tae @=ok,r=xi+yj+zk . Tokasars, 4yro 910 MoIEC

CONCHOHAAIBHO BCHOIY, KPOME Todek ocH Oz R S L
Haiftu porop BexTOpHOrO TONA: ., . .. . ... :caFns. s
a) F:y”i“'"'xj"'xyk T S T . R
6) F=y 2’i+2xzy’j+3xp 27k . P ST
) F=yri+z(x+2y)j+y(x+y)k. ey g e
i 1 T - T
r) F= yﬂ . , S
X b o g P TRk owoea
_ r r ..
Bermmcauts: a) rot (# r); 6) rof—.B) rol— rae r=xi+yj+zk,
r r
F = |I"| ; [T . S S Tl sowmlT
TokazaTs NOTEHIHATEHOCTE CISAYIOUINX BEKTOPHLIX HOTIEH:
a) F=ypli+2xyj+zk. el ‘.-J'"‘ Trn T
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— = —

6 F=(ry—y)i+( -390 .
B) F=21i+(x*-2y2)j-y’k. |

ke

25. TlokazaTe, YIO JICKTPHUECKOE MONC HanmpaxenHoets E = —r
i

Towewworo  3apsm, rac  r=xi+yj+zk,r =, smisercs

MOTeHLIHATLHBIM IIpd. ¥ = 0.
26, Haitrn grad divF, ecmut F = x’i+y’j+ 2%k, ~roaorme o
27. Haiiru rot rotF, ecma F = xy’i+ yz7j+ o'k . '

28. Hna mexropuoro moma  F=xyli+y*z2’j+2z°x’k  seramcmars
rot rotF, grad divF, AF u mposeputs cnpaBeaIMBOCTD (QOPMYIIEL
rot rotF = grad divF - AF. }

29. Jlokasats, wro sextoproe none F =e”i+e”j+ ek vaosnersopser

‘ ypapuenuo rot totF +F = 0.

1 R e
30. [oxasarte, 4o PyHKIMA # =In— rae ¥ =4/X° + )~ , YIOBICTBOPIET
r

o - R & TR T,
mpu r # 0 ypasuenuto Jlanmaca Ha nnockocTi: An = + =0.

) ]

A
31. llokasate, wro 3ackrpuueckoe moac E = ‘k—fr TOUCHHOIO 3apsad e,
¥
yaosnersopser upH r = 0 ypassenmo Mlanmaca AE =0.
32. BeiyHcauTs noToK BexTopHoro noxa F=(z+1)k uepes:
a) nomychepy x° + y® +z° =1 z>0 B CTOPOHY BHCUIHEH HOPMATH K
chepe. , ' N
6) monyehepy x- + ¥~ +z° =1, z<( B CTOPOHY BHYTPEHHCH HOPMATH
K ¢hepe. ,
B) BHENIHIOIO CTOPOHY OCHOBAHESA IIOMYINApa X -+ y: +z7<Lz20.

-

33. Boraucimars moTok Bektopuoro momst F = yzi + zxj + xyk gepes:

4) BCPXHCE H HIDKHES OCHOBAHHE HmIHHIpPA Y- + v <RO<z<H 8
CTOPOHY BHEITHMX HOPMATCH.
7~ 0) BHEIIHIOW CTOPOHY COKOBOH NMOBCPXHOCTH LHIHHIPA. .
34. Haitru notok BexToprOore noas F uepes  BuOpanHyio CTopoHv
- IOBEPXHOCTH 3

e

- T e

a



[y

= (;.) F=(y -x)i+(x+y)j+yk, S - pepxuss cTOpoHa TPEYrONbHHKA,

{ 35.

A

BRIPE3AHHOIO U3 ILIOCKOCTH X+y+z-1=0 KOOpIMHATHBIMH [LIOCKOCTIMH.,
6) F—x|+y]+zk S — Bepxmds CTOpPOHA 4acTH ccbepm
x? +y* + 2% = 4, pacnONOKCHHOI B MEPBOM OKTAHTE. R
B) F=(y—-2)i+(z-x0)j+(x~y)k, S - Bepxmm c"ropOHa YacTH
~TUIOCKOCTH 2x+2y-z=1, OTpaHMYEHHOMN MITHHAPOM Xx° + ¥~ =1,
flpumenas  dopmyry  Ocrporpaackoro-I'aycca, BBHYHCIHTS TNOTOK
sextopHoro nons F ={(x - )i+ (z— y)j+(z - x)k uepex
a) TIOBEPXHOCTH (HMPAMHAbI, OrPAHHYCHHOH IUIOCKOCTAMH t+y+z—l
=0, y=0, rO B cropoay BHEIHEH HOPMAITH. '

~/'6) chepy x* +y* + 2% =1, B cTOpORY BHEMHEH HOpMaJIi/I.

@6\ '

~,

37.

Ilpumensia  dopmyay  Octporpasekoro-I'aycca, BRYACTHTL TIOTOK
sextoprore noas K = xcosyi—sin yj+(z —1)°k uepea Gokosyzo
TOBEPXHOCTS MHAMHAPA X- +y° =10<z<2 8 CTOpPOHY BHEMHEH

HOPMATH.
Mpumenss dopmyny  Ocrporpasckoro-Taycca, BBMHCIHTE IOTOK
BCKTOPHOrO 1O/ F=1xi+)x’j-zy°k uepes mnomcpxHOCTH

mapabonouaa z=1-x’ -y z>0 B CTOPOHY BHELTHEH HOPMAIH.
. Hafitn upmpkynsiuio  BekTopuoro nons F o Bmoae xomTypa L,
00XOMHMOr0 B OIOKHTEIBHOM Hanpannenﬁn

“a) F=-yi+xj,L-oxpyruocts x2 +(y—1) =1.

6) F=(x+2)i+(x—p)j+xk, L2 amame 2 /a’ + v /B =1,z=0.
B) F=(x~2)i+(x+y)j-2zk, L. — xouTYp TpEyrompHHKa <

" sepmumanm A(1,0,0), B(0.1,0), C(o,o,l).

39,

TIpumensas gopmy:ny CrTokca, EBYHCIHTh IHPKYIAIHIO BEKTOPHOIO
noma  F = yi+zj+xK, Baoas OKpYKHOCTH, TOMYHANICHCS HPH
nepecevenun cepar  x° + y° +z° =1 mrockocTeio: @) x+y+z=0 6)

x-p+z=1. KouTyp mnpoberaerca NpPOTHB HacoBOH CTPEIKH, CCNH
cMotpeTs H3 Touk (0,2,0). o

- 40. Tpamenss c])opM}"w CTokca, BHTHCINTL LHEPKYISOHIO BEKTOPHOTO

moma F=(z-x%)i+(x-y)j+(y—z")k srom:
a) KoHTypa Tpeyronsauka ¢ sepmunamu A(0,0,0), B(1,0,0), C(0,1,0).

1 0) KOHTYpa TpeyronsHuka ¢ sepurHama A(0,0,0), B(0,1,0), C(0,0,1).

KouTypel npoerarotca MpOTHB 9acOBOH CTPETKH, €CIH CMOTPETH U3
HA4Aa KOOP/IHHAT.
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'TABA IV

TEOPUS ©VHKIIMIA KOMI"ULEKCHOI“O
IEPEMEHHOIT O

" §1. KOMILIEKCHBIE YHCJIA U IENCTBUSI C HUMM.

Omnpenencruue . Komniexcusim 4uciom I HA3BIBAETCH BbIPAIKEHHE
BHAA ' : o
=x+iy R { )

(arebparmaeckas opma 9ucna), roe X U Y - THOOHE AEHCTBATENHHEIC

HKCTA, A § - MHAMAA SIMHHIE, YIOBIETBOPAIONAS YCIoBHIO i° = —1.
Ymcia X, ) - Ha3BIBAKOTCA COOTBETCTBCHHO JEHCTBHTENBHOH M MEMMOH
43CTAMH KOMILIEKCHOTO 4Hcaa 1 0003Ha9310TCs

ey

oo X x=Rez, y=Imz - @)

Orme;xenetme 2. Kowmuexcuue aucna z, =X, +1y, ¥ I, =X, +iV,
CUYHTAXOTCH PABHEIMHM TOIA M TONbKO TOTAQ, XOrxa X, =X, 0V, = V,.

Onpeneienne 3. KOMnneiccaoe yueao z =0, Toria M TOIBKO TOrIa,
xorma x =y =0. .

Onpegencrmie 4. KommnekcHoe uMcno 2 =X —{yY  HalLIBACTCH
COMPSKEHHBIM KOMILICKCHOMY 4YHCIY Z = X +1)) .

Iyers 2z, = x +1y,, z, = x, +1y,. Toraa:
1)zltzl=(x1ix2)+i(y1iy2); T
2) "Iy = (xlxz _y1y2)+j(x1YQ +x1y1);

2.2, XX, A4V X, —X. V-
3) I C ROt y1}2+y12 )

- 2 2 2 2
2 "222 x;‘ +.y2 X +y:

r

E

ta
12

Apmbmermecme AelcTEHAA ¥ KOMIIIICKCHEIMH YHCIAMH

OEePECTAHOBOYHB € ONEPAIMCH NEPEXOAa K CONpSKEHHBIM WHCNaM, a
HMEHHO;

Z+2y, =2 +2,, (3)
2,2, =TI -%.; L - > 3 (4)
—— —=n >

=z : ()



z) ‘
[_m}zz L . ©)
22 z

pumep 1. Beraucmurs;

NERY, ] i
_hf_ T 2o
Petenue.

a) (1+0)(5-20)=+5-2i+iy5-2i =5 +2+i(J5 - 2);
B+l (BD@+i3) _2B+PVB+3i+% _ 23-3+5i

a) (1+0)(5-2i):; 6) o 1) (1+1)*%,

5 2-i3 Q-i3)E+i3) 4+3 7.,
ﬁ+5i Bos,
= =—+=1
7T 7
1 i 1-2i 2+6) -2 2i-1

5) 1+2i 2-i (1+21)(1 21) (2-i)2+i) 1+4 4+1
=2 %1 1-2i-2+1 2-40 E—il,

5 5 5 5 55
0 (1 +7)™ = [(1+ iy ] = (1426~ 1) = (27)/%0 = 2100 ()0 _ 91000

P

Hpumep 2. Haifitn Re zulm z

a):x%; 6) z= > +i(l+i) B z=(2-i)
—i -
Penrenne,
a) z= 2 = 20+1) :2+21:1+z':>Rez:l;Imz:l;

I—i (1-)1+7) 1+1
2 . pi 2 .

6) z=—+i(l+i)=——=+i+i" =2 +i-1=3i~-1=>Rez=-1Imz =3;
—1 -

z=(2-i)=8-3-4.i+3.2-i" - =8-12i—-6+i=2-1li=
Rez=2;Imz =-11;

B)

TIpumep 3. Hajitu geficteurensaeie @ ¥ [ 308 XOTOPHIX:
Qa(2—i)+ B2 -1) = 4—5i:
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4

| J = - ‘ “ " : ‘J .- 5 i} l'.‘! 'L . j .
Bl+ia’ +2+da-A-DB=T(1+i), ~+~ - =
Pemrenne, - N

a) 2=+ Bi-1) =20 —ai+2fi— f = 45
(2&*,6)4»1'(2,6—(2):4—51':*»{2&_)8:4

Pewnus o1v cuctemy, nomyaum: @ = I, # = -2;
6) o +ia' +2o+ia-B+if=T+7i
a - a2+2au =7
(" +2a-B)y+ila" +a+pB)=T7+Ti=>q | b
a‘*+a+p=7

Cramsias, mmeem 20 + 3¢ = 14 wm 20° +3q ~14 = 0 . Pemas,
7 o

noaysuM &, = 2, =3

i 7
BrraucnisieM cootsercrayiomne sHaverma s 3 f, =1, 5, = —Z;

-7
a; =2 %= 2
Urax, ; .
)5‘1:1 ﬂ _Wz i
P4
Tpumep 4. [okazats:
a) Re(z—z)zo;é)sz:.ZiImz; B)l:‘zr; o
4 =

Pemienne.
a) z=x+iy,z=x—iy=z1-z=2yi >Re(z~2)=0,
6)zHE=x+iy#(x—zy)=21y;
Imz=y:>z—a:=2i1mz;
1 l(x-iy) _ x-iy

: (x+)x—-B) xP+yt
_.i: x -y _ x—1y :lz z
A Qe Xyt Tz ff

Zﬁ—a = _5 - et ‘ Looeaty



4

§2. 'TEOMETPHUECKOE H30BPAKEHHAE KOMILTEKCHBIX
YHNCEJ TPHT'OHOMETPHUYECKAS ¥ TTOKAZATEJBHASA
®OPMbI KOMILIEKCHOI'O YHCIIA

Kowmurexcioe aacno z = x + 7y naobpaskaercs B mnockocTs xOy Touxol
M (x; v) mGo pamzuvc-sexTopoM ¢ ¥oHuoM B Touke M (x;y). muna r
Bexropa UM HaseiBaeTcs modwrem 4ducia z U 0bosHadaeTcs ‘z} Yron @
MEXKAY HONOKUTENBHBIM HAnpasaeHuem ocu abcuyce i sexTopoM OM (cm

puc.l) BaswBaeTcs apzymesmom umcna Z W oboznagaercs Arg z.

OueBAadHo, 4YTO APryMEHT KOMHJEKCHONO - 9HCTa OOpEISAieTCH He
OJHO3HAYHO, 4 ¢ TOMHOCTHK) J0 caaraemoro 27% , k - Lenoe 9Hco:;

Arg z=Arg z+27k , k=0,+1,+2,. .. (N
rae Arg z - riaBHOC 3HAYEHHE APrYMEHTA, ONPEACIFEMOE YCIOBHEM:
~m< Argz <. : TR T e
B 3
o T Az =
y .
M.y
| wxl lzi=2Z
izl | S ‘\‘5}
i ' -
|y 3 X
¢ 1
i P
8 x X - ,

Puc. 1 Cren Puc. 2

H3 pucynka 1 cne;[ye'f, 9TO

X=rcos@, y=rsing = (8)
r:|z|z1/x2+y2,r20 (p:arctg£+7dc,k:0,t1,...
X

(umucno k € Z swOupactes Tak, wrodsl @ € (— T ]).

Henomeays  (B) MOKHO KOMIIEKCHOE 9HCIO Z  JalHCaTh B
TPHTOHOMETPHUECKOI (hopme: - -
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. .. o - .
z = r(cos ¢ +isin @) = |z|(cos Argz + isin Argz) 2. (9)

H3 dopmymnt (9) cnexyer, ITO MHOKECTBO SHCEN TIOCTOSHHOTO MOy
r, H300paxacT OKPYKHOCTb C LICHTPOM B HAYAIC KOODIHHAT H pamvyca
7,. MHOKECTBO K¢ 4YHCEI NOCTOAHHOTO APIyMEHTZ (7, H3IOOpaKaercs
JIY9OM, BRIXOAAIIHM H3 Ha4ala KOOpI[HHaT nmoa )'I"JIOM K OCH aocuncc
(puc.2).

Orpenenenue 5. [Ipa KOMIUICKCHBIX WHCIA Z, ¥ Z, PaBHE TOr1a H
TOJIBKO TOrAA, KOTJa MX MOXYIH DaBHH, a APIryMEHTHl OTIHYAIOTCA HA
27 ,rae k=0,=1,.. - o a
, Argz1 Argzz + 27k, (k =0, 1,‘..). T

JIroboe koMIUeKCHOE WHCA0 Z # () MOXKHO 3aItMCaThk B [IOKa3aTenbHOH
popme:

_zz<:>|zl\—[zq

Lo=Argz. 7 T (10
HpH YMHOXCHHY W JCNCHHH KONmHeKCHhD( qHUCC1 IIO.I'II:3}'10TCS[
CIICTYIOMEH TEOpEMOI.

Teopema. Ilycms z, = 1 (cos @, +i sin qa l22 = r2 (cos qaq +17sin 492)
Tozoa

z=re'”, rue

1) z, -z, =1, - 1y [cos(p, + o, }+isin{p, +0,)] ) Coan

2);—1 . Lleoslp, - @, )+isin{p, -, )]z, =0 (12)

Nz" =7 [cosn(p+zsm n(a] -ghopmyna Myaepa. (13)
To ecmp o B

!z1 - zgé = ]zl | . 122 \, Arg(zl -zz): Argz, + Argz,

| _al Ar(z—‘)—A 4 -
, Arg| = 1= Argz, — Argz,, 7, # 0

z"

" Argz" =nArgz, z=0.
Onpeneiienne 6. KopreM #-0H CTemeHHM H3 KOMILIEKCHOTO 4YHCIA
Z HAIBIBACTCS TAKOC KOMILICKCHOS YHCA0 W ,MTO:
wh =z, (14)
Monoxms = = r(cosqp +1isin (;D), w= p(cosé’ +1sin 6)  nepennmeM
(14) ucnons3ysa dopmyny Myaspa (13):
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i

p (cosné? +isin n{)) r(cosq) +isin @)
Toraa mo onpeneneHuio 5 OyaeM HMeTb. - . .
r=p", nB=@p+27, k=011, . D

L p=xfr. =252 oo
Taxum 00pazoM, BCAKHH KOPEHS cfenerm M M3 HWCIA Z MMEET BHI
w, = W(cos g)+n2mfc +7sin 4 +n271k], k=0zx1,...,n-1 (1%)

dopMyna JaeT N pa3THUHBIX 3HAUEHMH kopHa mpu k& =0zl n-1.
TMpu caeayrowmux e 3HAYCHUSX A 3HAYEHUA KOpHeli OyXyT mOBTOPATHCA.
Tak xax MOXymH BCEX KOpHEH W, paBHEI V;, a4 apryMeHTH

T o
OTTHYAKTCd HA ——, TO TEOMETPHHECKH BCC JHAYCHHA KOPHA M -OH
n

CTCTIICHH H2 KOMIUICKCHOIO MHMCIa 2 JICKAT B BCPUWMHAX OPABHILHOTO /7 -

VTOBHHKA, BIMCAHHOTO B OKPYXKHOCTE ¢ ueHTpoM B ((0,0) paxuyca ’{/H .

Hpumep 5. M300pasate Ha KOMILIEKCHOH NIIOCKOCTH H MPEACTaBUTE B
TPHrOHOMETpHUECKOH dopme uncIa:

z =1, z,=-1, z;=i, z,=-i, zy=1+1i,

i 1 3
Vo 26:"'\;‘6""\/2—1:, z, :—-1+;.\/— 28:“2"_1.:'/5—“-

Pewmenue.
H300pakeHHe NepBLIX IECTH SHCEN HA IUIOCKOCTH CM. HA PHC.3:
AY U
- : B AT
tE :
. N
e - - N
-1 _JJ { X - ; -4 0 X
] -, Lo ; - ™ ‘.;U L"‘E
- " LTI wli le a3 2

Puc.3, oL T Puc.4.

A
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Vke W3 PACTIONOMKEHHS TUCEN HA THIOCKOCTH MOXKHO HANTH CIEIVIOMHE
ApryMEHTHI
. . T T -
argz, =0, argz, =x, argz, =5 argz, = X argz, =

3
argzﬁ = *T.

Ha pucyHke 3 CTpenkamu MOKa3aHO, B KAKOM HANPABNEHWH HYXKHO
OTCHHTHIBATD [IABHEIE APTYMEHT.
Moay s 3THX gHCEN COOTBETCTBEHHO PaBHEL L

=T 407 =1, 1, =41 i+02—1 7 P41t =
_\/(—\/5)2 +(—«/§)2 =2. . .- L

HosTomy UmMeem:
z, =cos0+isin0, z, =cosx +isinr, AR S

T ... Jr) =
Z3=COS—+ISH1—,Z4:CO —— {78 —— I
2 2 2 2
V2l cosZ +isin® C 37y . ( 3z
s V2| cos—+isin—|, z, =2 cos| —— |+isin| —— | |.
A 4 4 4

s uncen z,, 7, BMeeM: T

¥, = 1/(— 1? )-+- (Jg F = 2; tge, = ‘_/— =3 Cnenosé:r.ensnﬂo,

T - .
@, = ——+ak. YroSe saliTh riaBHOE 3HAWCHHME APryMEHTA Z,, HAIO
3

-

B3Te & =1, Tak Kak TO4KA Z, JEKAT BO BTOPOM KBaZpaHIe, T.C.

z 2 2r .. 2%
argz, = ——+x =—_Ilostomy z, = 2| cos—+isin—|. .
3 3 3 3

AHATOTHYHO paccy:KIacMm Ang 9ucaa Zg !

S LI I,
\Jz Y 2 3 ;




Tak kak To4ka 2, HaXOAWTCS B “CTBEPTOM KBaxpawte, 10 k=10,

B = . =&
argp, = -;.I/I—rax, Z, :co{—;}ﬂsm{—?}.

IIpumep 6. Bernicauts:

A%

a) (~1+i3)®; 6)t—~1-’“‘—“} ;
_t .
Pewenme. . T e

a) IlpexcraBem 9ucio z = -1+ i3 & TPHIOHOMETPHHECKOH (opme:

D (B =2gp=—iop=2E T

Torga: B _ Toe T
—1+l«/_—2[005—w+15m‘2~€ , b i
3 3 _ o
[pumenas gopmyry (13),001y90M! o Lt

(—1+iﬁ)§0 =Zm{cos[éo*%)ﬂsin(é()*z%ﬂ: A
\

=2%(cos40x +isin 407) = 2%,

6) 3anumem wncaa z, = —1—7+3 u z, =1—1 B TpHroHOMETPHYECKOH
dhopme: _
: 3 " - T
:|zl[: A(=1)" L(«./5) =2, 1g¢, :\/;, @, :?ﬁ—m’c,
araz =% g 2T |
g‘l 3 3 E

(k = -1, 7.k 10u9xa nexur 8 I yersepTH).

r =z = P+(-1) =42, 8o, =1, ¢, =“%+7ﬁ€,

T T
argz, =——+ a0 =——,
4 4

o

(k =0, Tk Touka nexwT B IV 3eTBepTH). oI
Hmeem: C
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Toraa no dpopmyze (13) HME‘.&MZ_

1) [%E](%@ ﬂ
Rghecs=e

i2

3]

p 12 o
:2{(:05[— ?—;)Hsintﬁ %ﬂ :26[608'(— 5?’)”5?11(— sx)]= '. ’
= 2¢(-1)=-2° e
Itpumep 7 -

a) Boraucnurs: 4/1—1;

6) Pemmrs ypaBHenue z° +i =0,
PeureHue,
a) IpeJCTaBuM THCHO | —/ B TPHIOHOMETPHYCCKOM Q)opme

Il "1| = 1+ (=1)° f 2;arg(l-) =arctg(-1) = —— (tmcno JICKHT B
HeTBEPTOM 9eTBEPTH) —=> 1 —1 = \Elicos[~ %:—} +i sin(—%ﬂ,

Chenosarensho o gopmy:ic (15) nonyunmM:

Tk T vk
L =VI-i =Y2 cos4T+isin——44———— Lk =01,2,3,

Tlonaras k& = 0,1,2,3, naiineM Bce 3HAYCHAA KOPHT U 3aIIHIIEM HX B
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MOKA3aTEeNBLHOH dopme:

=42 cos(—-ljﬂsin[—- fz]i:ﬂfe'ﬁ;
\ 16 16

7T

w, = Vf{cos( TZ] + ism[zzﬂ =42¢"% )
v o )| - ]
Al ok

OTverrM, 910 TOUKH W,,W,,W,,W, SBIMIOTCA BEPUIHHAMA KBAApaTa

-

(cM. pHc.5). 7 N N
Y e {ly
) Zi
W TN W . . ﬁm
(1 X X
W;l, W9 ’ 23 Zo

Puc. 5 R Puc. 6

&) Paspeinum yPaBHEHUE OTHOCHTENLHO Z , TOTHA Z = N —1 .

. /3 .. T ot i"-
Tak, kak —1 = co§ —— |{+isin] —— |, T0 :
[ 2J [ 2]

~—+2m’c T ok
#\/_' A 1 cO§ —=——— 3 +Ism%-— L k=10,12;

Wi B anrebpandeckoil dopme mveem:

= I:cos(—%)+isin{— %ﬂ = %—1%
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T .. T,
z, =cos—+isin— =1
2

?

T 77 A3 1 : e
—cos—-—+zsm—-—-:—-—-~—l-—; : -
6 6 2 2 ooy
Yucna z,,2,,z, SBAMOTCA BEPIIMHAMH TPABIIISHOTO TPEYTOMbHHUKA
(cm. puc. 6).

Ilpamep 8. OnpenenaTs, KaKHE MHOXKECTBA TOYEK VIOBACSTBOPHIOT
3aJaHHBIM HEPABSHCTBAM!

<1; 8 Imz* = 2;

)—%<arg(z+i—r)<—~—,6)| *2

-2

r) Re(m\ 4, o 'z+c|+|z c‘<2a a>c>0

Peuienue.
a) KOMIUIEKCHOE THCIO!

z+1-i=z-(-1+i)
H300pasKaCTCst BEKTOPOM C HAYAIOM B TOMKE — | +7, 4 KOHIOM B TOUKE Z |
Yron Mexzy 2teM BextopoM H ockld Ox ecte arg(z+1-7), u o

T iz
MEHAETCA B MOpeseJax oTr —— [0 —Z« ChneaoBaTeNbHO  JaHHOE

2
HEPABEHCTBO ONPEACIAET YTON MEXKAY TPAMEIME, BRIXOIOHMH H3 TOUKH
. - T 3r
—1+i u obpazviomumu ¢ ocei0 Ot yIIIBl B (‘E i Y panuae (cM.
puc.7).
0) ymHOkHM 00¢ vacTH HCpPaBCHCTBA HAa |z~ ZI: TIOXY4HM
PABHOCHIBHOE HEPABEHCTBO : o : RS
z+2|<iz-12].

Bo3eeaem obe uacTH HepaBeHCTBA B KBAJAPAT H PACKpoeM CKOOKH,
AOMOWMB Z = X +1y .

(x+2) +y° <(x-2)" +y° ' R
4x <L -4x,x<0
CiaezopaTenpHo, MCKOMOE MHOXKECTBO — JIBad  HOJYILIOCKOCTB,
BKAo4as rpagHny x = 0 {cM. puc.8).
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il

Puc. 7 ' - MR "7 Pucg

8) IMonoxats z = x +1y , nomyaHM Do
2 =(x+iy) = (J::2 —y2)+i2xy.
Crnenosatensho, Imz® = 2xy . ITo ycnosuio .I RS
2xy>2 wm xy >1.

1
Papencreo xy =1lwm vy =-— 3zamaér runepbony, BETBH KOTOPOH
X

pacnonaralorci B 1 # 3 xsanmpauTtax. HemocpeacTBeHHOH MpoBEpKOi

yOexaaemMcsa, 4YI0 HCKOMOE MHOMKECTBO TOYEK paclonaraercs Haj

runepbooi B 1 KBadpanTe U nox remepOonoi B 3 kBagpaHTe (M. puc 9).
r) [lyert z = x +1y . Umeem:

Re -}-\:Re -y =Re xz-_lyg: zx 7 - .
D) Eeep) ey 2oty
o yenosuro: T PR
X 1 , s P
—— Ty = HIE X +Yy —4x=0 et
x“+y° 4
1o oxpyxuocts {x —2)* + y* =4 (em. puc. 10). e

a) |z+¢] - PACCTOAHHE MEXKAY TOUKAMH 2 H —C;

|z-c| - paccrogHHEe MeXIy ToukaMM z H ¢. Ilo ycnosmio Ccymma
PAcCTONHMIT OT TOYMKM Z A0 ABYX AZHHBIX TOYEK Z)=-C H 2;=C CCTh BCIIHYHHA
MOCTOSHHASN. 3HAYHT, TOIKA Z JIEHKHT BHYTPH 3/UIHICA, YPABHEHHE KOTOPOTo

HMCCT BH AL
2 - o

xl
bl =1,

2 +

o
%
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= 1 —_———

rae b2=a*-¢*. Or™MeTHM, YTO VPABHEHHE 3JLTHIICA MOKHO OBLIO BBIBECTH |
HENOCPEACTREHHO, HONAras, KaK M Panbitie, z=x+/y 1 BO3BC/IA B KBAAPAT
(puc. 11). : s AL

0 Ty
PHC._Q Puc. 10
| Y Y. e
r\_‘,‘.j g N - P A
( LLLUJ.G' X
Z )J 1

Puc. 11

ot
BRI A - - N
LN i

§3. PYHKIIHMH KOMIUIEKCHOTO IIEPEMEHHOI'O

Ompenenenve 7. lonopst, B obnactu D onpegencHa ¢yuxums
w = f(z), ecnu xawaoil Touke Z € [J) NOCTABIEHO B COOTBETCTBHE OJHO
(ommo3wausas OQVHKUHS) KIH HECKOABKCO (MHOrosHawHas QyHKIU)

3HAMEHHH W.

Tycte z=x+iy, w=u+1iv. Toraa sasHcumocTs W = f(2) Mexay
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KOMILICKCHOH (YHKUHEH W H KOMILICKCHOH népemeunoﬁ Z MoxeT ObiTh
ONHCAHA ¢ TOMOMEIO ABYX JCHCTBHUTENBHLIX QYHKIME u, V IOBYX
JEHCTBHTCIbHEIX NEPEMEHHEIX X, V: : :
u=u(xy), v=v{x,y).

Teometpuucckn Qyaximas W = f(Z) OCYMECTRIAET OTOOPAKEHHE TOUCK
KOMILTEKCHOH FIIOCKOCTH Z HA COOTBETCTBVIONIHME TOYKH KOMIUIEKCHOH
TLIOCKOCTH W. L =y

Itycte B mmockocTH z KpuBas 3agama ypasdeaweM Fx,y)=0. Yrobu
HafiTu ypasucHme ofpasa @(u,v)=0 3710 KPHBOH B ILIOCKOCTH W IIPH
OTOOpaXkeHHH ¢ HOMOmMBI QyHkumMa W = f(zZ)=u +iv, HyxHO
MCKTIOYHTS X H ¥ H3 YPABHCHHI: ER

A~ - . -

u=u(x,y)

v=(x,)) i T
F(x,y)=0

Ecnu KpHBasd 3a2aHA TAPAMETPHUECKAMH YPABHEHHIMH!

x = x(t
{ @ um z = z(f) = x(£) + 1y(r),

y=y()
TO NapaMETPHYCCKHE ypaBHeHHMa e¢ oOpaza npu  oro0paweHun
- w = f(z)=u+iv Syoyr:
| {u =ulx(),yOl=U@) e

v yl=re)

IIpamep 9. Haiitu 06pas xpupoii:
a) lz| = 1 npn orobpaxemm w = z*

3

6) z=Rcost +iRsint (0 <t < 27) npu orobpakennd W = =
z
Peinenne,
a) Myors z=xt+iy, w =u+iv=>w = (x +iy)’ =x" — y* +i2xy, Torma
u=x'-y' v=2xy.
Hckmouas x H y U3 YPaBHEHHE - -ow. - 0 = oear
”:xz“.}’z ’ Ear oty L eelsTE

pmdxy L e e

P4yt e A Ly
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te

nomyasM u#° +v: =1, B W T

Hraxk, oGpa30M emmmon oxpym{ocm zi=1 B nnockocTH Z me'rcz
OKPYIKHOCTE u®+v' =1 B miockocTH W, DPOXOAUMAN ABAXKABE. ITO
CIEAYET B3 TOTO, YTO MPH OTOOPAKEHHH W = 2%, Argw = 2Argz + 27k |
[loaToMmy, korma Touka z onncmnaer TIOMHYXO OKPYAHOCTS |z|—1 TO e
o6pa3s oImMCHIBACT OKPYIKHOCTD Wi=1 DBaaEL.

6) [HanHoc VypABHCHHE OKPYXKHOCTH MOXKHO 3am1cam B BuAE
x=Rcost,y=Rsint0<¢<27. Buaetum AcHCTBHTENBHYIO |

MHHMYIO YaCTH QYHKUME W = U +1v

Hmecem:
x? 2, 2 2 E
oz oz - y° +i2 x - .2
U+ V=S ===—= y nyz > yﬂﬂ zxyj
z zz x+y - xT+y xt -y
xz y’_?. i
u=x2+ : - -
Orcroaa 5 Y . )
v=—;‘~¥yp—-2_ .
cad o XU 4y e T agmLTeTT b

[Moncrasnaa x = Rcos?, vy = Rsint 8 ¥ 1 v, NOXy4HM NapaMETPHUECKHE

vpasHeHHd 00paia OKPYKHOCTH!

” R s e, L
f _cos’t—sin’t

2 s COSZf om0k
t+sint 2 2 A 51 ARTH
cos . HH ¥ +ve =1, |
2cost sint \ B
V= ————————=58in 2t

cos’ f+sin’z -
Wrax, o6pa3 ecTb eAHHUTHAA OKPYKHOCTS, IIPOXCIMMAN ABAKIBL.
[puBegem  OCHOBHBIE  JIIEMEHTAPHHEIE (VHKIMH  KOMILIEKCHOTO
HEPEMEHHOTO!

1) Horazamenvras gynxyua ] o

e’ =™ =e*(cosy+isiny). T ae)
TlpHBeaeM OCHOBHBIC CBOMATBA MOKA3ATEIHHOH QvHKIpH: I
a) ot L ph g - 6) gtk _ ei'= Toecth 1 =21 - epPHO;
B)e’ 20,z %,

2) Tpucornomempuueckue GyHiyuu R R T
. e —e™ sin z
Sinz="-— - tgz = : a7
2i Cosz
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e cosz T S
cosz = — ; CIgZ = ;

sinz’ :

MoxHo moxa3aTh, ¥T0 QOPMYIIEI, CBSA3BIBAIOMIHE TPHIOHOMETPHUECKHE
QYHKUMH JEHCTBHTENPHOIO H KOMIUICKCHOI'O NMEPEMEHHOIO COBIIAJAIOT, HO
B OTmAHe OT QyHeuMit JeHCTBHTEIRHOIO MEPEeMEHHOre QYHKIMHIM St Z 1
€OS Zz HE MBISMIOTCH OrPAHWNEHHBIMH TI0 MOAYTIO ENAHMIEH, a MOTYT
MPHEHMATD TIOOBIE KOMILTEKCHEIS 3HAMCHHA.

Harpmvep, T T
- n . -z o T
I ¢ —-¢ L. € —¢€ o imae r. -
smt:z‘=—_,%mm|=————m11,55>l. PRUEFLTO
2i 2 Cot
3) I'unepbonruveckue hyrnryuu . }
et —e”’ _ shz o
shz = —— Cothz=— ©o : (18)
2 chz ,
e’ +e’ chz -
chz = —— cthz = — , _
2 shz 3 BT
MoXHO T[OKA3ATH, 9YTO TPHTOHOMETPHYECKHE M THOepOOTHISCKHE
Pyrxumn CBSA3AHH MEKTY coloii paBEHCTBAMA:
cosiz = chz, sin iz = ishz ,
chiz = cosz, shiz =isinz. - o (19

4y Jloeapucpmuveckas dywxyus Ln z, rae z =0, onpeaensercs Kak
dbyHxIma, o0paTHA [10KA3ATENbHON, IpHHEeM:
Lnz=ln|z|+iargz + 2mki k = 0,£1,32,.. (20)
Ota dyHxkums sBmeTcs MHOrOsHavuoH. I'naBHbIM 3Hauemmem Ln z
HALIBAETCA TO 3JHAYeHWe, KOTOpoe monyuaercs npu k=0, oHo
obosHagaeTcs: PR ek o

Inz= ln|zi+iargz , s
CripaBeaiuBsl CACAYIOINE COOTHOWEHHU! R :

e

z
In(z,z,) = Lnzilnz,, Ln =+ | = Lnz, — Lnz,; an”j/lian
5)  Obwaa cmenennas gvaxyus w = z°, a = +1f} onpenensercs

COOTHOINICHHCM .
za :ealnz ' <L e ) (22)



e Pa

6) Obwas noxazamenvnan Gyuxyus w=a° (a#0 - moboe

- KOMILIEKCHOE ‘IPICIIO} Oﬂpe,IlGJISISTCﬁ paBEHC‘I'BOM

a’ =e’" T (23)

7) Ofpamusvic mpuzoHomempuueckue @yaxyun arcsin z,arccosz,

arctgz onpesensorcs ¥ak QyHkmme, oOpaTHBIE COOTBETCTBCHHO X

sin z,¢0s z,/gz . Bce oBu ABAOTCE MHOTO3HAYHBIMH H BEIPKAIOTCA 4Epes
TorapudmMITIecKie HYHKIHE:

csin z = —iln(iz +v1-2%) ~ ‘,. '-

ccosz:~1Ln(z+\/z2—l) I 1)
i 1+iz .o e e
cigz=——Ln ' T
# & 2 1-iz

IMpumep 10. Haifte MORynIr ¥ rAaBHOC 3HAYEHHE APIYMCHTZ JAHHBIX
hyHKUHH

» T
)z, =™, z,=¢%, 3) w=cosz BTouxe z, = —+iln?2
: 2

Pemenne.
1) Bocnionmp3yemcs noxkazaTensHOH dopMoii I(OMI’IIIEKCHOFO qHcIa

z=|ze™ argz € (-7, 7], Tawxax 7, =¢™ = &'’ le( 7T, T}, 10
|«1|-€ argz, =1 e PR

2) Zz = e 12— e 67121' Tak kag —12 ¢ (“‘7[ ;[] TO
BOCIIOTH30BARITHCE nepao;u{'-mocmlo noxa:sznemnou cpyﬂknnn (T 27)
6v:[ev[ HMETD: C : i

=e’e ' =g’ ,#12 + 4;2' e (—x, 7], moaTomy

]22|:e ,argz, = ~12+4x.
3) Tak xak z =X +1Iy, 10 . S e et
cosz = cos{x +1y) = cosx cosiy —sin xsin iy .
Bocnob3osasimuce Gopmynamy (19), momyumm: ~
cosz = cosxchy —isinxshy. .-
[Toatomy: '

cosz| = \/cos2 xch’y +sin’ xsh’y = Jcosz xchy +sh” y(1-cos™ x) =
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= Jcos’ x(ch’y - sh’y) + sh’y = Jcos® x+sh’y

[Tonaras z=—72£+i1n2,1'ocm x:%,y=ln2,m4eemz

_ : 7 2 _ _
z=’;—+mz = \/cos E+Sh (In2) =sh(ln2) =

[cos z|
| -
_elnz_[lnz_z“iﬂ_o, ] :
2 2 4 R S CCR N SR
Haiinem aprymesTsi: , R
T 5. ]
. _ —sinxshy _ sz e"? —e ™ Etgﬂ— ©
- - w2, -z 1995 77
lcosxchy cos X ¢ te et 2
_ 2
o=-Z Vi, lcos 2] _3. argcosz| x =z
' g z=%+s1n2 4’ & 7=+iln2 2

IIipumep 11. HaliTir feficTBHTENEHYIO H MHHEMYI) YACTE:
a) cos(3i+m);6) 2°.
' Pemenue. '

a) Cornacso Gopmynam (17), umeem:

‘ e:(SiHr) +e—1(3a~fr) 1 _ ‘ ~
cos(3i + ) = 3 :E(e e’ ’"):

- é_(es (COS?T;"iSiﬂ z)+e’(cos —isin JZ'))::

; L
-_—-2—(—‘2'3 —e*)=—ch3 el

Recos(3i + 7) = —ch3;Imcos(3i+ t}= 0 C e

6) Ucnomaya dopmyany (23), omyaaMm:
- eanz — e(x+ry)[1n|21+fa:gz+2km] - exh!Z-y(argZ»lek)ﬂ(x(arg W UApeyInd) _

= g™ IV TR cos(x(arg 2 + 27k) + yIn 2) +
+isin(x(arg2 + 27k) + yIn 2)]
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|1* r

Re2’ = e™ Y= oog(x(arg 2 + 272k) + yIn 2) ;

Re2’ = g™i»im 22 sm(x(a.rgZ + Zidc) +y1n 2)

l'[pnmep 12. Bmtmcnm !
a) i'; 6) Ln(-=1~1):8) In(~i); r) (1-#* S g E T
Pemenne.
a) Tlo onpeaenemro:
;'[m I+ ié@:ﬂa}

ea(ln}i|+iarg:+2m’) —e z -

. F[%@m} (?zm
=" = et '=¢

keZ
Ln(-1-i) =In~1—1|+iarg(~1-i)+ 27 = In 1+ 1 +iarctgl + 27 =

i ~

3 . ‘ ‘
= lnﬁ—z’_f—-u:dd,k ¥4 e Tl
T.K. TOYKA — | —/ACKHT B TPETLEM KBAIPAHTE. B

8) In(~7)= In/— 1’| +iarctg(-i)=In1 —i% = —Zz‘:z"

r) (1 _I-)S-—?:i - e(s—sf}Ln(l—iJ - e(3—3i)(lu|l—i|+iarg(l—i W2k ) —

— o A LI
(53110 V2 - iarergl 1pe2m) _ O 3’)[1" 2 J

=e =¢ = oo

4 —
3l ﬁ-i}emﬁ em-gii_smfzj L
= . .

N _-_' A
zaﬂn ent [cos(éﬂk—?%r—ﬁnﬁjﬁsin( 7dc———31n\/-}J=

= eﬂnvnm_(cos[7+3mm/_)—rsm(7+3lnx/_ l}

\

_ %e {Co{_gm\/_]_zsm[—wmfﬂkez

Hpamep 13. Peumite ypaBHCHMS:
alchz=7, O)smz=90;B)sinz~-ishz=0.
Pemenue.
a) IeperHueM JaHHOS YPAEHEHHE B BHC
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T =

T e memeae -

e’ +et | . : ~
—-5——~ =iunmue +e—__= 2i. YMHOXAS HA €, TONTyIAM:
¥ _2ie” +1=0
O6osuaaum e’ = ¢, Toraa pemad ypasHEHHE
12 —2it+1=0 PR (ISP
TIOTYYHM €0 KOPHH! T T AR
¢ -1+1«/——1(1+\/—)
OcTaeTcs penmyTs Teneph ABa VPaBHEHHA! R
e =i{i+42) e
Tax kak 211 Gyuxmum w = e’ obparnoit ssiserca GyHrkuns z = Law,
TO PCIICHHAMH MTOCAESRHETO ypasHEHUA OVayT:

z :Ln(li\/z)i HWIH
- 1n|(1iﬁ]+;(arg(1iﬁ})+zm = 1nl(1iﬁ]ii%+2zda,k cZ

iz - =iz 1

iz iz i

. e : f 2is
6) sinz=0 o ———— =0, e’ ~e ™ =0,e" —~—=0,e” =1,
2i e”
Tak kax Qyuxups ¢° nepuoanueckad ¢ HEPHOAOM 277, TO PABEHCTBO
sosMOXkHO, ecmu 2iz=0+2xk wm z=nak kez Dt pemenus

COBMAAAKOT C PEMICHHEM ypasHenud sin x = 0.
B) sinz—ishz =0
Bocnoneavemca dopmynamna (17),(18), toraa

iz —-iz H

€ e —€

e

iy =0ume” —e™ +e’ —eF =0,
; >
[lepenumem 310 YpaBHCHHE B BIAE
. 11 . . & +e°
e’ +e’ — T+'—: =0 e” +e'——T=O
e” & e‘e _
[IpecSpasyem 310 ypaBHEHUE: e
e 1 e‘e” -1
(e‘+e' l-—— 0(3'"4—6)T=0.
e e ee” ,
E S L |
Tak xax e¢’¢” =0, 10: : -
He' +e° =0 e = —e” = e =™,

H3 nocneasero paseHcTBa, HCMONMB3YA NEPHOIMHOCTD, IOTYTHM !
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ALY

P )

a1+ Zk) 7(1+ 2k) e Z
i-1 F+1

iz=z+m+2mkd =z =

i efe" ~1=0=e" Z 1= (i+1)z =27k =

z=zjga»:mr(l+i),nez. o
1+1
HWrak, pemeHnsMHA HCXOAHOTO YPABHEHHA SBIAIOTCA MHCIA!
+2k
z= jt(l_—l),kez,z=m(l+i),neZ.
1+ ‘

m . E

' §3. JMOOEPEHIIHPOBAHHUE ®YHKITUHA KOMILIEKCHOT'O

MNEPEMEHHOT'O. YCJIOBUS KOIIM-PUMAHA.
TEOMETPHYECKUT CMBICA MOAYJISL X APTYMEHTA
IIPOM3BOJTHOM.

Tlycts byuxuna w=f{z) onpeaencHa B HEKOTOpoH ofaactm D
KOMILTEKCHOTO rtepeMernoro z. TTycts Touku z u 2+ Az npusHamiexar
obnaactu D. OGosHaygnM:

o Aw= f(z+Az)~ f(z) Az = A +iy. -

Onpepenenne 8. Oyuximis w—=i(x) HasemacTes Sugpghepenyupyesoli B

Aw
Touke zeD , ecnm orHomenme A MMEET KOHESSHBIA Ipeien mpu

Az — 0 npon3BoTbHEIM 06pa3oM. JTOT IPEAECT HA3HBACTCA IIpOHBBO;(HOH
tyuxusu u obosHagaETCA: : R TR

f'(z) _ aw Aw

= - 25
= 1&1;101 e L (: )
Teopema Kommu-Pumana,
[z mozo umobsr ynryua fiz}=ufx.y)+iv(x,y) 6sira oughgepeny upyema
8 mouke z=x+1iy, HeOOXEAUMO U QOCIAMOYHO, YmOoGbI

Gu v ou v

ITpu smom Gynxyuu  ufx.y), vix.y) donoxchu 6vime Ouggepenyupyersi
KAK ynKyuu O2HCMEUMENbHBIX NEPEMEHABIX X U J.

(26)
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Ompenerenne 9. DyHxims w=f{z) HAIBIBACTCA QHANUMUMECKOU B
AanHoM Touke z € D, ecn ova gsddepermmpyeMa kak B camMOi TOUKE Z, Tak
H B HEKOTOPOii ee OKpecTHOCTH. QyHKINA f{Z) HASEIBACTCE AHQAUMUYECKOH
B obnactH D ecnu oHa aubdepeHIpyeMa B KaxKI0H TouKe ITOH 001acTH.

La ;noboit amanuTHMeckoi f{z) dyaxipm ameem:

O A L o L L A
& ox oy & & oy oy i

[Tyere dysxuma w=fz) aHammTH9ecKas B OKPECTHOCTH TOYKH
24, f'(z,)# 0, oroSpaaer mpoussomsHyto smHHIO C , BHXOMIOYIO H3

TOUKM Z, HA HEKOTOPYIO AHHMIO C ', BRIXOIAIYIO M3 W, =f(z , ). O603HaTIM
Ygpe3 (P HAKIOH K BEWeCTBeHHOM ocw Ox nmuuu C B TOMKE z, K ¥ -
HaxjoH ee obpasa C’ k semecrseHHoH ocu Ou B Touxe W,. Hazomem

pasHocTe & =/ —(@ yriaom nosopora kpuBod C B Touke Z,, a

LR

lim

Jim =k - xoaddunuenrom pactsokenus kpusoii C B Toaxe z,. Yron

Az
noBopota @ u kosdhduumMeHT pacTxEHMA Kk IS BCEX KDPMBBIX,
BEIXOIAMMX M3 TOUKM Z, OARH M TOT xe. [TooToMy Bemmuumsl o u K

OyaeM HAIBIBATh YTIOM [IOBOPOTA H KOIP(PHIHEHTOM PACTHKEHHA CamMOro
orobpaxcHus w = f(z) B Touxe z,. Moxro J0xa3ats, 410

(28)

Tlpumep 14. Tlposepurs, aensercs au f(z) aHanuTHaeckoi QryHKUMER,
B Clly4ae TOIOKHTENBHOIO QTBETA, Hafrm €& MPOU3BOAHYIO!
a) f(z)=3iz"-4,6) f(z)-—(x Y E3x+y)+i2xy —x+3y);
5 /(o)=Y

. . Pewrenwne. T '

a) f(z)=3i(x+iy)* —4=-6xy—4+i(3x* -3y’ ) noatomy
u(x,y) = —6xy —4;
v(x, y) =3x? —3y?

Yecnosua Komu-Pumana (26) BHIONHAKTCS BO BCEl IIIOCKOCTH
u',=—6y=v u' = =-6x Torma
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fl@=u'_+iv'_= -6y +6xi =6i(x+1iy)=6iz.
) TTporepuM ycnoBHA (26):
w,=(x" -~y +3x+y), =2x+3 =V
u',==-2y+1=-v';
3sauut, f(z) aHamaruMeckas Bo Beel rockocTH. [lpowasogHas: -
S D =(2x+3)+i2y-1)=2z+3-1.
B f()=() =(x-p) =x* -y -2,
u(x,y) =x* = y*; v(x,y) = -2xy;
Hafiney 9acTHBIE IPOM3BOIMBIC,
', =2x; Vv =-2x=>u' #V 3uauur, dysxuus f(z) He smaseTcs

fe

aHANHTHYECKOH HH B OJHOH TOYKE ILIOCKOCTH 2 |
IIpumep 15. Haiitu xo:a(l)c])mne'ﬂfpacm;xem H yrdn nosopmﬁ npn .
orobpaenmn f(z)=z° +2z Broaxax — L1 +7.
Pemenue.
BurucauM npoussogaye. f'(2) = 2z 42 . [Mo dopmyne (28) nmeem

k= |/ () = 2z +1 = 24, + 17y, e

a=arg f'(z,)=arg2(z, +1). FEeE e e
a)z,=1-2x,=Ly,=0=> k=40 =argd=0;

6)z,=0—>x, =y, =02k=2,q=arg2=0;

B8) Z, =1+7i—=>x,=Y, :1:>k:2\/§,o::arg2(2+:'):arctg

to | —

Ilpamep 16. BrerwcamTs, Kakads HacThb KOMIITEKCHOH IIIOCKOCTH
PaCTATHBACTCH, A KAKaSA CHNMMACTCS TIPH CICAYIOITHY OTOOPAKEHUIX!

-4 3
ayw=e¢g , 0 w==z".
e s - *.= - Pewenue.
a) Haitzem npomspomsyio W' = e’ 3a pacTixeHue M OKATHE OTBEYaET

xoadduumnent k = 1w’| = ez’ =

e‘e"y% = e¢*  [losroMmy, OyIeT pacTIXeHHE,

ectr k>, 1o ecrv e’ >1=>x>0. CoorsercreenHo, npH k<l.r.e.
e" <1=> x <0 - cxumaercs. Taxum ofpasom, nmomyiockocts Re z>0
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pacTATHEAETCA, A NMOIyNI0cKoeTs Re z<0 CHITMACTCH.

6) w(z) =327 =3(x* - y* ) 6ixy,
(e} = yobe® -7 )+ 36x7y> = Jox* —18x7y7 +9y* +36x7y" =
= (3x3 +3y2): 3(x2 +y2)

Cxatue Gyier mpu k:}w’(z)‘<1,'roem ?t(x2 +yz)<1,x2 +y* <-§

1
- KpyT ¢ ueHTpoM B Touke O(0,0), pagmyca :E Pacraxenue Oyzer npu

k>1, TO ecTh pacTarMBarsCs OVICT 4acTh ILTOCKOCTH, NEIKAIIAS BHE
4 - 1 ’
OKPYXHOCTH X° + ¥° = —.
Ompencrenne 10, Pymxuus  @(X, ) HAILBASTCA 2APMOHUYECKOT B
obaacte D, ecnm oHa wMeeT B 5TOH 00MAacTH HENPEPHIBHEIC HACTHEHIC

TPOH3BOIHBIE A0 BTOPOTO MOPSIKA BRIKOYHTENBHO H YAOBIETBOPACT B ITOMH
obrmacTH ypasHeRHIO Jlaraca:

o 8
L Aco(x,y):ax‘f+ay‘f=0_. 9

Eciu f(z2) =u(x, y) +iv(x,y) - ananuruyeckas B D, To ee BeimecTBeHHAT
" 4acTh u(x,y) U MEBMAd V(X)) SBIIIOTCA TAPMORAYECKHMHU B D,

Ompegenenue 11, [ise rapmonmdeckye GyHKUHM, yIOBIECTBOPAIOMHE
YCIOBHAM Koum-PuMana (26), HA3BIBAIOTCA ZUPMOHUYECKU
CONPAACEHHbIMU. :

Taxum ofpasom, ecmd f(z) =u +iv - aHamaTHYecKad QyHKuMd, 'TO
ufx,y), v{x.y) — TApMOHMYCCKH COMPSLKSHHBIC (HYHKIHH.
~ THoapaysck yenoBuamu (26), aHARMTHYECKYIO QYHKUHIO f72) MOMHO ¢
© TOYHOCTBIO 10 KOHCTAHTH BOCCTAHOBUTE 110 ¢ W3BECTHUM ACHCTBHTETLHOK
FTH MHHMOI1 9aCTH.

IIpumep 17. Tloctnowrs amammieckvio GyHKIIMC 10 33JaHHOH
FEHCTBHTEILHOR YaCTH

u=Ref(x)=x"+6x’y-3xy* -2y°, f(0)=0
Pewsenne.
Haitmem f{x), ucnomsiys yenosus (26) Komu-Puvana

STt e et m .
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j'fa} [ R N L Lo /")lz i~
14

u' =3x’ +12xy—3y* =v, =>

v_j(3x +12xy ~3y ):z)} 3x’y +6xp* — y° + plx) chom:syx

BTOpOE M3 ycIoBui (26) U/ y = —V, DOTYUHAM:

6x* —6xy—6y* = —(6xy +637 + go’(x)) . Orcroma @'(x)=~6x" n
plx)=-2x*+C. ~
Wrax, v =3x"y+6xy” - y* = 2x° +C i
TToatomy: _
flz)=u+iv=x +6x"y-3x3? - 2)° +i(3x2y+6xy3 —-y -2y +C)
Tak xak A0)=0 u z=x+iy, 10 x»=v=0, caemosaremero C=0. Ecmm
pacmucate 2° = (x+iy) =¥’ —3x° +i(3x2y—y3), 10 Az) MO%HO
VIIPOCTHTS:
f(Dy=x"-3xy* + i(3x2y —y3)+ 2(3x2y -y’ )— .’Zi(x3 - 3%y’ ) =
=2 -2 =2 (1-2§)
Hpumep 18. Moxer 1u dyuxums u(x,))=sinx chy ObITb AeHCTBHTEILHOH
YaCThIO HCKOTOPOH AaHATHTUHMECKOH QyHKumMH? |
Peumenne,

Py
-

Hna Toro, uwroOel  u(x,y) Morma ObITE ACHCTBHTETHHOH HacThiO
aHanuTHHecKoH (QYHKIHM, OHa AMDKHA OMHITH TAPMOHHYECKOH, TO €CTh

'YACBIETBOPSATL VeaoBuio (29). IposepimM 310 yeaoue. Bermcmsem:

' . o __ : .

u',=cosxchy, w, =—sinxchy,
1 ol . L .

u', = sin xshy, ul, =sin xchy,

OuesuIHO, 4TO u:Z -i-u;2 ={

3AJAYHA H YOPAKHEHHS 215t CAMOCTOATEILROTE
PABOTHI

1. BergucouTs:

=140
1 ‘__‘IIG .

SR ERST -



y o=, )[1 1}111
G-na+n "\ %)

:_‘ s 8 f ')S .‘\' )
&) (2-21)7; ) (3 -3)%; 3) (l—q ; t@i ‘g Q L
1+!} A
'/ N

2. Haifty seficTBHTENLHYIO B MHHMVIO 9aCTh.
/’Ca/)W z= cos(zw— 3i), §j;,z =sin2i; B) z=tg(2-i);r) z = [—) ;

T .
@ﬂz—( 2X3- 21),\6) w=z—iz ,x«)w=1+lf'
Sl

‘ 1+ 2§ 1+z
g, ) 3. Haitrn ncHicTBITEIIBHBIC PeINEHHA YpaBHEHMIL
(1
4 a) Bx-NR+D+(x—-iyl1+2i)=5+6i,
6) (x ~iyMa~ib) =i, a,bsanannsic AcHCTBUTENBHEE TUCTA, |a] ]bl

I = 4, lokas3ats; e gk T T eLanPY F oty g

(a) 2Rez=z+z 6) z—z=2iImz;8) z, £ 2
V1+x? +ix

—~—- =, (X - AeHCTBUTCNBHOR). . ..
— i1+ x* i )

Lf 5. llpexcrapaTts B Igghffmexcucm dopme ¥ H200paluTH HA KOMIUIEKCHOH
& TUIOCKOCTH: Sl

b /5),.1..-2+2«/_z(®zﬂ_27: Bz, =-1+i{f) z, =2 -i/2;
6. Peroirrs ypaBHE:m'e H H300pa31~l'1“1= pemehm
na)z +;-0F) —1+«/- 0:x8) .2° +1V/§+3 0} r).Z =1,

,11)5 —A"“‘-LS 0.
2. 7. BaiducnuTh:
-

a) (1+,J—)6“ 6 (- 2+ 2 {8) " i) ¥ 3+n/_)e -

-y

¥ 8 Hz06pa3uTh MHOMKECTBA TOUEK, 3AIAHHBIX YCIOBHAMH:

M)zq»-a[ 7.6 P22

1>1 B) [z -2|- lz+2|>3;1) |z{ <1-Rez;
45\)

:

!
*

i,_ S
[' s D)2y 2y =202, 11)

R
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1) |z—z]l=|z—z:,|; e) \z|—3Imz=6. - R
9. Yxazaﬂ: KAKHE THHHH ONPECIIOTCA CJCIVIOUMMY VPABHEHMAME
2 2*+2 =1,6) |z|-3Imz=6,5) Re(z ~2)=0;1) Re(l+2) = 4;

L A)Im(a -—”) 2-Imz;

rd

. —

€) 5+3i. PR deEme gt
. Mﬁ“

~—11. {ano otobpaxenue w = z>. Haiirn ofpassi : "\Lf-i&
a)x=c,0)y=cB) x=y; r)lz|*R n)argz =a.. &'fﬁl fﬂ~3¢>~

B-2,6) 2 8) 1+7;1) ~1-iv3 x) sina —icosa (z<a<xj; B /
]

/ﬁfj 12, BHIYHCIHTE 3HAYEHAS DYHKIHI: , )
ie &Z e Lo
& \a) (=3~ 4iY B (- 1) 7B (3 - 4i) f)fﬁ_ Ll Bl
A 2} L ¥ k 2 2 (f’ 4 J’f .
Lo e

D 13 Boraicmums 3HaYeHUA QyHKLWL o =
i 2) Ln(3- 21}, 6) Ln(-1-7); 8) Lui;r) In(-2 +3i} mlni.

1
14. Jano otobpaxenne w = —. Haiftin oGpassl muHwmil:

-”
-

L
@|z|-— 6) Rez =0;8) argéz%r;r)Rez=Imz;,u) lz] = z.
L 15’ Pemnurs ypaBHEHHS:
@ e’ +2e" -3= 06) sin z = 747 B) chz = iT) shz +chz = -2i,
(H)cosz—sinz =2;e) cigz = ——
<7} 16, HaliTu MOOYNb ¥ ITaBHOE 3HAYEHHE apryMeHTa; 24 {(
(i) 2, =78) 2, =™ i) 3, =2 @) ETE_
f-
,!7. HOKBB&TB TE);KHGCTB& . n . 1{7) r,\ r\l\(fl y Y 2 m tr\ﬂ
(a) chiz =cosz,0) shiz =isinz (8 ch'z—sh’z = ?\

18, Haiith kosddHUNEHT pacTsDKeHIs k ¥ YTON OBOpOTa O npn 33 TAHHBEX
‘&}, OTODpAKEHASX W=/{z} B 323AHHMX TOTKAX:

\35 aw=e 1, :1n2+1’%,z2 :ml_i%;
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Ty TEma——
(B)w=sinz,z =0z, =1+}
['B)w=z3’zl———2—1,22=1+l—; S b e

19, BuiACHHTE, kKakad H9acTh KOMILUISKCHOH NIIOCKOCTH PacTATHBAeTCA ,a
Kaxas CKHMAETCA TIPH CIEAYIOMNX 0TO0PaKeHHAXK:
i I
2
Qyw=e’;, B)w=lnz, B)w=—; DW=z ., ¢ pe
r ' z

20. BoccTaHOBHTE AHANIMTHYECKYHO B OKPECTHOCTH TOUKH Z, dynxanwvo fz)
TIO H3BECTHON ACHCTBHTELHOH TacTH #(X,Y) MM MEAMO V(X,V) H ZHAYEHHIO

flz):

a) U =— a 4 ,f(?f):l, s ‘:‘ " ' | L2
x*+y° Fia )
6) v:arctgi‘i,(x>0),f(l') =0
x e
CE) v:”(chxsiny—xy),f(()):{); o
) Ci:) u:e‘(xcosy—ysiny),f(l)uz- T I T LI

u @)u:xz—y2+5x+y- 1,f(l) 6

21. Nana xeficTBHTCILHAL q;wm{um{ ABYX aPI'YMCHTOB X H Y. MO}KeT I 3T&
KM G5iTe MHHMON 9aCTBIO AHATHTHICCKOH QYHKUHH H €CJIH 13, TO
HalTH 3TY aHamTHICCKYIC GyvHIaDao:

(A ox, y) = cos xshy — shxsin y; ) U;g’é@g/y,&,g) e
6) ¢(x,y)=In(x" +y*) +x -2y, f’)v’:;@ yé:w}
» olx.y)=x" -3y, Q2% BNAS

G2) 1 10 st 17 3 —/)
Q/Wjﬂ "bf"
‘ /)7’/;% 6)//5’

g :’é ' : HECY T ¥ ey uy
491~ 2
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S R 177 A

TEOPUS AHAJIMTHYECKHX ©YHKIMA

§1. MHTETPAJIBI OT ®YHKIITHH KOMIIJIEKCHOYO
IHHEPEMEHHOI'O .

Ty D

[Tvere onnoznaunas ¢yuxums f(Z) onpeaeneEa m HENpEpHBHA B
obnacti D, a € — KyCOMHO-FIANKAS 3aAMKHYTasd WIH HE3aMKHYTAA KPHBas,
nexamas B D, Ilvere  z=x+1y, f(z)y=u+iv, rne

# =u{x, ),V =v(x,y)- IcHcraurcanptbic DYHKIMH NEPEMCHHBIX X H V¥ —"

Beruncnenne uuverpaia or dyexkumy  f(Z) cBomHTCA K BEIYMCICHHIO

KPHBOTHHEHHBIX WHTEIPaioB 2-r0 poja 0T OVHKLUHHE BEINECTBEHHHIX
EPEMCHHBIX

If(z)dz = ju(x, yidx —v(x, y)dy + ifu(x,y)dy +v(x, )k (D)

< [+ V [+
HuTerpan ot dvHKUMH KOMIUIGKCHOTO MEPEMEHHOTO 3aBHCHT, BOOOLIE
rOBOPA, OT OyTH HATErpuposanus C. [ToaToMy MM ero BBIMHCICHHS HVKHO
HaiTu MAPAMETPHYECKOE VDABHCHHE KPHEOH C:

x=x(),y=y()te [rl,t,_,] , TAC JBMIKCHHC TOYKH [ [I0 OTPCIKY [Ii,t:]

TNOPOAKIAET ABIKCHUE TOUKH (x(t), y(t)) no xpuBoH C B 33JaHHOM
~ uanpagsiesns. [locne 31oro kpuponuHenuniii mnurterpan {1) ceoawrcsa x

OMpPEACIEEHOMY HHTErpaTy. OKOHYIATE LHO TONYIHM:
[fd =[x+ @} -~ @

Ecim f(z) - asamrreueckas GyHKims B OXHOCEA3HOH obnacth D, 10

MHTErPAT OT Heé HE 3aBHCHT OT MyTH MHTCTPHPOBAHHA K ONpeleIieTcs
TONBKO HAYATRHON W KOHEYHOH Toukamu IZ,,Z, € ). Hmeer wmecto
thopmyn Herorona-Jleiibuuna:

-

L o =0z - 0(,), )

riae @(z) - xkaxasa-160 nepeooOpaskas xis byvekmH f(I).
HHTerpupoBanme o HacTAM M 3aMEHA IIEPEMCHHBIX B MHTETPAIC OT
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(bYHKD.HH KOMIIICKCHOrO Hﬂ’pEMBI{HOFO HpOH?;BOMTCS[ AHATOTHYHO CIYYar
(DYHKIHH ACHCTBHTETBHOTO TIEPEMEHAQRO,

IMpumep 1. Bumucomrs Ié;dz_. -rﬁe C - o'rpez;.ok OpAMOH  y=-x,

[+

coepuusomed toukn z, =0 w z, =g —ix. " - 7 o F
Pewenne. Hapametpnqecme ypasrcHus THEEA C ecte X =1,y = —f
WK B KOMILIEKCHOH Qopme 2 = —i1,0 </ <.

l'loa‘romy npumenss dopmyity (2), nonydm N

Jerz= j 1=yt = (1~ :)j ) g = 1+ S (e +
i

w

Npumep 2. Bouuuciwts J.(z“ +Zz)dz, roe C - Ayra OXPYKHOCTH

\zlz L{O<argz < ).
Pewmenne. [Tapamerpimeckoe ypaBHeHHe TONYOKPYKHOCTR!
X =cost,y=snifc [O,Jz'] u z =e¢" Toraa dz —ie"df n

| j(z2 +zz)d- = xjie" (e +)dt = iT(em +et)dt = (ées" +e”)
P B o ! g S

g

3

Mpumep 3. BuiYHCIMTS f(z —a)"dz, m-penoc, C — OKPVKHOCTH
lz—al=R.
Pewenue, [TapaMerpuueckoe VPaBHEHHE OKPYKHOCTH:
z—a=Re" 1¢ [0,277:]. Toraa

2 b¥ 4
I(z —a)"dz = j‘R"'e"”"Rie"dt = iR™! J‘e”"’”)’dt =
<

0

m+1 1x
R eJ(nr+i)! 1m i_l R"H'l ) , B
i, R™ (mtn 1) 0 e 1
h I = m+1
ijdt,m:—l o 2m,m=—1
L o
Hrax, c e . T



i

. [ty
|‘7|

1

L3 ]

Ipamep 4. Buuucanrs J' (3z° +22)dz _ ]
Pemenne. Tak Kkak momsHTerpambHas gymkmma  f(z) =3z +2z
AHATHTHYHA BCHOIY, TO OpuMenas (opmyny (3), Haitaém .

24

o vanar =) - 241y~ 2+i) ~(-i) —(1-1)’ =

~7+19i T

§2. TEOPEMA KOLIHN. HUHTET'PATTbHASA POPMYJIA KOUIH.

Teopema Konm (ans 0AHOCBAIHOM 00NACTH).

Ecau pyuxyun [ () sensemes ananumuseckoit 8 00H0ceA3nol obaacmu
D ozpanuvennoti kycouno-ziadxum xoumypom C, 1 HenpepulieHa &
samrnymoti obaacmu D =D CLomo - . R

- jr@e=0 (4)

Teopema Komy (118 MHOTOCBI3HOYW obnacTu),

Ilyemv D mnozoceaznas obaaeme, 02paHuYEHHAR

COZAACOBAHHO  OPUEHMUDOBHNBIM — CAONCHBIM
cxonmypor C=CJoCr o aC), 20e O] -
GHEULHIAS zpanuia. OpUEHMUDOBANNAH

noaoxcumensro u C, ,C5,.,C,

- @HYmMpenHue
ZPAHUI LI, OPUEHMUDOBAHHBIE OMPUYAMENLHO.
Tozoa. ecnu f(z) - anamumuung ¢ [ u

nenpepwena e D =D OC . mo j f(2)dz=0.
€

W3 3TOro paBeHCTBA TONYYaEm R

[fea: = j @t [fDd L (3)
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Ecmu dyuxuma f(z) asamiraasa B oguocBasgol obmacru Du A A -

NPOCTOH HEIAMKHYTHIH KOHTYpP, comepxaummiics B D, To I f{z)dz ne

Ay

" GABHCMT OT [YTH WHTCIPHPOBAHKI M €r0 BLIMHCICHHS CBOAMICS X
. Henons3osaHuio Gopvymst Hetorona-Jlelibrnna (3).

Hurerpanenas gopmyna Komn.
Ecmu  f(z) amanutuweckas B obmacty D M HenipepeiBHA ' B

-+
D =D'"uC, To umeer mecTo Gopmya .

2),zeb" . . ;
szf(t)dt AR o ©)

0,zc D"
O6obmenyag waTerpansaag popmvaa Komm,

Ecau f(z)- anamutiuna B o6nactn D', to a1 z € D mpoussoansie
2 > pak

£ (z) maxomarcs uddepeHLEpPOBAHHEM IO 3HAKOM MHTETPala;

 fim Ndt -, o
ff)() J.f()mﬂ’,,ED k (7)
Ilpumep 7. BBI‘IPICJ‘IHTB HHTCTpan . u » o
::dz Y

= i

Pemenme.
a) B aamkHyTOW OONACTH, OTPAHHHYEHHOH OKPYMXHOCTEIO ‘2—2\:1,

- DOABIHTErpanbHAs DYHKIHS AHATMTHYCCKAS, MO3TOMY B CHIV TCODCMBI

e’ dz

Koum j =0, e

al AN A O
-6z

|z -2|:1

6) Buvipm ofnact, OrpaHHYMEHHOH OKPYXKHOCTBIO |zﬁ2l =3,

HAXO/MTC OXHA ToYKa z = ( | B KOTOPOH 3HaMEHATETh 00palmaeTcs B Hy/IE

llepenumenm MHTETpall B BHAC!

e’ .
2
e’ dz —
[55= [ 228 o e
z- -6z . =z .
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4

[

SBRIFETCH AHATUTHYESCKOH B JAHHOH OOTACTH.

bynxumns f(z)=

L

[Ipumerias uarerpansayio popmyny Kown (6) (z = 0), nomy=mm

| Tl g€ ! :23{—1] =-Z
s: z-§ 6

. 3
|23 0

B) B obnacty, orpaHudeHHOH OKpYXHOCTBIO |z —2| =3, mwmeem ape

touke z =0,z =6, 8 KOTOPBIX 3HAMCHATEIh NOABIHTEIPATLHOH QVHKITHN

obpamaercs B Hyne. Henocpeacreenuo Qopmymy {(6) npnmeuzrb HeNb3A.
Mo3HO DOCTYIMTD TAK.
A
Paznosum 1pods 4‘:'—“6_‘ Ha mpocTeHmie. Mveem:

4

1 I 1 11

P62z 6 z-6 6 z ! _
[oacTaBnsad B HHTETPAT, NOMYIAM: - R

e“dz 1 e dz 1 e d: 1, . . 5
ek L Lped g o
.2t —6z 6,4 .2-0 6 % . I 6 =6
B |=-2f=2 |==2I=3
b, . s e -1 bR
——2me’ I =—e" -— 1= 7
o=l 3 3 3

: sin oz
IMpumep 8. Briuucants uATerpan I ———————-d

\:—111( —1)

sin =
Pemnenne. [lonumHrterpameHad — QyHKIMY (ﬁ——7 ABIACTCHA
e )y

aHanuTHueckoil B ob1acTu Lz —1| <1 Bcroay, kpoMe TOUKH I, = ].

Braennm nox  ssaxom muTerpama  bymxumio  f(z), smnsmomymocs

aHanHMTYECKOH B Kpvre lz - 1| <1, Jfnpa  3roro  mepenuimmeM
‘ sin 7z

sinz (z+ 1)2
IOABIHTCIPAABHYIO (VHKUMIO B BHIE ( —— = ( ¥
- 1)’ o -

H B Ka4CCTBC
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n =

3
(z 4—1)2 -

f(z) BosbMEM Monaraa 8 dopmyne (7) n=1 noayaum

-

sin 7z

L)

2
j ( a 1) dz = 21" (1) . Haxonum MpoH3BoaHyo -
‘,rhfa - U S

1) :{ sin 7z :L’ _ reosz(z+1) —sinzz-2(z +1) _

(z+1)° (z+D*
_meosm(z+1)~2sinm
(z+1)°
Orcroma f'(1) = %(")EZT— = —-E , CIICIIOBATENbHO,
j sin 7z ' _ _—]{-—1

§ 3. PAJIbI TEUJIOPA U JIOPAHA

Anamaruyeckyio Pyukumio f(Z) B OKpecTHOCTH XaA0H BHYTpeHHel
TOMKH 0DJTACTH AHATHTHYHOCTH MOMKHO Pa3noxkuTh B paa Tednopa:

o
f@=a,+a(z-z,Y +a,(z-z)) +..= 2 a,(z-z,)"
n=0

Jz—za <R

. (8)
PasMyC CXOMMMOCTH KOTOPOro R paBeH KpaT4alineMy pPacCTOAHHIO OT
TOuKH I, A0 Ommkaiitmeit ocoboii Touxu dyskuun f(z). Tpeacrasicuue
f{z) B Buge crenennoro psaga (8) B OKPEeCTHOCTH 2, - ¢AMHCTBEHHO M JITIA

ko3(pdrumnenros Telinopa @, cnpasestues HopMyisl:

(¢
a,,=J—j f(t)dtl _/ (*0),13:0,1,2,..., 9)
2md(t—z,)" !

rae K - mpouaBoIbHbIE KOHTVD, UETHKOM JICHKALIHN B XPVTE CXOMHMOCTH

lz—z,|<R.

120



Ioa

]

dyaxuus f{Z), O0AHO3HAYHAY M AHANMMTHYCCKAS B KOJbIE
F< ‘z - zo| <R (#e wuckmoswawTcs cioydad, korma 7 =0,R=+®),
paznaracres B 3TOM kousle B paix Jlopana

F@)= S ayz-z,)" za(z—m +>:——— (10)

“ 0
13i(3 K03(bq)lfnmem'br Jopana a, maxonsarcs 1o cbopmyﬂaM
1t .
a,= [ LU 0s112 (1)
I Lo

rae K - nmpou3sBomsHEIl KOHTYD, HETHKOM JTEXKAMMUIH B KOABLC
r<iz—z<R. i i '

Pag Zan (z—z,)" , WnCHBL KOTOPOTQ OrPAHHYCHBL B OKPECTHOCTH Z,

a_,
OyaeM HasLIBAThH NPABHIBHOM 4YacThio psixa Jlopana, a pan Z

n=t {2 — 2, )n
9ACHEl KOTOPOrO HE OTPAHHYEHBI B OKPECTHOCTH I, OyaeM Ha3wBarh
TTIABHOH 4aCcThio paaa JlopaHa.

Ecmm z, = o, 10 pasnoxenue paaa Jlopana B OpoKOTOTOH OKPECTHOCTH
3a1IHCBIBAETCS TAK:

Jz)= Z '”+Za f‘<|zl<oo ' (1)

a=0 2 =1

32!.601: TITAaBHOH U HpaBHIIBHOH HacThIO PA3MOXKEHHA 6}(,[1}"1‘ . COOTBETCTRCHHO

PAabI
o
n
Sa:
=1

Ha npakrvke npe HaxokaeHHH KO3QOMHLEEHTOB &, CTapaoTcs

1

uzberars ¢opmya (9) u (l1), Tak xak OHH MOPHBOIAT K TPOMO3IIKHM
soiknagkaM. OOm4HO cTpemsrcs mpeacrasuTh f(2Z) B Buie CvMMBI

GQVHKIRA, 118 KOTORRX PANIOKEHHS HIBECTHBL.
Hanpumep, o719 mio0ex - uMecM:

k!

@

e = bzt et — (13)
2 m ol
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n—l 5 201
D (14)

. 3 5. '7n-1
- z z n— 4 (
Sinz=z-"—+"—+- _+ - :
3t Sl < (2n—1)| ; (Zn-1)!
2 4 n n_2n '
..,«-' a' -s" ]
cosz=1-"—+"—— _+(-1) . _Z( )z (13)
24 (27 )' m (2n)!
Ilnsx‘zi<lmeem: : o L
In(1+z2)= -'—i+z3 +(—i)"’"£+ :i-(—:!-)j"li (16)
2 n S n
(1+:z)* :1+az+%a(a—1)zg +m+a(a—l)(a—Q)...(a—n+l) ="
21 nt
L L (17)
B uacraoctH u3 (17) umeem Co
=l+z+z o+ = 2"z <] (18)
-z n=0
1 2 - o n
_ =l-z+z2' -2+ +(-1)"z"+ Z( 1) ]<1 (19)
1+z n=0 .
Ilpumep 9. Paznoxute B paa Teiiiopa Zq 27 ¥ HAWTH PaAHYC
o n=0
 CXOAMMOCTH T .
' ) - 144 z 1
a) Cos” z:6) \!2+f,\/f_: IB) — L T)
) ' J2 22 -3z+27 7 (z-3)
. Peluelme
1+ cos2z L22)" &, a2
(-1 =D
Z (2m)! ; (2 n)!

a) cos” z =
2 oy
Pamuyc R = o, Tax kak cbopmyna (13) cnpanc,anasa i modoro z

!

] z\2 -
+I[l+] . S

o)«/:?~f[t+ )“_72;- ,-
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LI

n=2

| =1+:(1_# Z( )nl(Zr;;—’)'(i} J -“

< 1. cregoBaTtenpHO,

QopMyna COpaBeAIMBA IPH VCIOBHH |[— = \::
l ‘ .
R=1, . )
z 3 z 1 2 1 b
22 -3z+2 (z-Dz-2) 1-z 2-z 1-z l~£
B) _ 2,
Z Z( ] i( 1 \ # _“;—H - P‘L;'V ' l
n=0 n=1 2”)
B CHIV [bopmynbi (18). Paguvc cxomumoctu K = 1 - paccroslue OT TOUKH
z =0 zo 6mwoxaimei ocoboi Touky z =1 ) L
1 1 1 1. & 2" " |z A
) e e LS “l<
(z=3) 3 ,_ =z 3ZJ 23"” 3
3
I'[poami)tbepeﬂumpvem 00e 9acTH 3TOrO paBEHCTBA :
nz” 1 n . ‘ ,
:_Z nkl 7 ":Z n+lznl’lzi<3
(’_J) =1 3 3)- n=l1 3
— B KpVTe

- Tonyiennstit paa u ects paa Tefinopa pvAKuAK 3
- ._;-) -

Izl<3,roecm R=3.



oy
Hpumep 10. Paznoxurs & pag Teiinopa Zan (z-1)" u naitru paguve
n=0
CXOMMOCTH - I , . i

“ sin

-

1

Perenne. Lo T
a)Inz=In(1+(z-1)) = ZK nﬁlz D" goy, -

MBI HCTIONIB30BAIH HOpMY Ty (16).

= :1— = l-—=]—

z+2 z+2 z+72 3+(z-1

z _z+42-2 2 2 21
3

6)

—1~~Z( 1)"[ -
Loy ey .

8 cuny (19), tpr 31oM |—‘1-§_- <1 umm lz—l|<3 Tocers R=3.
: _

B) Cnemaemzameny z - 1=y =z =1+y 2 =(1+y) =" +2y+1
wm 2z =(z—1)7 +2(z-1)+1;
1 B ') (_l)m—l ":_

sin = —.
z-1 3 @n-DI(z-1)"
Uraxk, Cee T e e amrem e
= . -1
 z'sin ! :[z—l)z+2(z—1)+l]‘Z (qil) =
z-1 o (-7 (2=

2z-5

—_—— B
z--5z+6
OKPECTHOCTH TOYEK @) Z=2;6) z=3;8) =% ,1) B komle 2 < |2| <3

IIpumep 11. Paznoxure B paa Jlopanma dymxanro
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Pemenne.

Pa3:10HM JaHHYI0 1polb Ha mpocTefimie

2z-5 1 1
= = +
2" =5z4+6 z-2 z-3 R R
a) 12:_3 = - 1 _ 1 —2(2—2)”,O<]z-2i<‘1
zo=585z+6 z-2 1-(z-mw®z-2 =
)
2z-5 1 1

~Z( n"(z-3)" 0<‘ ~3'<1

2 —5z+6 z-3 1+(ﬁg)w>u3 pors

Ates e, 7

2z-5 v 1 1 1 1 lilz)
" ~5z+6 z-2 z-3 z 2 =z =z
1-— ]——
B) z z
+ﬁ2[”) = Z n+l (J +2 )
AN = & T .
|
Hpobb MOKHO Pa3IOXKHTh 10 CTeneHsM — npa |—| < 1, To ects
1-= z z

| - MOXKHG Pa3NoXKHTh B PAL 10 CTENICHAM — TIpH

]
—i<1,~ro CCTh IpH ‘zi;»a.

-
<

(116 10BATEMbHO, PATIOKEHHE CTIPABEUTHEO fpH 2| > 3 .

-
L

r) DyHKIMI —————— AHATHTHYIEA B KONbLE 2 < \:.'| < 3. NpoGsb

7 —=5%2+6 z—4

AHAINTHYHA BHE KpYyra [:| > 2. H03TOMY PazIaraeTed HO OTPHIATEThHbIM

CTSNEHAM = : .



n

i ®
z—-2,.: %Z

1 — n=0 Z
Hpobs AHATHTHYHA B KPYTE ‘zl <3 u no3TOMY pasnaraercs B pPAd
[
IO MONOMUTETIBHEIM CTCIISHIM 2 A e e
11 B i =
=—= - -
z~-3 3 = 3"

L !k

OxoHuATENRHO HMCEM

B

S [+ 2"1 o0 zl‘! E
= - 2<izl<3.
zT—-5z+6 Z |<

§4. HYJ]Id fDYTlKIl[/IIfI H30JIHPOBAHHBIE OCOBBIE TOUKH.
BLIYETBI. —~ - ¢

OlTDe.IleﬂBHHe 1. MMycrs Gvermms  f(z) asamuTHHeckas B TOUKE Z,.

Touxa z, HazsBaeTca Hyném GvukuEn f(z) mopsaixa (KpaTHOCTH) &, eCaH
BLIMONHSAIOTCH YCIOBAA

k- _ YOSV
F(2) =0, £1z)0, ., FH(z,) =0, FF(z,) % 0 (20)
Ecnm k=1, 70 TOUKa Z, HA3LIBACTCH IPOCTHIM TIOMOCOM.
Touga 2, TOFJa ¥ TONIBKO TOISA AB/ETCH HYIEM K-1'0 HOpAIKA (YHKIMH

f{(z), ananurHyeckoi B TOUKE Z,, KOTAA B HCKOTOPOH OKPECTHOCTH 3TOH
TOUKH MMEET MECTO PABEHCTBO

f@=(-2)" o) (21

rie @(z)- adaywrmMHa 0B TOUKC z, ®H p(z,)=0.

Onpenenenne 2. Touka =z =z,(z=00) HA3LIBASTCH H3OIMPOBAHHOM

ocoboil Toukol anst dyukumK f(2), eciu B MPOKOIOTOH OKPECTHOCTH 3TOH
Touku f(Z)} pasnaraercs B psa HopaHa:

S =Ya,-z)+ Y
n=l \& T«

<|z-—:0|<r

=0

o)
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a

"

-
f(D=2—
=0 <

Onpexeagenne 3. MzomuposaHHYRO 0COOVIO TOYKY. KOHCHHVID MM
DECKOHETHO YIATEHHYIO, HA3BIBAIOT:

a) yempanusmoti, eclIH B pa3ioykeHnn JlopaHa rnaBHag 4acTe OTCYTCTBYET,'
0) nOMOCOM, BCITH TNIABHAA YACTh CONEPIUT KOHCUHOC YHCIO CIAr3eMBbIX;
B) cyigecmeenno 0coboll, €CIH raasHas 4acTk COAepkHT DECKOHETHO
MHOTO CTAragMelX.

TlopaaxoM mHOMIOCa Ha3BIBACTCA HMCIO M, KOTJA M €CTh HHZLIas
OTPHMIATENBAAN CTENCHE PasHocTH (2 — 7,) B IIaBHOH 9aCTH PA3OKEHHA
dbyaximn B psn Jlopana, -

Ipushar THna ocoboit rowxn Mszonuposanpas ocobas touka Z; (Z,-

P
L +3a,z"r <z <0
n=}

KOHEYHO MM GeckoHe4yHo) Oyner nui dyakumn f(2):

a) yempanumo, ecnr lim f(2) cvimecTByer M KOHEHEH,

T
6) nowocom. ccim lim f(z) cymectByer M OCCKOHEYEH, NPH 3ITOM
23z
NOPSAOK OTI0Ca 2, paBed m, ecma hm(z—z,)" f(z) # 0:
T2y
B) cyugecmeenno ocoboi, ecnu im f(z) He cymectBver.

232,

Kpome Ttoro. ana Ttoro, urobu =z =z,

, OBiTa MomcoM mHopaika m

dyvaxiun  f{Z) BeoOX0MHMO W TOCTATOYHO, 4TOOBI 3TA TOYKA Oblna HYIEM
1

Ompeaeacnnc 4. Boruerom Qynxumn f(z) B w3onuposanuoi ocoboit

KpaTHOCTH M s Qyukumn @(z) =

TOYKE ZO Ha3bIBACTCA KOMIIICKCHOC YHCIIO o
1 .
[E jf(z)dz,\zol < oo,
Res f(z)=1 “ @
s [z = |
. b o

ri¢ I,-COMHCTBCHHAS HIONHPOBaHHAs ocobas Touka s obmactn DD ¢

rpannuel C. ecin ‘Zui < uBobmacrn 7 ¢ rpanmueii C. ecm z, = %
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Mz popmva (11) IIpH n=—1 nomywaem

Re sf (z) = 1

],ecm’AO| < .

==, d.,ecHu z, =

ric 4., - xodpumuerT B pazmoxeHuH Jlopama npum —

t
]
=

!zo <0, HNpPH —,€CIH Z, =,

- T el
2

Ecnm z, - ycrpamumas ocobas TOUKZ, MPHUIEM |201 < 00, TO BBIYET B
HEH BCErAa paBeH HYTIO, €CIH 3Ke Z, = ¢0, TO BHYET B HeH, Boodmge

TOBOpS, HE PABEH HYIIIO, H €70 MOXKHO HAHTH 1o dopmyie it

Re sf (z) =limz(f(0)- f@) ... .. @9

[ TS

e

Ecmu z, - nonxoc nopsiaka m i |z0‘ < WO, TO

T{ef]f(z)—( Ixm[(a—z()) f(z)}’*” U e

B uactHocTH, ecnH 2, - TPOCTOH nOmMOC, TO

Re Sf( ) = lim (Q “'n)f(z) M e e e (26)

ez P 26

“T -0

(z)

Ecmn  f(2)= ric tp() H W() - aHAUTHYECKHE B

u(z)’

oxpecrHoctn z,, @(z,) =0, w(z,)=0, v (z,)#0, 0o e z=1z, -

40(")

TIOSTEOC NIEPBOTO MOPS/IKA 18 APOOH ~-—"

A S ey *

Teopema (0 MOIHOH CYMME BHIMETOR). : .
Ecmw  f(2) awamumuwna 6 KoMnaexcHoii  nacckocmu I, 3a

HCKAIONEHUEM UIOAUPOBAHHBIX 0COBBIX mMOueK Z2,,Z,,..,Z, U MOuKH

Z =00, MO NORHAR CYMMA BLINEMOE PABHI HVIIO.

ZResf( Y+ Resf(z)=0 - S (29)

£=z, =
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Moy T

-

Hpumep 12. Haiirn vyma dyaxmuu f(2) 1 onpese;HTs MY HOPSACK

3

a) f(z)=1+cosz:6) f(z)= zsm 8) f(z)=(2* + 1) - shz

Pemenne. a) [lpupasnusas f (z) x mymo, momyduM cosz=-1,
otxyda z, = (2n+ Dz, n= 0%l - Aym nannol Qynxuen. Janee
f'{@n+r)=—sin(Zn+Dr =0
f'{(2n+Dr)=~cos(Zr+ D)o =120,
Creposarensro, Todkd z, = (2n+ )z, n = 0,+1,... ssnaorcsd HyIsmu
BTOPOrC NOPAAKa JAHHOH GyHKLHH.
6) MNpupasrusas f(2) x Hymo, umeem 2z = 0 Onpeneniv nopaI0K
nyny z = O, Mcnomm3sys pasaoxesne sin z 8 psx Tefiopa B OKpeCTHOCTH
Toaxd z, = 0, momyuum

s - - 7
z z b4
f2)= —= - - = — =
z—sinz 7 z’ ZS .
I e e B et SO
3 5 35

I
Il

| 1
" (f.) 2060‘)(’) =
B - L
s 3

Ouermano, uto ¢(z) anamwrudeckas B Touxke z =0 u @(0)=6=20.
CnegopateapHo, cormacuo (21), z=0 srusercs Mg AanHOH (QVHKIHM
HYNEM ITOro TOpsaKa.

g) Honarag f(z) =0, nonywum (2> +1)’shz =0, otxyma z° +1=0
wiv shz = 0. Permas 3Ta ypapHeHus, HaxoauM Hyau Qysxims f(2):

z=—iz=lz=km k=0+112,.

[Myctes z = —i ,Toraa f(z) MowmEn MPCACTABMTL B BHIC

f(2y=(z+ @(2). roe @(z} = (z—i)’ sh(z) apnserca
AHATATHNCCKOMH B TOUKe 7 = —7 , npuaem (i) = 87-shi = —8Bshl = 0.

-3

310 o3Hauaer, B ¢y (21), 9410 TOUKA Z = —f ©CTh HY.Ib TPETHETO NOPAIKA.
AHAIOrHYHO JOKAZBIBASTCH, YTO H TOUKA £ = ABIACTCH HVIEM TPETLETO
NOPAAKa.

Hecaeavem vyad 2 = ki, k = 0,41, 42 [poussoanas
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FH2y=6z(z° + 1)’ shz+(z* +1)Vchz #Onpuz = km

CrienoBaTenbHO, B TO9Kax Z = k7 - HyJTH IEPBOTO HOPAAKA.

IIpumep 13. Haiite Bce w2omHpoBadHmie 0cOORIE TOIKH (QYHKLHH W
QIPEIEIHTD HX xapalcrep (B ciTyuae mMOTIOCA OMPEACTHTE nopsumlc). '

O Cosz
a) f(z)=(z *1)3"1 6) f(a)— ;8) f(2) —Cfg”*—'
1 e e a
l.") f(;.' s 7
z{z" + 4) T e T
Pemenue. Y
' ou 1
a) Hcoomsays pasioxenne ¢ =1+u +~T+-{-+... H [ojaras
. o3

H =

HOMYMMM JIOpDAaHOBCKOE pasznoxeHue Gvexuud f(z) B

z-1
OKPECTHOCTH TOukH Z, =1
1 1 1
(D=(-D i+ + + =
7 z-1 2z-1 3(z-1)°
1 1

=1+{z-D+ + —+
Az -1y 3WM=z-1y

DTG DABNOKCHHE COACPIKHT OECKOHEYHOS MHOKECTBO WISHOB C
oTpHUaTcApHBIMH - cremeramu {2 —1).  Cmeposarenrso, =1 -

CYLIECTBEHHO 0codast Touka GyvHkumn f(z),
cosz
—, Kak OTHOUEHME 4aHAGITA4YCCKNX, Oyaer

-

6) Oymxmma  f{z)=

AHAJTHHECCKOH BG BCEH ILTOCKOCTH 2 3a vermwoueHneM £ =0 u 2=,
Psy flopana s f (z)
& : 2 4
cosz 1 ( z 1 1 z= =
— = 1~——+Mﬁfﬂ-~+ =t

2 2 0T 3 -
z z \ 204 o z 20 41 4l
B CUNY EQMHCTBEHHOCTH paztoieHus, sgigercs psaom Jlopana ans
DYHKIHH KaK B IMPOKOIOTOR OKPCCTHOCTH ToukH z = (| Tak M B NIPOKOJIOTOR
OKPECTHOCTH TOUKHM 2 = o . Tak Kak B IIONVYEHHOM paziIONeHHH E£CTh

CIIAracMele ¢ OTPULATETRHOE CTENCHBO Z , 10 Z — 0 - MOMKC BTOPOTC



nopsaka. Todka Z = SBIAETCS CVIMCCTECHHO OCOBOH, T.X. manaaﬂ
qacte puaa Jlopasa B e OKPECTHOCTH COAEPKHUT OECKOHEYHOE YHCIO
CIATAcMBIX. '

1 cosz 1 =zcosz-sinz
B} OcoBbiec Touku f(z)=clgz——=————= : o
z sinz =z zsin z
KOPHM 3HAMeHatCn, 1T.¢. Z—=0, sinz=0 u Touka =z =co. Pemax

vpasueHue sinz =0, moaywum z =k, k=07+1,. .. Wrak, ocobrie

toukn 2z, =0, z =mk, k=0=%l,.. . Touka =9 HE sBICTCH
HI0MHPOBaHHOH ocoOoll Toukoi ans  f(z), Tak Kak OHa sBiMeTCH

NpeJensHOH TOMKOH LT mocaerosarensHocTn 7, = 7k . Mcenenyem
XapaKTep M20MHPOBAHHMIX OcOOBIX Touek. Jlaa oToro  paccMoTpum

lim f(z2),k =01

Tz ot Ce
ZCOSZ—sinz ZCOSZ —SINz COSZ zsm'fr—cosz
' 1]]7] f(z. = l - -l]m ( )
20 zZsinz =0 (zsmz) : *0 sinz + Zcosz
. —zsinz ) —sinz—zcosz o
=lim— =hm - =0 &
SNz +zZCc0sz P COSZ +COSZ—-ZsSInz
¢A€A0BATEABHO Z = () - vCTpaHuMas. . o .
1 ZICOSZ—sinz 1
hm f(- = hm cigz—— | = lim T = ak(=1)F lim =
z ok Zsinz Iom 28Nz
3uaunr z = k=+1%2... - pomocw. Onperemum nopLiox
nonmoco z, = Ak, k = +£1,22, . Bocrnoneayemcs (25)
- - 3 -~
. .. (z—=m)"(zcosz -sin z) "
hm(zﬁzo)”’f(z):hm( )" - = (=1)" lim W( )
g R Y o ZSin.- =k SIH -
-l . mlz—a)!
=(-1)* lim & 1 =tWhm~L~wL~= .
=Y 4 (S]n -'r} vk CDR - i
: m-1 - I -t
= lim m(z — )™ =0 upu m=1
o '
3HauuT, Z, = 7K - IPOCTHIE HOMIOCA. T
r) HMsomipopamnsie ocobeie touku f(z) = = — 3TO HVIH
z(z” + 4y



3HaMeHatesna, Toectk 2 =0 2 =21 z=2i Kpomc TOrQ 2 =00,

Onpenemmm xapaxrep 3Tex ocoObix Touek. Paccmorpum:
1

hm (z)=lim ——————=% = z=0 - nomoc; oo
f ) 0 v(a {_4)' A
1 .
iim f(z)= hm ———— = =z =1 -momoce,
7—£2i 73220 7(- +4)' . R =
1
llmf(") —(—-%-b),—:02>z:co - ycTpanuMas ocodas Touka.
'4-‘-0-! z =

Haiinem mopsaox noiocos; ‘
1 ol ] s

r4

hm z-z z hm -0)” =lim =—limz™" #0

{z=2)" @) =100 o +4)} R +4) 1654
npa M =1=> 2z =0 - opocToit nonioc,

) | ! 2

hm{z—z)" f(z)=bm{z-2/)" . m(z—-2)"" 0
z——»zo( © f( ) :ali( ) z(z—?i)“(:: +21) 21(41) ‘*7'( )
ups m =2 => z = 2] - NOMOC BTOPOIo HOPLIKA.

AHATOTHYHO MOXHO A0KA2aTh, YTO 7 = —2i - HOIKC BTOPOTO TIOPSLAKS.

ITpumep 14. OnpeaemuTts THO l/l’_’.OJIHpOBaHHhIK 0coORIX TOUEK H HANUTH
B HHX BHYETHL I PyHKLEHA. : :

e’ i L]
a) f(z) = ————=:6) f(z)=1gz,8) f{z)=sinz -sin—;
(z+ 20z -1) z
I : T
r) f(z)=¢’
Pelnenne.
, e’
a) HI0AMPOBAHHEIMM OCOOBIMM  TOUKamMu f(z)= - n
{(z+2)z-1)
ABNAOVCH Z; = 20,2, =] W z, = o0 Jug OnpesencHHA XapakTepa STHX
1 2+20)(z ~1)°
TOUEK TEpehaem K :( )E ) . Hna TOUKH Z; B Z,
f(z) e f(2)
HYTAMH KPaTHOCTH COOTBETCTBEHHO 1 H 2,
Mosromy mma f(z) z, =27 aBmwicTCA MONIOCOM MEPBOrO MOPSAKA, a

z, =1 - nomocom sTOpOro NOpsAIA. Buiuersl B HUX HalaéM no GopMyam
(25), (26).
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Res /()= hmf +2)e” | e 3rdi
(=2i—1)* 25

3 (z 4200z 1) - ’

!

- 2 = H f=
Res f(z) = lim ___("__1_)_3_._ —ﬁm( e ) ,__mue_“___‘:’_)____e -
5=l =i (z+20)(z -1) N\ 2 +2 S -8 0

o IT2-1_ U 86
-—+1{+21) G+2)y 25

Todka 2, =o0 zsgsercd CymecTBeHAC 0cobod  Toumol (yHKUMH
f(2), Tx. me cymecrsyer lim f(z). Haiiuém Buver B 2710if TOuKe,
23

BOCIIOIbIOBABIIKCH TEOPEMOH O NMomHO#H cymMMe BrIueToB (28).

Res f(z) = ~Res /() - Res f(2) = 3 *54’ - _ 8;56"

e =

=—|3+4)e ¥ —(8~-6i)e
clo+ane - a-sire]
6) Hsosmposannbie 0cobbic Toukn f{Z) = 1g7 370 HYJIH 3HAMCHATEIN:

n

7 .
cosz=0, z = E +m,n=0+132, Touka z=o00 - mpzsienbHas

TOYKa 114 £, , 1.€. HE ABJIFETCA H3OIMPOBAHHOH. JITO MOMKOCH, TAK KaK:
sin z

hm )= 11 =

'—r——-rm? z-)—+m cosz
2

T
Touxn z, = —2— + 721 ABIAIOTCH HNORIOCAMH HNEPBOTO NMOPANKA, TAK KAK

Bial: = CIgZ TOYKH I, ABIAIOTCA HYAAMH ICPBOTO MOPAAKA!

1
) "

1 :_1[1]'

. — 1 — =-1z{.
\f(2)) sin-z Lj(z)Jl



Coer oy

e Cteardatdas E MR e mee e M e ————— eeamete s see aan e

Ha#aém BeiveT 5 Toukax Z, no popmyae (27):

Res /(z) =Res o2) _ _
=Tem w() [ S
2 W + 7 S it
i 2 . » ) .
Y wac @(z) =sinz = ga(z") =(-1)"; : g

W(z)zcoszﬁl’[/'(zu):#sin _j2£+m1 :(_l)nrl.' I

Juauur, Res fgz =—1.  »otrra®o s

Zmm=tm L . . .
2 . RN ! o e . LA

- P TR e . LI -

. .1 N
B) Ormerum. uto dyuxuus f(z)=sinzsin— - sBngercs 4ETHOMH,

r

no3ToMy B ¢€ pasnoxcHus B psia Jlopana He Gyaer HEYSTHEIX CTENCHCH.
Hionvposanseivy 0cobpivMu Touxamu st f(z) 6yayr z=0 u z =

3TO CYWECTBCHHO OCOOBIC TOYKH, ACHCTBUTCABHO, f(Z)} He wumeer
apeaena HU npu Z —> O, Hu npa 2 — o0 Tak Kak BECT B cHay GopMyist

(23) B TOUKe =

0>

1
pascii Ta_, TO ¢CTh KOIQPUUMEHTY NPH — , TO B CHILY
. - R+ .

uerHoctH f(z) Byaem umers:

Res f(z)=Res f(z)=0. s *
2=U S0 -
!
r) ®yuxkuus  f(z)=e€° B Touke z =0 wumect ocobeuHocTs. DTO
CYILECTBEHHO 0coBas TouKa, TaK Kak
1 Sy : STE
- 1 1 ]
es =1+—+ F

] + 3
z 2z° 3z
Ator ke pafg eeTh pia JlopaHa M B OKPECTHOCTH TOUKH I = o0, MO3TOMY
z = w - ycrpadimMan ocobas Touka. Toraa:

Res f(zV=a, =LRes f(z)=-a, =-1.

=l



§ 5. OCHOBHAA TEOPEMA TEOPYH BLIYUETOB H EE -
NPUMEHEHME K BEIYHCIEHUIO HHTEFPAJIOB -
OT @YHKIIHHA KOMHJIEKCHOTO IEPEMEHHOI'O

Teopema. [Hvemo thynryus f(z) asrgemcs ananumuyeckot aclody 6

saukHymou  obzacmu D, 32 uckmovenuem  xoweuwnozo  wucia
usoauposannvix ocobeix movex Z,, k=12_..n aexcawmux envmpu

obaacmu D . Tozoa - SR ool PR
[fodi =223 Resf(z), . .. (29
o o T AR

rae " - rpanuna ob1actu D
[Ipumep 15. BermcnnTe yHTOrpaT:

2
j z°+1 &
e (F Dz +2)2°

Peruenne.  Brytpu kouTypa moasinrerpanbHas QyHKUHA HMEET ABE
ocobble TOYKH Z =1 - mpoctodt momoc, z =0 - ABOHHOH mMOmIOC.
CrnenoearesbHo, no dopmyse (29) umeem: - - .7

(z7 + Dz
j (z-IWz+2)z"

- 2m[R;‘3,S f(z)+Res f(z)]:

|21 =2
!

=i lim(z - e L lim |t EFL
21 {(z=-1Mz+2)z" -4 (z—1¥z+2)z"

-

~ > 9. S Y P S )
PP z _J:(l_‘_+ G 2alz -1z ‘4)1 (z +ﬂl)(22+l)
L7t (z 4 2)z7 o0 (z=1)"{z+2)"
I . 1 = :
com| 2GR 07
| 3 4 6

Iipsimep 16, Beraucmars:

b%l

Peinense. EqHCTBEHHOM 0COG0H TOYKOH BHYTPH OKPYKHOCTH 2| = | ama

a2 7 -
GyHKnMM z7e’ gengercs Touka I = 0. 370 cvinecTBeHHO 0c00ad TOUKa,
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Tax pasnoxeHHe ¢yvexunu B paa Jlopana B okpecthocTd 2 = 0 coxepxut
OECKOHEYHOE YHCIIO WICHOE ¢ OTPHUATE/IBHBIME CTENCHAME Z :

2 2 3

s S - 4 1

z'ef =z 1+3+_1_ 2 +l 2 +o =27 22+ 24 - —+
_ z 2z Mz ) 3 =z

(PSRN 1
r3
12

<

Toraa uMeemM:

2 ’ : ’ :

L2 ' 4 8
Iz'e*’dz:ZMResf(z):a_12m:2m'-—=—m. 5
B = 33

IIpumep 17. Beruncants:

I
J‘ e dz : ‘_’\,:.‘ Las
322+1 IR . R R
}z—l'::—i
Pewmenue.

1=z
UMCCT ARe OCODRIC

g3 ¢
B obnactu |z - Jl < 3 byuxuma  f(z2) = —
TOMKM: z ={ - IIONEOC TlepBoro mpsaka H z = 0 - cyvmecrseHHO ocobas

touka. [lo dopmyne (27) umeem

e’ !
)’ 2

71 T

Res f(z) =

el

(z'+1

Jlnsg saxoKiIeHHs BHYSTZ B TOHKE z=0 wueobxomiMO uMETH
Jioparonckoe pasnoxenne Gyuxuuu f(Z) B oxpectHocTH ToukH Z = 0.
Oanako f(z) - 4eTHas, DO3TOMY MOXIO 33apaHee CKazaTh, 4TO B ¢
JlopaHOBCKOM PA3TOXKEHHH OVIVT COASPKATHCA TOMLKO HCTHHIE CTENEHH 2

i , .
u —. Taxwro a =0, cnezosarensro Resf(z) =0 . Toatomy no (29)
Z
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PacemoTphM HaTerpan Buxa
- I= J.R(cosqo, sin )Ydp- ' (30)
1]

rae R - panmosaibnas QYHKUHA CBOMX apryMCHTOB. JameHoH Z =e'f
aurerpais (30) MoryT ObIThb CBEACHBI K MHTEIPANAM 1IC CAHMMHHOM
OKPYKHOCTH OT (QYHKUMH KOMIINEKCHOTQ DEpeMcHRoro, JeHCTBHTENbHO,
o fopmyam Jincpa UMeeM:

. e’ —e? ] 1 cos e’ +e" ] 1
=== - — ; = = — | 74—
v 2i 2i z ¢ 2 2 J

dz=iedyp, do= —ig‘: :
Tlpn wamereHun @ or 0 no 27 mepemennas 2z mnpoberaer B
TIOJIOKHTEIBHOM HAPABICHHY OKPYKHOCTD |z] = 1. Toraa / npumer BHA;
= : , 1 1)1 1Y) dz
1= IR(cosgo,smw)dgaz—: I R —[z+—}—_(:——-) — 3D
3 Pa A2 A\ z))z

K nocneasemy urterpany B (31) MOXHO NPHMEHHTS CCHOBHYIO TEOPEMY
TEOpHH BRHETOR (29). ‘ _
Hpumep 18. Beiumcamm - o
i dx

I=|l— b>0
i.(a-t-bcosx)‘ (a> )

Pewsenne. TlpuMenns noacranosky z = €'Y, nonvamum:

i (b2 + 20z + B

2

|

=

dz dz 4 zdz
/| e

z2+- .
Zla+bh-—= 2z

BuyTpu eauHIMHOTO kpyra Npd yenoBuM o > b > 0 HaxoanTes Toabko

—a+~\fa2 — b

OIHH TOMOC  (BTOPOro  mopsaka) I, = . Bemer

b

MNOBIHTEPATBHOM (VHKUEHA OTHOCHTEIBHO 3TOTO MOTIOCA PaBeH:




ReSf(Z)——llm‘: o ] 3 —li'[n{ bl = "} =
2=z oz b“(z_zl)“(z_;:)'_‘ Eae ) b”(Z‘zz)-
1., (z~z,) ~z-2(z -z, z-z, -2z
= 1hm( 2) 24( ) L 2222 E
b’ = (z-z,) - bra (2o
. z+z, aby, o) ,
ST ST/ S
b oz (J_ _z_’) 4 Rl
CneaoBaTenbHo -

E
I:i-zm'%(a2 -5 =
i 4

Ipamep 19. Beiuucanrs

/= IM- ‘
0]——sin”
4o e |
Peumlenne. Bocnoie3osapmmcs  QOpMyIaM¥ TOHMDKEHWHM CTEICHH
TPUTOHOMECTPHYCCKHY (DyHKIMI
: 1+cos2 s 1- R
cos’ @:%_E‘E_:?i, 2 :__39_3_2_@’ .. i,
2 2 )
TIQTYIHM:
f +cos2 1+cos2 1+ cosf9
]:% 13 cos2p ‘4J5 cos;:r iwzjs . 6
4..01__#(1_003260) +3cos 'y +3cos
8
et@ == 1
1 1 z+-
cosf=—|z+=— oz 1
i 2[ z : t* 2 dz 242241 dz
W _JJJJ,"—I—'_:_ 327 +10z+3 =
dﬁ‘—‘—iﬁ 5=I=15+“’_(2+u] = [sj=1 2% z+3 =z
_ z 2 = L
[0,27:']_>|z|x 1

2mb

(@ -b°):



OcoOBMHE TOMKAMHM TIOIBIHTErPATEHOH (QyHKUHRE OVIVT HymM

5 1 o
sHaMeHatens: 3z +10z+43=0; z =——; =-3; =0.

Z z
1 3’ “3 » 3

BHYTpE eNHHAYHOH OKPYXHOCTH MOMAnawr Z, u Z,. Ilosromy no
OCHOBHOH TEOPEME TCOPHH BHYETOB MMEEM’

I =-2i2m B.?Osif(z)+Reigf(z) = 47| lim (z+1)‘z "

3 o 3(: + %J(z + 3)z

3AJIAYM U YIIPAXKHEHHSA I CAMOCTOATEJLHON
PABOTBHI

dz 1. Berumcauts I|z|dz 110 KORTYpaM:
1 o

2

J/ a) C — paguve-sexTop Touku z = 2 -/,

3
T 7
\ 6) C — momvoKpYEKHOCTS |z| =1, - E <argz < E , HAYMAJIO TIVTY B TOUKE

z=—i:8)C — OXKpYXKHOCTh ‘z{:R'

3

(332 Beraucsuts “z!zd‘z roe C — 33MKHVTBIEE KOHTYP, COCTOAIDNHH M3

<

BEpXHELl TOMYOKPYKHOCTH lz‘ =luompeska ~1<x <1, y=0.

_ 3. BouBCIHTE J- z7dz, AB - IpAMONHHEHHBIH OTPE30K, COETHHAIOMMIA
D A e

TOUKH 2, =Lz, =1.



(4. Brraucmats I{l +1—2z)dz o THHMAM, COCTMHSIOIAM TOTKH

4

z,=0,z, =1+1,

) Y .
a) no mpAMOH, @, no napatore ¥ = X" B) MO NOMaHOH I,Z.z,, rae
- z, =1 -
—1- "l
C/)BI:I'-IHCJIHTI: ./} I(22+1)d‘, 0) j d,, B) J'(:;-p -2z Yz .
1+:2

6. BrruncnuTs cneayomme HHTErpaThi:

Ka) Izlmzzc&,C:M:l,(—:’rSargz SO);
,.K6) J‘ei:i2 Re zdz , C - npamas, cocnumsoman 2, = 0, z, =141

/O B) J.: Rezdz, (- ‘:l =1, 06x0a MPOTHB YaCOBOM CTPEIKH.

:( 7. BbiuHCIATS 21”_.[Sin: , TAe a) C:Iz—1|:l;6} C:'z +i|:2

47
’/_3 8. Burapcanth raea) Cilef=2:6) Cilz+i|=1;
B)Cf|2+2!:
chzd:

i 9. BeruMcanty —
ENERTINER)

- coszdz
/h {\!_i}y‘Bbqucrlmb J 3

- U
. it
ZJ=1

" . el Cae 's S8
@ 11. BuiuscauTs J — T

1 e'dt ' :
/.Iﬁ 12. Bridpcnets —J——— T
‘ 2m -1y ' ' ' T

a) z =0 gexur BHYTPH, 2 Z = - BHC KoHTYpa C;
O) Touxka z =1 1ewwuT BHyTpH, a £ = 0 - gue konrvpa C,
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Ey

13, ZaRBECHT TH WETSTPAD '[.f: - T LY TH MR PHPOSIL

i s

a) 5 pepxied nonvocessre [z =10,
8] ® merod momymocsocTH Rez < (0
14. Fasmosnre o pog Te 1opa 8 okpectsocte o4k = = 0 0 uadte
RLIAYC CHOTAMOCTH '
0 @ in(zt -3+ 2)
& chz
1
) — e
[z +1)z—-2})
z—1
Ko i -4z 5

—+. B

15, Puswnwnte 8 pug Teilnopa B 0KpecTHOCTH TOSEH 2,
R = '
a) so{2z- 274z, =k
gy B ez, =1
s
By ———— 2, =0,
(l-z7)

g o) zlnz oz, =1

rr[} —:_:Ec -_-_J'
{z—1{z-1)

Paynossrs B pag Jopasd fVHETIHRG B ORRoCTHOOTH YEAIAILULL IOHEE,
TRFE® I8 VIR0 ROUTRLE.

I S - 2 S

&) Zo=1; &)z, =2} B} I, =0, g BTN R ;: « 2
2T =25 48
17, ——
(z—23{z" -1
aj z, =2, 8) B RO | < |:| <3 r

p e £ i
\E{\IS. " r— B KO,
LAt F

Lk ]
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a) |z <1; &) 1<lzi<2; B) 2 <|z| < o0;

-
.

19 ————— a)z,=0; 6) z, =-2;
(z+3)z +2) ° ’
520, et 3) 2, =0;  6)z,=w; i
| \ S
Do (2 +1)77 2, = -2,
7 +1
22. L=l z. =1 )
221"
1

3.
(z° -4z +4)(° 74"+5) o
24. Y cnenyiomux QVHEIE HaHTH HYIH U OHPSASTHTS HX TIOPAIKH,

a) f(2)=1+chz;6) f(z)=( +x°)1+e7);, e e T
8) f(z)=cosz+chiz;r) f(z)=z"sinz; o .

h_
a) f(z)= ;e) f(z)=cosz’.

28. Haiitn nopsazox avas =, = 0 aus caeayomux Qvakimi
2’ . (1—cos2z2)* )
)= ——0:0) f2) = ———, zy=le” -1k
0 @)= i) S =S iy = e -1
r) f(z)= (e" —e” )ln(l —z)im f(z)=6sinz’ +2°(z° - 6);
Q) f(z)=2(ch: -1)—z*.

26. Haitri n30aHposaHHEE 0COORIC TOUKH, OIPCICAHTs HX THI # HATH
BbIYETER;

e 9 @) e S =

e 1)
pr) £(2)= -( L FIORE : )= ' cos- 1
b'm) f(z):z"*s'mé

27. Hemomp3via  OCHOBHYVIO TEOPEMY  TCOPHM  BBIMETOB, BHMHCHWTH
CHEAYIOUME HHTCIPAABI
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4z—13 e e T s
3 ﬂl'[{z—i}:{z+3.rf]”&’mb Colz=1+21=3;

ajj—-:i. rae g —1=3;

(2 -2) (=

o
T]-[{em.--g} ceae ]z =1
1-2=3;

ﬂf L .roe £ |-
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a) 0; 6) o5 8) 0. 3. a) 41 6) 0; 8) 0; 1) I/8; 1) 3; &) w5, 4. 2) —4n+/3 ; 6)

7~—8‘c =1y, =0,

23
32 112

20:9— 9, /2. 10. —x 11. a) 0; 6) 7/5; B) 5. 12. a) grad u(M)=
T

=36i+12j+4k ; ©) grad u(M)y=3i-3j; ) grad w(M)=i+j+k.13. a)
B Toukax KOHvCa I =XV, 6) B TOukax NpsMoll X=y=z, B) B TOUKE
=y=z=0. 14, a) Bo Beex Toukax; 6) B TOUKaX mpaMoH x=y. 15. @=arccos
(-8/9). 17.2) 0: 6) 2(x* + y* +2z7).8) 0. 18.a) 3:6) 2/r; ) 7r*. 19. a)
Conenonnanpao, 6) CONCHOMIANEHO, B) CONeHOMAaThHO. 22. a) 0. 6)
2xyz(3z -2)i+2yz" (1-2)k;8) 0; 1) ~(1/x7)j-(2/x’)k. 23.a) 0; 6)
0; 8) 0. 26. 6xi+0yj+6zk . 27,0, 32. a) 5w3; 6) w/3; B) ~m. 33. a) 0, 6) 0.
34, a) 1/2;6) om; B) 0. 35.a) 1/6; 6) 4v/3. 36. 0. 37. (0. 38. a) Z=n; 6)nab B)
1/2.39. a) -n+/3 : 6) — 27/3+/3 . 40.2) -1/2: 6) ~1/2.

-4m: B) — %; o 4. 5. 27 ;6‘5)

r .HABA v

1. 2) 0; 6) -1; B) 6,7-2,4i; ©) 1y ) —2°(1+i43} e) 2‘0(1+1) )
1728; 3) 1. 2. &) Rez=—ch3,Imz=0; 6) Rez=0,lmz=sh2; B)
sin 4 —5h2

Iinz = . , — At
2(003 2ch’1+sin” 25k’ 1) 2(cos" 20h‘1+sm"23h“l)

r) Rez=0,Imz=-1 g Re-z-g;lmz:n%; e) Rez=x+2xy,

Rez =

T+x+y— x_yl y+x+x xy—-yt

Imz=3"-x>-y;, %) Rez=

(1+x) +)° (+xf+y*
20 36 b a
3. a) x= = 6) x= y=—: A
) 177 T ) N CA G R
;
a)4 c<3sgf—+z51n~2£ . 6)27 os—+zsmE ; B) \/E cosg——ﬂsm}ir]
3 3 2 2 \ 4 4
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N . X !

s Ik = 1 :
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g
-

=) mapainiz p=Ctx T} chmepfiona xp =L 10, &) 2¢7;0) Ze
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ml v2e*;r1Ze Ym Y.t YY) 3de F. 11, a) mapaGona

SE
PR i R

— A =0 peryoer v =0a <000 =0)  5) napatoaz
400 =



U= F ~C? (C =0}, nonyocs v = 0,u = 0(C = 0}, B) nosyocs

u =0,v >0, r) OKPY/KHOCTb |w| = R*; n) myu argw = 2.

4
~2mk~arcig—-+iln 5

12.4) e U ke Z,6) ™ ke 7

(14 Xin 5~iaretg =+ 2ki) -1z - ol
B) ¢ e keZ, r) e 8 ke Z, . =
13. a) 1n\/ﬁuiarcrg§+2mki,k52;6)1n«/_—17+27da kelZ, d

( 3 '
B) iLg~+27ch,ke Z:r) i[;r—arctg%]; n)%’-.

14. a) oxpyxHOCTE u° +v° =4, TPOXOOMMEN 1O XOAY HacoBOi

crpenky; 0) Och Ov (Mckirouas 704Ky (), npoxoaumas cHavana ot 0
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23. Z( D"(z-2)"", 0<\ -21<1
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